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Abstract

In this paper we present a new general approach to the multi-dimensional
corona problem for the ball and polydisk. We also describe some properties
of the Banach spaces predual to the spaces H* defined on these domains.

1. Corona Problem

1.1. In the present paper we discuss one of the fundamental problems in the theory
of uniform algebras known as the corona problem. Such a problem was originally
raised by S. Kakutani in 1941 and asked whether the open unit disk D C C is
dense in the maximal ideal space of the algebra H>(D) of bounded holomorphic
functions on D with the supremum norm. This problem was answered affirmatively
by L. Carleson in 1962 [C1]. Let us recall that for a uniform algebra A of continuous
functions defined on a Hausdorff topological space X, the maximal ideal space M(A)
is the set of all nonzero homomorphisms A — C equipped with the weak*-topology
of the dual space A*, known as the Gelfand topology. Then M(A) is a compact
Hausdorff space. Any function f € A can be considered as a function on M(A) by
means of the Gelfand transform: .

fm) i=m(f), m e M(A).

If A separates points on X, then X is naturally embedded into M(A), £ = 4,
z € X, where 6, is the evaluation functional at z. In this case we identify X with
its image in M(A) and by X C M(A) denote the closure of X in M(A). The
set C(A) := M(A) \ X is called corona. Then the corona problem is to determine
whether C(A) = § for certain algebras A. As it was mentioned above, the celebrated
Carleson corona theorem states that C(A) = @ for A = H®(D).
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Let us briefly describe further developments in the corona problems for Riemann
surfaces.

A number of authors have proved the corona theorem for finite bordered Riemann
surfaces, see, e.g., [JM] for the references. We will single out the proof given by Forelli
[F] in which he constructed a linear projector p from H*(D) onto the subspace

& of bounded holomorphic functions invariant with respect to the action of the
fundamental group G of a bordered Riemann surface S satisfying

o(fg) =p(f)g, fe€ H®D), g€ HZ.

- Using this projector one can easily prove the corona theorem for S. Further de-
velopments of this idea were given by Carleson [C2], Jones and Marshall [JM] and
the author [Brl], [Br2]. In particular, in [JM] the authors constructed a similar
Forelli-type projector for Riemann surfaces S such that critical points of Green’s
function on S form an interpolating sequence for H*(S), and using this proved the
corona theorem for such S. This class of Riemann surfaces contains, e.g., surfaces
of the form C\ E, where F C R is homogeneous. In this way the authors obtained
another proof of the result of Carleson [C2]. It was also observed in [JM] that every
Riemann surface from the above class is of Widom type, i.e., its topology grows
slowly as measured by the Green function. Finally, by using different techniques,
in [GJ] the corona theorem was proved for all Denjoy domains, i.e., domains of the
form C\ E where E C R.

There are also examples of (nonplanar) Riemann surfaces for which the corona

theorem fails, see, e.g., references in [JM] and [Brl]. However, the general corona
problem for planar domains is still open, as is the problem in several variables for
the ball and polydisk.
1.2, In this part we consider matrix-valued corona theorems which, in a sense, are
nonlinear analogs of the corona theorem. First, let us recall that the corona theorem
for a uniform algebra A on a topological space X such that A separates points on
X is equivalent to the following statement, see, e.g., [G]:

For every collection f1,..., fn € A satisfying the corona condition
&‘%'f’(z)l >6>0, forall ze€X, | (1.1)

there are functions gi,...,gn € A such that

n
> figi=1 (1.2)
1=1

Similarly, the matrix-valued corona problem is formulated as follows:

Let F=(f;;),1<i<k,1<j<n, k<n, be a matriz with entries in A such
that the family of all minors of order k of F' satisfies the corona condition (1.1). Is
there an n X n_matric F with entries in A whose first k rows coincide with F and
such that det(F) = 1% ,

Clearly, the necessary condition of the existence of such matrices for all n is the

validity of the corona theorem for A. However, it is not sufficient: some topological
characteristics of M(A).do not allow to find such F" for a generic F, see [L].
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We will formulate now some positive results in this area for algebras H* defined
on Riemann surfaces.

The matrix-valued corona theorem for H* (D) was proved by Tolokonnikov, see,
e.g., [Ni]. Later on using the above cited Forelli theorem, the Oka principle for
holomorphic vector bundles proved by Grauert [Gr] together with Beurling type
theorems for H*(D) he also proved in [T] the matrix-valued corona theorem for
bordered Riemann surfaces. Recently we proved, see [Br2], the matrix-valued corona
theorem for subdomains D of coverings C of bordered Riemann surfaces such that
the embedding D < C induces an injective homomorphism of the corresponding
fundamental groups. In the proof we used a new Forelli-type theorem for H* on
Stein manifolds, see [Brl], a generalized Oka principle for certain complex vector
bundles on maximal ideal spaces of some algebras of bounded holomorphic functions
on Stein manifolds, see [Br2], together with the classical techniques of H™(D).
Recently we obtained also the following result, see [Br3]. Suppose that S is a
Riemann surface of a finite type (that is, the rank of the first cohomology group
HY(S,Z) is finite). Let C be a Galois covering of S. Then the matrix-valued corona
theorem is valid for H*(C). Surprisingly, together with some techniques developed
in [Brl] and [Br2] we used in the proof some L, Kodaira-Nakano vanishing theorems.
Also, we conjecture that the matrix-valued corona theorem is valid for any (not
necessarily Galois) covering of a Riemann surface of a finite type.

2. Banach Spaces Predual to H®

2.1. Our purpose is to present a general approach to the corona problems for H*.
To this end we first describe the structure of Banach spaces predual to H™.
Suppose that M is a complex manifold such that the algebra H°(M) separates
points on M. Then there is a complex Banach space X(M) such that X(M)* =
H>®(M). Such a space is constructed as follows: it is the minimal closed subspace
of the dual space H®(M)* containing all evaluation functionals 6r,, m € M. It is
easy to see that the closed unit ball of X (M) is the closure in H*(M)* of the set

k k
{chmém‘ €C,mieM ,keEN, Zlc,]ﬁl}

i=1 i=1

It is also obvious that the map ¢y : M — X(M), m — by, is injective and

holomorphic, that is, for every f € H®(M) (= X(M)*) the function f o ¢y €

H®(M). In what follows we identify M with its image ¢p(M) C X(M).

Proposition 2.1 The family {6m}mem C X (M) consists of linearly independent
elements and the space generated by this family is dense in X(M).

Sketch of the Proof. The first statements follows from the fact that any finite set
of points in M forms an interpolating sequence for H>*(M). The second statement
is obvious. O ' '
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Let P[X(M))] be the linear space of holomorphic polynomials on X (M) gener-
ated by polynomials of the form

pv) == f(v)g(v), f,9€ H™(M). |
By definition each f € H*°(M) admits a continuous extension to H®(M)* given by

f&):=¢(f), feH*(M), £ H*(M)".

Thus every polynomial from P}[X (M)] also admits an extension to H®(M)*. (With-
out loss of generality we assume that P2[X(M)] is already defined on H>®(M)*.)
Let 1 be the functional on H®°(M)* corresponding to the constant function 1. By
Z(M) we denote the affine subspace of H*(M)* defined by

Z(M):={{ e H*(M)" : 1(§) =1}

(Observe that M C Z(M) N X(M) and the closure in the weak*-topology on
H>(M)* of Z(M)N X (M) coincides with Z(M).)

Finally, for a bounded subset S C H®(M)* by h,(S) we denote the polynomially
convex hull of S with respect to polynomials from PX[X(M)], that is,

Eeh(S) <« [p(o)l< sup lp(u)| for all p e PFX(M)).

This definition is well-defined because every p € P2[X(M)] is bounded on a bounded
subset of H°(M)* by the Banach-Alaoglu theorem. The one can easily check

Proposition 2.2 The mazimal ideal space M(H®(M)) of H®(M) coincides with
the set Z(M)N hy(M). O

Let us consider another characterization of M(H*(M)). Let us introduce the
norm on P}[X(M)] by the formula

Ipll := sup |p(v)], P e PrX (M),

where B is the unit closed ball in X (M). Let X;(M) be the minimal closed subspace
of the dual space (P2[X(M)])* (constructed with respect to this norm) generated
by delta functionals 4,, v € X(M). One can prove using the Hahn-Banach theorem
that the closed unit ball of X5(M) is the closure in (P2[X(M)])* of the set

k k
{Zcm‘sw : CiECanEkaEN’EICz’|S1}-

3=1 i=1

We identify X (M) with its image in X;(M) under the map dxu) : v +— by, v €
X (M). Then clearly every element of P}[X(M)] belongs to the dual space X;(M)*
and has norm < 1 there. Using the Banach-Alaoglu theorem one can also check
that PP[X(M)] is dense in Xp(M)* in the weak*-topology. We will call elements
of X5(M)* homogeneous polynomials of degree 2 on X (M). Let V be the minimal
closed subspace of X,(M) containing M (= ¢x(M)).
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Proposition 2.3 (a) V is isometric to X(M) and Xy(M)*|y is isometric to
H>(M).

(b) The closure of V in the weak*-topology of (P2[X(M)])* is isometric to H®(M)*.

Proof. (a) Clearly there exists a continuous linear map from X (M) into V. By B
we denote the closure of the image under this map of the unit ball in X(M). Let
B(V) be the closed unit ball in V. By definition, B ¢ B(V). Assume that B is
a proper subset of B(V'). Then by the Hahn-Banach theorem there is an element
f € X3(M)* such that f(vp) = 1 for some vo € B(V), but sup, g|f(w)| =s < 1.
Let f' = fly. Then the element h := f' -1 € P}X(M)] and h — f equals 0 on
M. Thus h = f on V. But by definition ||h||v = s < 1, a contradiction. Hence,
B = B(V) and X(M) is isometric to V. The second part of (a ) is then obvious.
(b) By definition, for every f € V* there is an element f e PAX(M)] C Xo(M)*
such that fly = f and ||f]| Xa(M) = [|fllv. This gives a linear continuous projection
PE[X(M)] — V*. Its dual map is an embedding i : V** — (P}[X(M)])* continuous
in the corresponding weak*-topologies and such that the restriction of i to V' co-
incides with the original embedding V' < (P}{X(M)])*. This implies the required
statement. a

Identifying V' with X (M) we have the following decomposition of Xa(M)*.

Let f € X3(M)*. By definition, g := f|x) € H®(M). Thus

f=g+(f-g9), geH*M), (f-g) € X(M)*, llgll <IIfll, IIf—gll <2lIf]l.

Here |||| is the norm on X,(M)*. This implies the natural decomposition X,(M) :=
X(M)® X(M)° where X(M)° C X5(M) is such that (X(M)°)* = H*(M). Using
this we identify the image of the map ¢xur : X(M) — Xy(M) with the graph
Tx(m) of the map mo 0 x(uy : X(M) — X(M)° where mo : Xo(M) — X(M)° is
the natural linear projection. It is easy to check that I‘X(M) is a complex Banach
submanifold of X,(M) biholomorph1c to X(M). Let 7 : Xp(M) — X(M) be the
natural projection. For any p € PY[X(M)] by § € Xg(M )* we denote the linear
functional representing p. It is easy to prove

Proposition 2.4 Tx(u) is the set of zeros of the family {por—p : p € PEX(M)]}
of polynomials of degree 2 on X(M)*. O

Let Z(M) C I'xar) denote ¢x(ay(Z(M) N X(M)). Then Z(M) is a complex
submanifold of I'x(as) biholomorphic to Z(M)NX(M). By cl( Z(M)) we denote the
closure of Z(M) in the weak*-topology of (P}[X (M ))*. (Recall that according to
our construction X3(M) is a closed subspace of (P2[X(M)])*.) Then we have

Proposition 2.5
M(H®(M)) = l(Z(M)) N Z(M).

Sketch of the Proof. Assume that £ € M(H®(M)). Then £ € X(M)* C
(P4X(M)])* by Proposition 2.3, and p(7(£)) — p(€) = 0 for all p € PEX(M)] (here
we naturally extend por and p to (P¥[X(M)])* as continuous in the weak*-topology
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functions). Also, by definition, £ € Z(M). Let {x.} C X(M) be a bounded net
that converges in the weak*-topology to m(£) C X (M)**. Passing if necessary to
a subnet we may assume without loss of generality that {¢x(m)(Xa)} converges to
some x € cl(Z(M)) in the weak*-topology of Xa(M)** so that 7(£) = 7(x). From
here for every p € P} X(M)] we have 5(£) = p(x). Since the weak*-topology on
X,(M)** is generated by elements §, we have £ = x € cl(Z(M)). The converse
implication of the theorem is obvious. O

2.2. Let f1,..., fn € H®(M) be such that

lrél%uf,;ngww) <1 and %%lf'(z)l >6>0, forall ze M.

By K(f1,...,fs) we denote the set of zeros of fi,..., fn in X(M)N Z(M). Then
from Theorem 2.5 follows easily

Proposition 2.6 The corona theorem is valid for H®(M) if and only if for every
K(f1,...,fn) as above one has

A(Bxn (K (fry- -, ) N Z(M) =0, O

Assume now fhat M stands for the open unit Euclidean ball BY or the open unit
polydisk DV in CV. The first step in the proof of the corona theorem for such M is
the following result whose proof is based on Theorem 3.4 of the next section.

Theorem 2.7 There is a constant ¢ = ¢(N) such that
llpxa)(v) — V|| xa00) = - (dist(v,M))* forall ve X(M).

Here
dist(v, M) := ig{lﬂv - 2l|lxm), vEX(M).

In particular, this theorem implies that

dist($xn (K (fr,- -, fa)), K(fry- -, £a)) 2 02

However, we still don’t know whether this inequality leads to the required conclusion
of Proposition 2.6. Let us mention that taking into account the latter inequality
one can consider the statement of the corona theorem as a nonlinear analog of the
Hahn-Banach separation theorem. Namely, if we assume for a while that ¢x () is
a linear map, then the required statement cl(¢xmy(K(f1,...,fz))) NZ(M) =0
follows from the classical Hahn-Banach theorem. But, unfortunately, ¢x () in our
case is a holomorphic quadratic map .. ..
Finally, we will mention that from Theorem 2.7 it follows

Proposition 2.8 There is a continuous plurisubharmonic function of logarithmic
growth g on X(M) equals —o0o on M such that for some constant ¢ = &(N)

g(v) 2 €+ In(dist(v, M)) for all ve X(M).
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Let us consider now the uniform algebra of functions on the closed unit ball
B C X(M) generated by H®°(M) and the function e9. Let M(B) be the maximal
ideal space of this algebra.

Problem 2.9 Is it true that B is dense in the Gelfand topology of M(B)?

The positive answer in this problem leads to the solution of the corona problem for
BY and DV. Indeed, the collection of functions €9, fy, ..., fn With fi,..., fn as above
satisfy condition (1.1) (i.e., the corona condition) on B. Then from the positive
answer in Problem 2.9 it follows that there are complex polynomials py,...p, in
variables €9, fi, ..., fn such that

Po(v)ef™ + 3" p(v) fie(v)| > % for all v € B.
k=1
Since M C B and the restriction of each py to M is a holomorphic polynomial
in fila,... falp only, 0 < k < n, the latter inequality implies the solution of the
corona problem for the family fi,..., fn, € H®(M).
Let us consider the general version of Problem 2.9 for B a closed ball in a
Banach space V and for an arbitrary logarithmically plurisubharmonic function e?

on V such that g is of logarithmical growth. Then the only result obtained for this

general setting is the following

Proposition 2.10 Suppose that the function e? is a norm on V. Then B 1s dense
in the Gelfand topology of M(B).

Remark 2.11 Of course, Problem 2.9 is also valid for the trivial case of 9 = const.

3. Geometry of Banach Spaces Predual to H®

3.1. Let M be a Caratheodory hyperbolic complex manifold of bounded geometry,
i.e., there exists a constant C' > 1 such that every point 2 € M has a neighbourhood
U, admitting a biholomorphism

Y, : U, = BY
such that

'(l;,—dE(¢z(U1),¢z(v2)) < du(v1,v2) € Cdg(¥z(v1),¥:(v2)) for all wvy,v €U,.

Here dg is the Euclidean distance on CV and d)y is the Caratheodory distance on
M. Let S. C M be a separated e-net with respect to dps. This means that for every
2 € M there exists s € S such that du(2,8) < € and for every distinct 5,83 € S,
dp(s1,82) > €. Then from the definition of the bounded geometry for a sufficiently
small ¢ (depending on C) it follows that

Proposition 3.1 The restriction H®(M) — H®(M)|s, determines an isometric
embedding of H®(M) into I®°(S,) continuous in the corresponding weak*-topologies.
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Thus this embedding determines a surjective bounded linear map *(S,) — X (M)
of norm 1 whose dual map coincides with the embedding of the proposition. The
d-functionals of points of S, in {*(S.) go under this map to the corresponding é-
functionals of points of S, in X (M). In particular, we obtain

Proposition 3.2 Given v € X(M) and € > 0 there is a sequence {a;}ies, C C
such that

v=Y o with |jollxpn < Y |l < V]l x(a) + €
teS. teSe

Remark 3.3 (1) An open and interesting question is whether X (M) possesses a
Shauder basts.

(2) A similar result can be proved for any X (M) with M Caratheodory hyperbolic,
where instead of S, one chooses “more dense“ countable subsets of M. (We don't
know whether it is possible to take here separated e-nets, as well.)

3.2. In this subsection M stands for BN or DV. Let B(M) be the group of bi-
holomorphic transformations of M. Then each g € B(M) determines an isometry
g*: H*(M) — H*(M), g*f := fog, continuous in the weak*-topology of H®(M).
This implies existence of a linear isometry §: X (M) — X (M) of the predual space
such that g* = g*. Identifying M with a subset of X(M) as in the preceding sec-
tion, we have glys = g. The group of all such § will be also denoted by B(M).
Let 21,..., 2y be holomorphic coordinates on CV. By the same symbols we denote
the corresponding elements of H*(M). Let Z(c) C X(M), ¢ = (cy,...,cn) € CV,
be the set of zeros of the equations 23 = c¢i1,...,2y = cy. It is a complex affine
subspace of X(M) of codimension N. In the following result 1 is considered as the
linear functional on X (M) corresponding to 1 € H®(M).

Theorem 3.4 Suppose that v € X(M) and 1(v) # 0. Then for every c € 1{v) - M
there exits § € B(M) such that g(v) € Z(c).

This result is the main point in the proof of Theorem 2.7.
Sketch of the Proof. We will show how to prove the result for M = BY. The
proof for DV follows easily from this case.

Recall that for every point a € BY there is a biholomorphism ¢, : BY — BV
satisfying

(1)
¢a(0) =a, ¢a(a) =0;

(2)

_.1.
¢a= a )

(3) ¢, has the unique fixed point.
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This map can be written explicitly by

-z, a=0,

¢a(z) = a— P,z — (1 - |a|2)1/2QaZ

a€BV\ {0
1- < z2,a> ’ \ {0}
where <za> <za>
Pz = a, Quz=2z— a
<a,a> <a,a>

and < z,a > is the inner product on CV.
Observe that ¢, is defined also for @ € SV, the boundary of BV, and in this
case ¢, = a. Suppose now that v € X(M) and 1(v) # 0. Using Proposition 3.2

we present v as Y ,eg, 0¢d¢ with ¥,cg, |i| < 2||v||x(a). Consider the linear map
z:=(z1,...,2n) : X(BY) — CV. Then

2Ba() 1= 3wzl a()).

teS.

According to the above condition this series converges uniformly for a € B" and
therefore z 0 §,(v) : B — CV is a continuous map. Also, for a € SV we have
2($a(v)) = Y wa =1(v) - a.
tes.
Since 1(v) # 0, and %1%3’-2 . BY — CV is identity on the boundary, by the Brower

fixed point theorem the image of z o ¢.(v) contains 1(v) - B". Therefore for every
¢ € 1(v) - BY there exists @, for some a € BV such that ¢,(v) € Z(c). O
3.3. In this part we describe in more details the structure of the space X (DV)

predual to H*(DV). We will consider the closure D" of DV as an abelian semigroup
with multiplication defined for z* := (i,...,24) € D", i = 1,2, by
2o2ti=(d 2. 2y 2h).
Next, for every a € oY by K, we denote the map defined by
Kuo(z) =a-2z, ze€DV.

Then K* : H®(DY) — H®(DV), K:f := f o K,, is a linear operator continuous in
the weak*-topology of H°(DV). Hence there is a linear operator X (DV) — X(DV)
predual to K? which coincides with K, on DY C X(DV). We will denote it by the
same symbol K,. Also, the set K := {Ka}aEﬁN is an abelian semigroup isomorphic

to D". Observe, that every K, with a € DV is a compact operator and every Ko
with o € TV, the Silov boundary of DV, is an isometry. Moreover, for a sequence
{@n}1<ncoo C D" convergent to & € D" we have

lim K, (v) = K4(v) for every v e X(DV). (3.1)



(For a € TV, however, {K,,} does not converge to K, in the operator norm.)

For every v € X(DV) by T, we will denote the orbit of v with respect to the
action of the group {K,}aery. Let us determine the Cauchy integral operator on
Ty (for z = (21,...,28) € DN, € = (&,...,&n) € TV) by the formula

(o) = (2m> K. EN( v) s (32)

™ (§1—21) (v — 2N

Proposition 3.5 For every v € X(DV) we have
K.(v) = K. ().

Sketch of the Proof. The statement is obvious for every v := &, t € DV. Now
according to Proposition 3.2 we have

v=Y b, |llxpry—€< ) |yl

t€Se t€Se

Hence,

= Z atIC,((St) = Z ath(ét) = K,(v). O
teS, teS.
Proposition 3.6 Given v € X(DV) the correspondence z — K,(v) determines a
continuous map ¥y : D" — X(DV) holomorphic on DV .

Sketch of the Proof. For every f € H®(D") by Propositions 3.2, 3.5 and formula

(3.2) we have
FIK.(v)) = 3 auf(2t) € H(DV).

teSe

This shows that 1, is holomorphic on D¥. The continuity follows easily from formula
(31). O

Let 2t = (21,...,2i-1,0,Zi41,...,2N) € D". We study the image of K,«(X (DY)).
Let m; : DY — DV-1, m(2) = 2%, be the natural projection. Then as before this map
gives rise to a bounded linear map X (DY) — X (D) which coincides with m; on
DY ¢ X(DV). (We denote this map also by 7;.) Moreover, m;(X (D)) is isometric
to X(D¥-1) and ; : X(DV) — m(X(DY)) is a linear continuous projection. Set
X(D¥) := m(X(DV)). Clearly we have (for 0 € CV)

Proposition 3.7
N
K (XD") cX(DY) and (XDY)=Xo:={ckh : ceC} O
i=1

Notice that (my o+ om)(X(DV)) = X and (my 0+ 0 m)(v) = 1(v)dp.

Proposition 3.8 Suppose that for some z,y € D" there are v,w € X(DV) such

that K,(v) = K,(w) & X(D¥)\(Urien X(DY)). Then one of the sets 1,(D"), (D" )

contains the other.
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Sketch of the Proof. From the assumption of the proposition we obtain that
z,y € (DY, D" := D\ {0}, and ¥, (x - 2) = Yu(y - 2), z € DV. Without loss of
generality we may assume, e.g., that y = a -z with a € D". Then since by the
hypothesis z-D¥ is an open polydisk in DV, we get 1, (2) = ¥y (- 2) forall z € D",
]

Observe also that for v & Uy <;<n X (DY) we have

$o(B)Y) = %u(@") \ iian X (BY). (33)

For every v € X(DV)\ (U1<i<n X (D¥)) by G, we denote the union of all possible
sets 1y, ((D*)?) containing v. Then from (3.3) and Proposition 3.8 we get

Proposition 3.9 X (DV)\ (Ui<i<n X (DY)) is the disjoint union of a family of sets
G,., O

Remark 3.10 The closure G, C X(D¥) of G; coincides with the image of a holo-
morphic map @ — X (DV); here @ C CV is of the form Q = Q; x ---Q, where
each ; C Cis either D or D or C.

An interesting question is for which v € X(DV) \ (Ui<i<nX(DY)) the map 1, :
(D")N — X(DV) is an embedding? (Observe that for v € U;<i<nX (DY) the map
¥, : D — X(DV) is always not injective.) Let us formulate a partial answer to
this question. ’

Proposition 3.11 Suppose that v € X(DV) \ (U1<i<n X (DY)) is either presented
as Y1 ck0z,, ck € C, z € DY, or does not belong to the union of the spaces
Vi:={ve X(D) : z(w)=0},1<i<N. Then the map ¢, : (D')¥ — X(DV)
is an embedding. ’

Sketch of the Proof. In the first case the proof follows from the fact that any
finite subset of DV is an interpolating sequence for H*(D¥). In the second case we
consider the linear map 2z := (21,...,2x) : X(D¥) — CV. Then it is easy to see
that zot, : D" — CV is one-to-one. O

Finally, we will show how to convert X (D) into a Banach algebra over C (with-
‘out unit). To this end we introduce multiplication - : X (DV) x X (DV) — X(DV)
by the formula

vew = (Z at5t) (Z ﬂ,é,) = Z 0t356¢.5- (3.4)

teS. 8ES, t,8€S,

Here v = Y5, 040 and w = ¥ ,cg, 3,0, are some presentations of v and w as
in Proposition 3.2. It is easy to check that (3.4) does not depend on the choice of
presentations of v and w and so the multiplication is well-defined. Clearly, v-w = w-v
and

v - wllx@~ < Z le| - 185 < 11l x@wy « llwllx@w)-
t,9€8S¢
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All other axioms from the definition of a Banach algebra are trivially hold. Notice
also that for every z € D" on has

K.(v):=6,-v, veXD). (3.5)

Thus we can define a bounded linear map K : X(DV) — B(X(DV)), to the
Banach space of bounded linear operators on X (DV), by the formula

K@) =) oK, (3.6)
t€Se

where v = Y ;¢5, 040; is a presentation of v. (Note that the above formula does not
depend on the choice of the presentation.) Then we have

Proposition 3.12 The map K : X(DV) — B(X(DV)) is an isometric embedding
and homomorphism of Banach algebras.

Identifying X (DV) with its image under K we can naturally complete it to the
Banach algebra with unit, just adding to this algebra the one-dimensional vector
subspace of B(X(D")) generated by the identity map I.

Remark 3.13 Consider the minimal closed subspace X in B(H*(D")) generated
by operators K. Then from Proposition 3.12 it follows that X is a Banach algebra
isomorphic to X(DV). In this way one obtains an inner description of X(DV)
in terms of H®(DV) only. Every f € H*®(D") determines a continuous linear
functional on X = X(DV) defined by the formula f(z) := [z(f)](1), * € X, where
1 € TV is the unit. (Observe that every z(f) belongs to H*(D") n C(TV).)

Now the set of nonzero complex homomorphisms of X (DV) is the set of functionals
{257 28" : ax € Z4, 1 < k < N}, where z,. .., 2y are the coordinate functionals
on CV. The set of maximal ideals of X(D") is then identified with (Z,)V. Next,
the Gelfand transform of every v € X (D) is the bounded function f, on (Z;)"
defined by '

folag,...,an) = 282(v)--- 288 (v), (eu,...,an) € (Z4)V.
The function f, also satisfies

lim  f,(o,...,an)=0.
(max ay)—o0
The Gelfand transform F : X(DV) — co((Z+)V), v — f,, is an injective homomor-
phism of Banach algebras. However, the image of X (DV) under F is not closed!
Also, we have

i (|07 = sup | ()l

For every v € X(DV) the map F o1, : D" — co((Z+)V) is holomorphic, and the
map v, is an embedding if and only if F o9, is. Further, let us consider the linear
bounded functional [ on I,((Z4)") defined by the formula:

I({va}ac@,¥) == ;Ua-

24



25

In the next result we use the definition of the Marcinkiewicz space MYV (TV). It is a
quasi-Banach space of measurable functions f on TV (with respect to the Lebesgue
measure) satisfying

mes{z € TV : |f(z)|2/\}$)\—5—1-v-, A>0.

The optimal for all A > 0 constant C in such inequalities is the norm of f. Then we
have

Proposition 3.14 For each z € DY, (Foy,)(2) € 11((Z4)N), the functionloFov, :
DV — C is holomorphic and is extended to TV as a function from MYN(TN). The
linear map M : X(DV) — MYN(TN), v lo Fot),|p~, is continuous and injective.

From this result we obtain another description of X(D"). Consider the com-
plex space L'(TV). Observe that the Cauchy projector C : L*(TV) — H?*(DV) is
extended to L}(T™) and then its image belongs to MY/N(TV).

Proposition 3.15 The image C(L'(T")) equipped with the quotient norm is natu-
rally isometric to X (D).

(Similar to the above proposition results are valid also for other spaces X (M) with
M C C¥ abounded domain.) '
Finally, we recall that the Hadamard product of two formal power series

fi(2)= Y ainz®, i=1,2,

aE(Z+)N
on CN where 2% := 2% -+ 2°N for @ := (o, . ..,ay) is the series
H(flafZ)(z) = Z (al,QQZ,a)za-
a€(Zy )N

For formal Fourier series on TV the Hadamard product coincides with the convolu-
tion of series *.

Proposition 3.16 The operator M : X(DV) — MY/N(TV) satisfies
M(vy - vg) = M(vy) % M(v), v1,v2 € X(DV).
In particular, for fi, fa € C(L*(TN)) we have fi x fo € C(L}(TY)) and
' 1f1 * follapmv vy < AIf2x foll < 1AL 11 £ _
where || - || is the quotient norm induced from L*(TN) by C. Therefore
M (X(DY), ] lx@v) = (CEHTV), %Nl 1)

is an isomorphism of Banach algebras.
Moreover, for f € C(L'(TV)) we have

Jimy |[ £ %% £ |7 = sup |ag]
n times

where a, are Fourier coefficients of f.

Similar results are valid for functions from different Hardy spaces.
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