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1 Introduction

NERTIR, 582 AHREOFED, b (FERME D) AYSEDEEREZRRT 2 x
(2] ﬁ%‘%iﬁﬁﬁkﬁ 5. Bfaﬁgﬁgﬁkia 333 Y Va7 AF—DEBRR L% QAW
2BITHB. ZD/— TR, HE LORBEERICOWT, 5 EAHEIRFIT S 54 F
7 RICDOTEET 5. Wi F EORBES f DRLISE P &, O LR IC X > TR
Fons. MU bR, periodic, reducible, pseudo-Anosov (pA) c‘: W 3DODYA IR
TE3. P DM %ﬂz» PA DBER, f I PO oBFI SN BEL 2N LEE 2> Z
kAT S, %au#éﬁiﬁf? X910, HODB L (BMAKNR)HO b DRICIX
FELBEREH D, T/ — T3, BI¥ETIE pA ﬁ()‘%&kﬁﬂ?‘%ﬁléh‘(h 3R 2
L, BETIR, 5 pA %ﬂ()‘%@ﬁc‘: ZOMEIETIEEORKRZERS. BEIL, 20
JGRE LT, pA ¥4 70 3 BIIHEIHEE T 5 54 F £ 2 Rico Tl 3.

2 Nielsen-Thurston &k 2HIERES&GO SIS

6] ¥ 1T RER genus g @EEHE%F 893 F,AD s iEE%EZ S=S, t L, marked point
EREE. (S=0Tb&kwn) MT?&iﬁ*ﬁgﬁf (F,,S8) — (F,,S) ’E%K.é %D, F,
LORBEERTH ST, f(S) = S #W¥~T LT 5. Nielsen-Thurston &ui%ﬁiﬁﬁlﬁlﬁg
®f:(FS) — (F,S) DOEEHEICENS 3 >DOBEREMRLED S [CB] FHE®
®: (F,,S) — (F,,S) 1z

(1) periodic map: % n > 1 BEEL, O" = id (HEEMHK) 2WMi=T

(2) reducible map: % 3 H\ 23 & 2\ EMEAEOMES = C F, \S BEEL, () =
2, Fp\ (ZUS) DEBDEADAA 7 —HIZATHB.

(3) pseudo-Anosov map (pA map): (F,,S) L ® singular foliation F*/* &, F*/* 2 $ 3
transverse measure p*/* DSFEEL, HEEH A > 1 2L T, »

@(_7:’8,”3) = ('7:87(1/)‘)“8)’
BF ) = (F )

WY, B A = A(®) > 1 % dilatation &\>9. Fe/ % stable/unstable foliation &> .
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Theorem 2.1 (Nielsen, Thurston) 2 -29g—s <0 £¥5%. DL E, EROABEESR
[ (F,S) — (F,,S) \&, periodic map %*, reducible map », pseudo-Anosov map D\ T
DEAVIEY ITHS, 1L, AV IE—IZ S 2BELTEZLS.

COEBICETE fHD pAmap EAVIEVYITHBLE, fDLY PE—-H(Ih%
[f] EBT) X pA THBEVH I LILT S,

T 2T pA map & @ dilatation A\(®) DHIS N T 3HEIZ DL TRV,

e (Nielsen, Thurston) Dilatation (& pA 4 ¥V F ¥ —8OAERL % 5. T4bB,2 2D pA
map 8,8 : (F,,S) — (Fp,S) kI LT A(®) # A@') % 51E [0] # [¥].

e (Arnoux-Yoccoz) g > 1 & s DAIKET 2BE N = N(g,s) > 1 pFEL, f£ED pA map
P (Fg,Ss) — (Fg,Ss) ‘:j“jLT, dilatation )\(@) 0i, f)%?FﬁIEﬁﬁﬁﬂ M= (m,-,j)lsi,,-s,,
(7L, n < N) ORESEHAOBRDEREL—HT 3. #-T,

A; = {A\(®) | pA map @: (Fy, Ss) — (Fy, Sy)}

BB SRR R, —RRIC, © O n EERER O ICHL T, A(@") = (A(D))" ML D M
DT, A R EICER TR, TIRBERTHS. A OR/MEZ X LRT.

o (Fathi-Shub) f : (F,,8) — (F,,S) DRAHIL Y F 0¥ —% hy(f) LET. PA map DA
MLy baE—id logA\(®) tFLW. X5 EABER f: (F,,S) — (F,,S) %% pA map
®: (F,S) > (F,,8) EA YV EY Z7RBI,

hiop(f) 2 Puop(®) = log(A(®)).

3 HHMICED Nielsen-Thurston 9414 7DHTE

REER f: F,— F, 851oht§5 R4, f OBy boE—®, f OBED
SRS DH S, DLD X, H2RMBEORRSE S 2RO LIbPH>TRELET
5L, f:(F,S)— (F,S8) ® Nielsen-Thurston ¥ 4 723 pA TH 2D LI p2WRB T L
&2 T, f DAFHNEEOEENH BERONS I LITRS.

ZITf(F,S) = (F,,S) A Y FE—H[f] #3pA TH 5 Z L OBBE+IRAZMEN
T3 (B z1¥ [BH)):

[f] & PA < [f] D'FBEHET 3 train track map gis) : Tis] — Tl C» gy P trainsition matrix
%% Perron-Frobenius ! £ 725 b DYMEFEET 5.

Z Z T train track &%, F,\S KRB EY 7t 223 X9 %dH 28D smooth graph TH Y,
train track map &%, # D LD graph map T& %. Bestvina-Handel [BH] X, [f] DAV }
F—BOHENEREIOBRETEONZ I LEFRIETEI7VIT) AL 25X BIC, [f] ¥
PA THBEAIR, PN TY XLH 5 train track map gy : sy — ) DT E 3.

ZO7NTY XALEBWT, Brinkman 12 g > 2 22 S % —RBE {p°} DBEAIK
F i (Fp {p™}) = (Fp, {p™}) DAV FE—BOHEBREAZ 70770251 T05.

L3 W F5] M H% Perron-Frobenius TH 5 & ik, H% n> 1 BELL T, M DERTHBLTIEL %3
ETHS.
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http://www.math.tu-berlin.de/ brinkman/

DOAFHHETHS. COTUTI3LDANIR, AV FE—EHE2RDEF—V YL R O
THH, HHik, 204 Y b ¥—8D Nielsen-Thurston ¥ 4 7 TH 3. KiZ, pA Th 34
I, dilatation & train track map DERZERFICE L 5.

7, Hall 12 g = 0 (2%Dh F, BERE 5?) 2 S » —HEA {p™} DBA, [
(5%, {p™}) > (5%, {p™}) DAV FE—HOHEREZZ /U530 %2E52T 03

http://www.liv.ac.uk/maths/PURE/MIN_SET/CONTENT/members/T_Hall.html

DOAFHETHS. CO7/TTIFLDANE, AV FE—E2RD2HVbTHD (Jtﬁ%:
W), Hhik, LA TH 3. :

4 0B

FHE®R f: F, - F, BMESEHRIZA YV ¥y 7 Th 28B4, REBEOHD LRI, M0
BTRTILITESL., 2T, DD g=0 DBEIOVTEL . FROAHNESR
fFRp=8 -5 MESBERIZAVIEY 7 THB I LicERLES.

4.1 #HOHD dilatation

D % 2 RTGFAFIR E L, D 0L EE B KTy HICSRIRICEA 7 s HEEaR A, LT
%.(D,s) @E&aﬁﬁ% MCG(D,s) &i? s-#U LB B, L MCG(D, s) uiaﬁ%tciérﬂ
BB

I': B, - MCG(D,s)

VFET 5 [Bir]. MM, B, DERTE 0, KHLT, A, i BHOKR L i+ 1 BHOKD
ﬁﬁ%ﬁﬁ‘fﬁr’jk)\ﬂﬁx_ %@ﬂﬂ@)‘—ik’)bl‘f&iﬁﬁ’é‘ BRVOE )RR (o) LEDS
(Figure 1).

pz p1+1
l*.{ X ...l .
O
Figure 1:

MCG(D,s) DIt o I LT, a DRETLf: (D, 4,) — (D,A,) 2L 5. AR D DR %
—Rp™ BT T i kT, K S8 5N D, < DIIBIC £ T, f:(D,A,) — (D, A)
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H 6 EHEBE F: (52 A4, U{p™}) = (5%, 4, U {p>}) BEoNS. #->T, B

T:MCG(D,s) —» MCG(S?%s+1)
a=[f] » a=|f

VEE D, AREH R
Fol': B, —» MCG(S5% s+1)

2T, 0 b B € B, D Nielsen-Thurston ¥ 4 7 (periodic, reducible, pA) % ToI'(g) €
MCG(S%s+1) DENTERT 5.

BeB, BpA THBLE, B D dilatation A(8) % MB) = A[Tol'(8)) LEHTS. PAT
H2 M0 HLEORND dilatation & ) ZRT.

WRTH 528, BAND dilatation ¥ s =3,4,5 ¥ TREINTV 5:

Theorem 4.1 [Mat], [Han] )}, 13BHR 22 - 32+ 1 =0 DBRRKDER 2618... EZL W,
AL 2ERT BV, 01051 THB.

Theorem 4.2 [KLS], [HS] My ¥ ZER 14 —22° —22+1=0 ORKOER 2.206--- £ F
L 2 28T 580 b1, 010505 TH 3.

Theorem 4.3 [HS] )3 BHER 24— 23— 22—z +1 =0 DRRDFER 1.722--- LFL .
2% ZERT 20 BIZ, 010003040100 TH D,

Theorem 4.1 1%, 3-8V b DB EHWTEHEAB I LITES. 4-, 5-MUbOogBIRALG N
T 2\aRs, Theorem 4.2, 4.3 Tl train track map A — b= b Y ZHAWLFHEBEZ A
REEAREZ T3, £, B/AD dilatation DHLLHHR 2 HIC DOV TIRRBREHN
TWn3:

Theorem 4.4 [HK]s=2g9+1 ¥7i329+2 £¥5%. TDLZ,

log(2 + v/3) .

log(A}) <
(Ap) 7

4.2 HOHDHENEMF

ZOHEITIR, AEREREES f: (D,S,) — (D,S,) Tl
B L RETS. 22T, AERERHEER h: (D,S,) —
A

hofoh™:(D,A,) — (D,A,

DAY Y-8 [hofoh™l)| € MCG(D,s) DHEH%, f OFMNE S, D HUODH v
W, bt(S,, f) Y. [hofoh ) € MCG(D,s) % pA TH 3 Lt &, HO bR dilatation
A(Bt(Ss, f)) % [ho f o h7l] @ dilatation A((ho foh™!]) ELTEDS.
2TOHVLBOLEER
BT = | Jot(S, f)
;8

T, HES, X foAYs DA
(D,A,) 2L 3.
)



LREDD. MERAERMEER f: D - D ITNLT,
bt(f) = {bt(P, ) | P 1¥ f O RIMIEE )}
&9 %. Boyland i& BT LOBF > 2UTTEREL /=

bi,by € BT I22WT, by > by (by 13 by 2R T2 L\29) |
<= ERD f: D - DIZDWT, b € bt(f) % 51E by € bt(f) MR 3D,

HOHE b e BT D genealogy set
G(b)={a€ BT |b>a}

ZEDS. bW pA THELE, b DRRTUTHS pAmap 2 &, LT3 &, [AF], [Hal] Iz
b,

G(b) = bt(®s)
VYLD, DD, b>a RBMVBE g 13, pA map &, DRMPEL L THFHRTE
%. —7, pA map @ﬁﬁmiﬁﬁi train track map &EVa) 1 RILD graph map I & > TRE
i TEs o L 2EELTEY.

Btk > DEB L UMENLY b0 Y — 283 5 Fathi-Shub O&ER L D, b, b, € BT I33tic
PATHY, by > by 26T A(b) > A(by) RV LD, Los 1, Z DRI TIZEIC dilatation
BEPT B ERRLE:

Theorem 4.5 /LOS/ b1,b2 € BT Gi#‘: pA L"?‘Z» b1 2 b2 T‘%b, bl 7é b2 7::6‘£,
A1) > A(bg) BIR D 325,

C DEBDIEAIZIZ, train track B & 759 Perron-Frobenius BE#MEHON TV 3,
Bk > OEBESEDBIC

.blzbl,
® by > by, by > by B HIX, by > by

HIRY LD, ROEHIZ, Boyland 233 RHERZ HVTRYCTHHEZ S A bDTH 528, #
IZ Los 1%, Theorem 4.5 Z AW THIEHZ2 521 T3

Theorem 4.6 [Boy/, [Los] bi,by € BT {ZD\WT, by > by, by > by R6IE by = by. $E T,
Btk > i BT LO¥IEF2ED 3.

Remark 4.7 BARBE®K I': B, > MCG(D,s) 2 BWVHi% 9. lUb g e B, TEHE B ¢
RMUBLRDZEIRDDEEXS. TDLE I(B) € MCG(D,s) DIMEE (T(B)) d+—>D
MObEEE2 5. BEOEEL LI T 210, () 2HIC f ERTI LT3,

5 EiR

[HK] TiZ, &/D dilatation D L6 DFHERZ 5 X 2581, 3 220V S DE §,.,
& Ompn h-’)‘l"(%‘gbf’ Section 5.1 Ti&, uh%@ﬁ%ﬁﬁ‘t HObBEOHEEIZOWT
N 3. Section 5.2 TiX, oho @ﬁ@ﬁaﬂ@ﬁ?ﬂ‘]*ﬁf?kﬂﬁ?é%%%ﬁ’\%
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5.1 &% pseudo-Anosov fHUH D&
20D NRFA—F—m,n>12FOHOD By & omn ® Figure 2 DX IED S, B,

12 3- OB 40D DR/ND dilatation ZZRT Db D—RILTHS. 28 013 1F
58100 OB/ dilatation 22T AV S LB THE Z LHMHRICHD 5.
m n
fl_——/_| | p— |

Figure 2: B, (left), 0. (right)

n>m+2NDE &, 0,, & Figure 4 DD S L3 TH 5. TRV b3, Smale-horseshoe
B (Figure 3) D& 3 RHBEOH VBB L LTERETELIHVOTH 3.

HS
S (MRl 8§ | — C(H(n‘) H(R
™

H(S)

Figure 3: Smale-horseshoe map

Figure 4: Ompn, 7272 L n>m+2 L3HB{LHEVD

Theorem 5.1 [HK]
(1) E'&D m,n >112DWT, fpn 13 pA TH 3.
(2) Omn & pATHD < |m—n|>2.



HObH pA THBZ L ERTRRE LT, R4 12 Bestvina-Handel [BH] i & 3 5%
7o, BENICI, MO FER T 2H S graph map T, efficient & > & & graph map D
transition matrix #3 Perron-Frobenius 12722 L W I FE 2@ T OO 2B L 2. 2hut k-
T, MO b4 pA TH S Z LMV, X512 D dilatation i3, graph map @ transition
matrix M D FESEK Ay (t) ODBRRDBRLE TS5 Z L bRIEZNS. Theorem 5.1 (2)
WK2WTIE, m=n DBA, op, 13 periodic TH Y, |m — n| =1 DBA, o, & reducible
KRB EBHVBDEHBICE Y RE D, ¥, DBE+EH

Omn DSPA TH 3. <> 0y VpA TH 5.
DRI, E 51 0mp 33 PA B 61 AOmn) = Monm) DRI, THEDT 25, (2) 122

WTIEn2>2m4+2I8T 3 oy &, (1) KOWTRERD mn > 1 IKNT 2 By, T2V

T, [BH] D&% W73 graph map ZBETHIT L wI kick 3.

Figure 5 &, Bmn 23358 T 5 graph map TH 3. Figure 6 i, opmp (n > m+2) 25BHT
% graph map TH 3. T 5D graph map % smoothing L TR S5 b DI, train track
map T& %. Figure 7, 8 2 #NEF L Figure 5, 6 M graph % smoothing L TSN 3.

m+n+1
1 q
ol=. 0 O
m+n
..
m+21 o
O
Figure 5:
m m+l
o Q2mel o 2m+2
) +3
m+2 mn+] 2m+3 m+n_ min+l
O . Q O b Ol Obeey oo
1 m&’Z poml ¥ 2::13 v m?n 2 b3 P ome2 ]
Figure 6:

5.2 2 DDKOMDIEENNE

BARIIBRIC Brup X Oy DFHEHT 2 train track map IZ2VTH- T3, TS D graph
map DFIEDHELZERT LI LITL 5T, 2 DDE B R 0mn DHEDHEKLIERF
DIERERICRD & ) IcHT 3:

Theorem 5.2 [Kin/
(1) &EO) m,n 2 1 “:O“)VC ﬂm,n Z Bm,n+1; ﬂm,n 2 ,Bm+1,n~

65
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o® (n+1)-gon

bbb
SN—

(n-m-2)

(m+1)-gon

Figure 8:

(2)n>m+2 BBEED mn>1IK20VT, Omnt1 2 Omp,
(3) n2> m+2 &6&%0) m,n 2 1 ‘:O“)T) ﬂm,n > Ommn-

Theorem 4.5 9 6% & L TRMBBONS:

Corollary 5.3

(1) FEBD m,n>1 2T A(Bmn) > MBmpn+1),

(2)n>m+2 RBEED m,n>11220T, AMompns1) > A(Ompn),
(8)n>m+2 RBEED m,n>1122VT, AMBmn) > AMOmpn)-

RDEBRIZ, Bnn X Omn P dilatation DHBERIIRZ B IZ 2V TERLDDTH 5.
Theorem 5.4 [HK] R,(t)=t™(t—1)—-2 £ ¥ 3.

lim AMfmn) = Hm Momn) = A(Bm(t)),

n—oe

Z 2T ARn(t) i3 BEHK R,(t) DBROBR (>1) TH5.

Corollary 5.3 £V, n — 0o D& & B, , i& LD S AR (b)) ICWORL, o 13T 5 A(Rm(2))
WY 5. |

B, pA ¥4 70 3 REBEDOE VO BH 3 O genealogy set G(F) DIEEIZ2WV TR
~%. Handel DfER [Han] X b, EBDOZ DX )% 813 f11 = 01072 ZHHF 5. Theorem
52(1) &0, £ED m,n > 11IZ2VT, 11 > Bne PRHUD. HFiC ABER f:D - D



DpA 747D 3 AEEEZFR L, FED k>3 I220T, f it k AMBEZF> Z L3
RS .

& 51T, f iTiX, Smale-horseshoe map H : D — D DHEEORAMEE L M UHO b B 2K
2 R BEE %2 {5 !

Theorem 5.5 [Kin/ AIfHE® f: D - D & pA 947D 3 REBERFR>LRKETS. C
DELE,
G(f) > G(H).
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