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Local signature and Horikawa index of pencils of

algebraic curves

Tadashi Ashikaga (Tohoku-Gakuin University)

Introduction

In this report, we divide our argument into two Chapters.

In Chapter 1, we discuss the Horikawa index of pencils of curves, This invariant is
defined to be the local contribution of the fiber germ from the lower bound of the slope
inequality of fibered surfaces. One of the main topic is the relation between this invariant
and some properties of the Picard functor of the Deligne-Mumford compactification M,.
For certain families of stable curves, we have a method to describer the Horikawa index
in terms of the intersection number of some divisor on M, and the image of the moduli
map. |

First, in order to understand Horikawa’s original invariant [Hol] for genus 2 fibration
from this viewpoint, we apply Mumford’s formula [Mu2] §8.

Next we consider maximal-gonal fibrations of odd genus. We apply Harris-Mumford’s
formula [HaMu], which expresses the divisor of “non-maximal gonal locus” in terms of
the explicit linear combination of the Hodge bundle and the boundary divisor on M,. We
also consider generic genus 4 fibrations, and apply Eisenbud-Harris’ formula [EH] with
respect to the divisor of “violating the Petri condition”.

This method works directly for stable families, but we note that many pencils which
appear in the study of surfaces of general type are unstable. For an unstable family, we
describe explicitly the correction term of Horikawa index arising from the local stable
reduction of the fiber germ by using the local monodromy data. This part is induced
from the result of Chapter II by using the relation of Horikawa index and local signature.

In Chapter II, we discuss the local signature of pencils of curves. This invariant is
defined to be the local contribution of the fiber germs to the global signature of the total
space. For a stable family, the interesting discussions are already appear in K. Yoshikawa
[Y1] and 1. Smith [S] via the moduli theory. Therefore we concentrate our attention to
an unstable family, and describe explicitly the correction term from the minimal stable
reduction to the local signature of the stable family.

By the orbifold version of the equivariant signature theorem, the problem is reduced to



a calculation of the Dedekind sum of the local monodromy data of Nielsen, which can be
solved by using a certain formula in Matsumoto-Montesinos [MM1] relating a succession

of fractional Dehn twists. This is the key point in the discussion of Chapter II.
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CHAPTER 1
HORIKAWA INDEX AND MODULI MAP

1 Slope inequality and slope equality

Let f : S — B be a fibration of curves of genus g > 2 from a compact complex surfaces S
to a nonsingular curve B of genus g(B). Let 's/p be the relative canonical bundle and let
xs = a(fuls/B) = x(Os) — (g —1)(g(B) — 1) be the relative holomorphic Euler-Poincare
characteristic. The basic invariants (K, g, x;) satisfy the slope inequality ([X1])

dg-1)
)
Note that the lower bound (4(g — 1))/g)xy = K2 s occurs only when f is a hyperelliptic

xs < Kgp < 12x4.

fibration ([Ko2]). Therefore if f is a non-hyperelliptic fibration, a more sharp inequality
should exist. More precisely, we assume that the general fiber of f satisfies a certain
condition (*). In other words, the generic fiber of f is assumed to be contained in a
certain “geometrically-preassigned” subvarietiy N, on the moduli space M of curves
of genus g. Then one can expect that there exists a rational number A such that the
inequality

Awxy < Kg'/B (1)
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holds for any pencil f satisfying the condition (*), and furthermore infinitely many ex-

amples attain the lower bound Kg/ B = A)Xs. For instance, the followings are known;

(i) If f is non-hyperelliptic of g = 3, then the slope bound is A,y = 3. ([Kol], [CC], [R])
(i) If f is two trigonal (i.e. generic in moduli) of g = 4, then A,y = 7/2. ([C], [Ko2])
(iii) If f is one trigonal of g = 4, then A,y = 24/7. ([C], [Ko2])

(iv) If f is four-gonal of g = 5, then A(,) = 4. ([Ko2])

(v) If f is trigonal of g = 5, then A(,) = 40/11. ([Ko2})

(vi) If f is maximal-gonal of odd genus, then A(.) = 6(g — 1)/(g + 1). ([Ko3])

If the slope inequality is established for a class of pencils with the property (*), then our
next problem is to analyze the local contribution of the fiber germs from the lower bound.
Namely, can one define and calculate a non-negative number H(Fp) > 0 (Fp = f~!(P))
depending on the fiber germ (f, Fp) so that

A%/B = AwXs = ZH(f, Fp) ? (2)

Here the summation is finite, i.e. the fiber germs ( f, Fp) with H(f. Fp) > 0 is finite. This
is so-called the slope equality problem and the number H(f, Fp) is called the Horikawa
indez (or H-index for short) of the fiber germ.

Historically, Horikawa solved this problem for g = 2, and applied it to analyze the
structure of surfaces near the Noether line ¢ = 2x —4 ([Ho2]). Among the classification
table of degenerate fiber germs of ¢ = 2 due to Namikawa-Ueno [NU], the germs with
positive Horikawa index are in very small classes [Hol]. By combing this result with his
solution [Ho3] of Morsification problem for g = 2 (see also [AA] Cor. 4.12), we can simply
state as follows;

Theorem 1.1 (Horikawa) (i) For any fiber germ (f, F') of genus 2. the H-index H(f, F)
is well-defined. Namely, for any pencil of curves f: S = B of genus 2, we have I\'g-/B -
2x = S, H(f, F) with H(f, F}) > 0.

(ii) Let (f, Fy) (resp. (f, F2)) be an irreducible (resp. a reducible) Lefschetz fiber germ
of genus 2. Then H(f, F;) =0 and H(f, F,) = 1.

(iil) Any fiber germ (f, F) of genus 2 is decomposed via local deformations into several
Lefschetz fiber germs preserving the summation of Horikawa indicies. Namely, (f,F)
decomposes into o irreducible Lefschetz fiber germs and 3 reducible Lefschetz fiber germs
for some non-negative integers o and B such that H(f,F) = /3.

Our motivation is to seek after the method for considering the slope equality problem
of genus > 3. Cornalba-Harris [CH] discussed the slope inequality problem via the appli-
cation of moduli theory of curves. Here we also try to the slope equality problem from
this viewpoint.



2 Picard functor on M,

We review the facts about the Picard functor on the Deligne-Mumford compactification
M, [DM], which will be used later. For the references, see [HaMo], [Mu2], [Mu2], [HaMu]
etc.

Let v be an element in the rationally defined Picard functor Picﬁ,,,(Mg) ® Q on the
moduli stack A,. By definition, it means the association v to each family p : X — B
of stable curves of a rational divisor class y(p) € Pic(B) ® Q, such that for any base
extension p’ : X' ~ B’ x3 X' — B’ the class v/(p’) associated to the morphism p’ : X’ — B’
coincides with the pull back by B’ — B of the class v(p).

On the other hand, let Pic(M,)® Q be the Picard group with Q-coefficient on M,, i.e.
the isomorphism class of Q-line bundle on the complex orbifold M,. Then there exists an
isomorphism

Pic(M,) ®Q =~ Picun(M,)@Q (3)

such that the following condition holds:

For any codimension 1 subvariety & € M,, let o € Picgun(M,)®Q be the corresponding
element to the divisor [E] via (3). Let p : X — B be a one-parameter family of stable
curves and 7, : B — M, be the moduli map.

(i) Assume that a finite number of fibers A} of p corresponds to points of £. Then the
value o(p) is given as follows; Let Def(X;) be the Kuranishi space of X;,. Then Def(X;)
is isomorphic to Extl(Q}Yb,O%) and the moduli space M, is locally isomorphic to the
quotient space Extl(Qh-b.(’)xb)/ Aut(X;) near the point [X}]. Now let ¥ be the inverse
image of ¥ in Def(&}), which is Cartier since Def(X}) is smooth. By the versality of
Def(X}), there exists a neighborhood U, C B of b and the local moduli map 7, : Uy —
Def(X;). We define the multiplicity multy(c) to be the usual intersection multiplicity
(To(Up), i);,;(b) in the smooth space Def(X};). Then

a(p) =Y multy(a) - b. | (4)
b

(i) Assume ¥ is irreducible and let Aut(C) be the automorphism group of the general
point [C] € E. Then
- 1 * (1P
U(ﬂ) - ﬁAut((w)ﬂ.p(["’])‘
Next let L) be the Hodge bundle on ]\-_'Ig. and A = ¢ (L)) be its first Chern class in
orbifold sense. As a Q-functor, the evaluation Ly(p) for a stable family p : X — B is
nothing but the determinant line bundle of the direct image of the relative dualizing sheaf

N Awwa /. The Mumford’s original definition (and existence) of L, is as follows ([Mul]):

149



Let H, be the locally closed subscheme of a suitable Hilbert scheme parametrizing
stable curves in a fixed projective space P*~!, and p: Z, — H, be the universal family.
Then the algebraic group PGL(v) acts on H,, and the moduli space M, is nothing but the
quotient space H,/PGL(v). Moreover the PGL(v)-invariant part Pic(H,)FS“*) coincides
with Picgn(M,). Then we define L) to be Np.wz H,-

Recently, the existence of the global tautological family p : C — € is proved [ACV].
Namely Q is a smooth variety and C is a universal family of stable curves with a certain
level structure, and a natural finite Galois cover 7 : & — M, exists. Then the Hodge
bundle Ly is also identified with (1/deg 7) Tu(A9p.(we/a)).

On the other hand, let L,, be the first tautological line bundle on M,, and k; = ¢;(Ly,)
be its first Chern class. The class «; is also called the (dual of) first Morita-Mumford
class. As a Q-functor, the evaluation L, (p) for a stable family p : X — B is nothing but
pu(Kg).

Let M,\M, = zgi/g] I'; be the irreducible decomposition of the boundary divisor,
where I'; (1 < i < [g/2]) is the closure of the locus of Lefschetz curves whose genera of
the two components are i and g — 7, and 'y is that of irreducible Lefschetz curves. Let
§ = Y U/2 5, be the corresponding Q-functor. Since the general curve [C] € &; has an
involution, we should consider & = [[o] + (1/2)[T'y] + [[2] + - - - 4 [Ty/2] in view of (ii). We
also use the same symbol §; as its first Chern class.

Note that the curve of the generic point on a divisor D on M, has non-trivial auto-
morphism if and only if D = I'; or D is the hyperelliptic locus on Mj. In these cases, we
should multiply 1/2. Otherwise, the correspondence (3) is direct. From now. by minding
the above fact, we identify Q-functor and Q-divisor on M, via (3) and use the same
symbol.

Now the first Mumford relation [Mu2] says that

1
q=—(A+9). !
ki=g5(A+ ) (5)
If we evaluate the relation (5) of Picard functors to a one-parameter family p : & — B of
stable curves, we obtain the relative Noether formula

. 1 , .
K35 = 15 (xo + E(X")) (6)

where E(X') = Xtop(X') — (2 — 2g)Xtop(B) is the topological Euler contribution of the
semi-stable model X’ of X, i.e. X' is the resolution space of rational double points of type
Aon X.

We prove (6). Since the evaluation of the functors A and ; is clear, we should
consider the functor §. Let @ be a node on a stable fiber Fp = p~Y(P). The surface X
is locally defined near Q by the equation zy — %@ = 0 for a positive integer d(Q), i.e.
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X has a rational double point of type Agg)-1 at Q. Then the intersection multiplicity
(mp(Up), 5),”,(}:) in the discussion (i) coincides with ), d(Q;), where {Q;} moves the set
of nodes on Fp.

Indeed, by the argument of [DM] §1, the germ (f, Fp) can be deformed to 3, d(Q:)
atomic Lefschets fiber germs. Note that an atomic Lefschetz fiber germ is the germ of
a stable curve with an unique node such that the ambient surface is nonsingular at the
node, or equivalently, the image of the local moduli map to the Kuranishi space meets
transversally to the lift of §. Since the sum of the multiplicity is preserved via defor-
mation, the above assertion is clear. (This discussion is sometimes called “Morsification
argument”.)

Since the semi-stable fiber Fp of Fp is obtained by the resolution of all the AQ -1
singularities of the nodes Q; on Fp, we have £(Fg) = Xwop(Fp) — (2 — 29) = 3¢, d(

Since E(X') = Y 5 E(Fp), the assertion (6) holds.

3 Genus 2 fibration once more

Can we understand Theorem 1.1 from the viewpoint of moduli theory of curves 7
We remember a result of Mumford [Mu2] §8 for g = 2. In Picgyn(M;) ® Q, he showed
the non-trivial relation

IOA = 60 + 261. (7)

It follows from (5) and (7) that
K1 — 2\ = 61. (8)

Now let f : S — B be a stable fibration of genus 2, and 77 : B — M, be the moduli
map. We evaluate (8) to f, and obtain

Ks/p — 2xy = deg(n}4)). (9)

From this, we can introduce another version of H-index as follows:
Let (f, Fp) be a fiber germ of f and 7y : Up — Def(Fp) be the local moduli map to
the Kuranishi space. Then we define the H-index by the intersection number

H(f, Fp) = (F1(Up), &)z, (p)- (10)

Then the relation (9) is re-written by
K%p—2x; =Y H(f. Fp). (11)
P

Since H-index of a smooth fiber germ is zero by the definition (10), the right-hand side

of (11) is a finite sum. Moreover, we have examples of pencils f of genus 2 which attain
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any pre-assigned positive integers (Kg/B, \s) with Kg‘/B —2xf = 0, because we can easily
construct such pencils with at most irreducible Lefschetz fibers. (Note that éo does not
contribute H-index !) '

We describe H(f, Fp) more explicitly. We call a node @ on a stable fiber Fp separated
if the complement Fp\{Q@} is disconnected. By the language of local monodromy around
Fp, Q is separated iff the vanishing cycle corresponds to @) is a separated simple closed
curve on the nearby fiber. We denote by Sep(Fp) the set of separated nodes on Fp.

Lemma 3.1

H(f.Fp)= > dQ)

Qi€Sep(Fp)

PROOF  Similar to the proof of (6).

Therefore we have enough knowledges for the stable family.

Next let f : S — B be any fibration of genus 2 admitting unstable fibers. Since
dim B = 1, the moduli map is extended to a morphism by the valuative criterion, which
we also write 7; : B = M,. For an unstable fiber Fp, the stable curve [r;(P)] € M,
is nothing but the central fiber of the local stable reduction of (f, Fp). But in order to

analyze H-index, we have some trouble for using this extended moduli map. Because :

Lemma 3.2 There exists a splitting family {f. : Su = Au}uea of a degeneration of
curves of genus 2 (A, & are unit disks) which satisfy the following:

(i) The pencil fo: So — Do has a unique singular fiber F = f5'(0) such that;

(a) F has the irreducible decomposition F' = 2E, + E; 4+ E3 so that E; is a non-singular
elliptic curve, E; (i = 2,3) are (—2)-curves and E\E;, = EyE3 =1, E;E3 =0,

(b) H(fo, F) =1,

(c) The stable reduction _)A‘(J) : S~o — ZS; of fo is a smooth family,

(d) The topological monodromy of fo is periodic of order 2 of a Riemann surface of genus
2 with the total valency 1/2+1/2.

(i) The pencil f, : Sy — Ay, (u # 0) has four singular fibers, and one of them is a
reducible atomic Lefschetz fiber and three of them are irreducible atomic Lefschet: fibers.

PROOF Let a; (1 < i £ 3) be mutually distinct complex numbers. Let (z.t,u) €
C x A x A be a relative inhomogeneous coordinate of P! x & x A. We define the branch
divisor D on P! x A x A by the equation

3
H(i — ur — oy2?) = 0.

=1
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Then the simultaneous resolution space of the double cover of P! x A x A branched along
D induces the desired splitting family. (See Figure 1.) Note that the stable reduction fo
of fo is induced from the double cover ZS:, - A. Q.E.D.

Although the image 74,(0) is not contained in the support of & by (c), the germ
(fo, F') has positive H-index. This means that the H-index of an unstable fiber germ is
not controlled via this extended moduli map. We also comment that, the moduli map of
the two-parameter family J,cn Su = & X A has an indeterminacy at (0,0) and cannot
be extended to a morphism from A x A to M,.

u=20
. 180
@ monodromy map of fo
[
(Figure 1)

We understand this phenomenon in the following way. Back to the original unstable
family f, let (f F ) be the germ of the local stable reduction of the germ (f. F). More
precisely, let f': 5" = A be a sufficiently small tubular neighborhood of F in S and n
be the smallest integer of the covering degree A — A so that the desingularization of
§' xa A induces a stable family f': &' — A, and (F. F) be the germ of the central fiber



of f’ . Then, by the same method which we explain in the next section, we define the

stable H-defect OH(f, F) and write

H(J,F) = ~H(F.F) + O, F). 12)

Note that stable H-defect is defined for any fiber germ of arbitrary genus, and is written
explicitly in terms of topological local monodromy data around F. (Compare with the
interesting discussion in [Tan] II, p.672.) Since ’H()? F ) is described in Lemma 3.1, we
can recover the Horikawa’s theory of H-index of genus 2 [Hol] without using the method
of double covering. The coincidence of the original H-index and (12) is proved by the
same argument as in [Te]. For example, with respect to the family fo : Sp — &g in
Lemma 3.2, an easy calculation shows that dH(fo, Fo) = 1 and ’H(ﬁ,,ﬁ) = 0, which
imply H(fo. Fo) = 1.

This consideration might suggest that the H-index is, in general principle, written by

(H — index) = (contribution of “moduli”) + (contribution of “monodromy”).  (13)

Historically. the importance of the contribution of stable reduction to invariants of
surfaces was, in author’s knowledge, discovered by Viehweg [Vi] and Xiao [X2] and then
a work of Tan [Tan] appeared. We made a new start from [A1] [A2] by combining the

monodromy. Here we also discuss from this point of view.

4 Localization via Harris-Mumford and

Eisenbud-Harris formulas

Let D be a Q-divisor on M,. A fibration f : S — B of genus g is called D-generic iff
the image of the extended moduli map m; : B — M, is not contained in the locus of D;
m;(B) ¢ Supp(D). By the D-critical set Crits(D) of f, we means the set of points P € B
such that 74(P) € Supp(D) U (M,\M,). If f is D-generic, then Crit (D) is a finite set.
Now the aim of this section is to consider the slope equality problem for D-generic

fibrations in the following two cases:

(A) The genus is odd, say ¢ = 2k —1 (k > 2), and D is the closure of the locus of smooth
curves whose gonalities are less that k + 1, i.e. D is the “non-maximal-gonal™ locus.

(B) The genus is g = 4, and D is the closure of the locus of smooth curves with one g3,
or in other words, the curves whose canonical images are contained in singular quadrics.
(Note that the generic curve of genus 4 has two g3 and the canonical image is contained

in a smooth quadric.)

154



First we consider (A). In Picun(Mzk-1) © Q, the Harris-Mumford formula [HaMu] says
that

_ek-y f =
D“mk-—zn{6(“m—“o-;-h(%—l—awo}. (14)

We seek after the maximal number = such that x; — ) is a Q-linear combination of
D,dg, -+ ,0k—; so that all the coefficients are non-negative. By (14) and (5), the solution
isx=6(k—1)/k=6(g—1)/(g+ 1), which coincides with Konno’s bound §1(vi). Then

(15)

K1 —

6(g—1),  (k—D!(k-2)! _ <= (6a—1)k—3a(a+1)
g+1’\' (2k — 4)! D+Z k b

a=1
Note that the coefficient of §, vanishes.

Now let f: S — B a D-generic (i.e. maximal-gonal) fibration of odd genus ¢ = 2k —1
(k > 2). We first assume f is stable. Let (f. Fp) be a fiber germ of P € Crity(D), and
7p : Up — Def(Fp) be the local moduli map. We define

a.____ — 9V k-1  — b — 3ol a ~ |
H(f, Fp) = (Fé(Up), (k- Dk —2) 5y~ (ba= Dk~ Salat 1) 60) (16)
7p(P)

2k — 4)! k

a=1

where D and &, are the local lift of D and o to Def( Fp) respectively. Then H(f, Fp) > 0,
and it follows from the evaluation of (15) to f that

K- o S (). (1)

g+1 PeCrit (D)

For instance, if k = 2, i.e. f is a non-hyperelliptic fibration of genus 3, we have K:ﬁ/B -
3y = EPecrit,(‘D) H(f, Fp) where H(f, Fp) = (7p(Up), D + 26, )75(p) and the support of
D is nothing but the hyperelliptic locus.

Next f is assumed to be unstable. Let (f\ Fp) be the germ of the minimal stable
reduction of (f, Fp) for P € Crity(D), and n(P) be the order of the covering map of
the base change to obtain (i\ F p). Let OS(f, Fp) be the stable signature defect which we
define in Chapter II §11. By using 0S(f, Fp) and the topological Euler contribution, we
define the stable H-defect by

o1, Fr) = 3 N as 1. Fy) + %{swp)—#)s(ﬁp)}. (18)

and set

H(f. Fp) = H(f,Fp) + OM(f. Fp). (19)

1
n(P)
Note that the definition (19) is explicit, because the H-index of the stable fiber germ
'H(f._ F p) is described by (16) and the stable H-defect 0H(f, Fp) is described by the local
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monodromy data as in Chapter II. Then, by the same argument of the formula (2.1.3) in
[AK] p.13, we also have K3 5~ (6(9 —1)/(g+1))xs = 2 pecrit,(p) (S, Fp).

We expect that H(f, Fp) in (19) coincides with the Konno’s H-index for a Clifford
general fibration [Ko3], which is defined by using the relative Koszul complex on the
relative canonical algebra. But this is yet open, and furthermore the non-negativity of
(19) is not settled. The success of this would be the explicit description of Konno’s
H-index via the “philosophy” of (13).

We comment that, with respect to a non-hyperelliptic fibration of genus 3, Konno’s H-
index coincides with the original Reid’s H-index [R] (see also [Me]), and recently Chen-Tan
[CT] defined another type of H-index via the method of triple coverings.

Next we consider (B). First in general, we put g = 2(d — 1) with d > 3, and remember
the work of Eisenbud-Harris [EH]. Let E} be the Q-divisor on M, which is the closure
of the smooth curves [C] possessing a linear pencil V in a complete linear system |L| of
degree d with “violating the Petri condition”, i.e. the product map V& H*(Kc ® L™!) —
H°(C, K¢) is not injective. In Picg,(M,) ® Q. they proved

_(2d — 4)! e
Er} =2m{(6d2+d—6)/\—;a16@} . (20)

where ap = d(d — 1), a; = (2d — 3)(3d — 2), ay = 3(d — 2)(4d — 3) and a; > a;—; for
6d? +d—6<i<d—1.
Especially for g = 4, the locus EJ is nothing but our D in (B). and (20) is written by

D = 217 — 265 — 76, — 95,). @

We seek after the maximal number x such that x; — 2A is a Q-linear combination of
D, &y, 81, 6 with non-negative coefficients. By (21) and (5), the solution is = 7/2, which
coincides with Chen-Konno's bound §1(ii). Then

T

1 5 T

K1 —
Therefore, for a stable D-generic genus 4 fibration f: S — B, we have
7

Kys—sxs= Y, H(f Fp) (22)

PeCrit (D)

N

where

) — 1~ 5~ T~
H(f. Fp) = <np(up), D+30+ %52)
TF(P)

is defined similarly as in the case (A). Note that an explicit construction of this D-generic

fibration with a smooth critical fiber germ is written in [A3].
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For an unstable D-generic genus 4 fibration f, by using the stable signature defect,

we put

. o2, 11 1
OH(S. Fr) = 350515, Fe) + 15 { E(Fe) - =P}
and define H(f, Fp) as same as (19). Then we obtain the same formula as (22). But the

non-negativity of the above H(f, Fp) is yet open.

Lastly in this Chapter, we comment that a sharp form of (20) would contribute the
problem for D-generic fibrations of even genus with g > 6. For a fibration whose general
fiber has more restricted property () as in §1, we cannot say anything because of the lack
of knowledge of Q-divisors on the subvariety of M,, which itself seems to be an interesting
problem. We also expect the development of the study of the relation of this problem and
Q-adjoint system on M, of Y. Lee [L].

CHAPTER 2
SIGNATURE, MONODROMY AND DEDEKIND SUM
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Fy = f"Y(P,) (P, € B) DRFIfIEE,) FuI—B#¢,: T, » T, (S, T g DV —
< V) i, —MRIZED body & B IZIHEE AR valency BH VY, hOEDT =27 AF A
(ZHIEE B2 screw b b 49 5% Dehn twist 28>, AREAYNERL TH S (MM1]

ISR EARTEIMIBHIEL L, f 20K Mal] CH B EERI T 7 4 S—ZM (DEVERT 7 13—
DEDLY TCOLHRBENERINBOERICRB LI RCC BRMN f) L LTHHRLOERIZIZTOTER
YTHLBY. I TS EROERAORECE ST

YR MR O STV T, Deligne-Mumford 22 >/87 Mb M, EDH 5 EFOMBICHRE S h
W, TOFERIBUERRTOL ZATH S (F)I [Y1], Smith [S] %)

157



). LiL, 2hEEA#in(é,) & LT-ER ¢3(‘”: Y, = I, iX B TOvalency IZHAT, A
TIZHEE Dehn twist DARI B E WD, HAREBRERD. FETZ7 7 A NN—IZHOVWTHR
T, ¢ KKRST B Fy BERIBATANTOBEREERHORRET 74 S—ThH B,

M) RIS T ARE T 7 A N — FE BRERSOEBENL T TH Y node DHEIFT,
Wb B YETERIZRD.

ETRBR/NMYLRERTLIL, A % P, ® BTO/NABREEL T2 L%, K¥in(a) DK
ENHEERA - A ZEBUT, A Eice/ FuI—net™ thHh Ao Ft SRV 7
AN—THBBILEM* 5 AREBZLTHD. FF 12D (-2) Hisgis A HERA
Iz contract TABME M* - M +5L%, M- A B ED flar: M= 1A= A
DRFRNIRERTTHD. A 2BRINZL.

ORI EERTAEBRBAMEOET O Y TR 2202, T KIEMIZ patch
LitbO, FxD f: S — B THA.

id
(0
A s =17 - 12K

U7

AN |
@ "
F3

l M #

16+1

™

~

A

FlA

IOEIICKRERTITE/ FaI—D¥ER{L" LW BETHDHDT, SignsS &
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SignS MER, £ Fo I —OHRICE - TR TEDTHA ) LHIHETHDITLRTH
5. FOZ L ERBIZFEITTHONREREOHNTH 5.

E DT HIZIZL, valency B & Wscrew $h 54 U 5 Dedekind Fix#HETAVLENRAEL
BN, REEIRDIMFIAEZHAOCTHALTAL Y.

EODIHIZEFHALLLERTOET/ Fu I —MiERE, SEIXFRLADIE)
LIALTHD. BIADKRTZ 7 ANR—F, ODFEDD > 5, X1, Xy, X3, Xy, E—FBKER
Xo L% contract TB5E®E 6: M - M L L, F, = ¢(F,) £T5. torx E, Figix
ARERADPLIE A, FERESL1E, A, MEAMN2MELED L — 2P RIZ Ajrpiok 0esr B
BIFFREBELD. ZOREORERL, BORAE» OHEIN S ARES O
(17 +12K)/(10 + 8K) L 25D T, 0Bz 2 5.

IOM AR TEERLTHS. 75, A, Ay, As, IZRF—BIL SN THE
RIZRBD, Arrgororss XD IPL TRV FERRTHD Ajgpiar IKRD. IHIZY B
LVY, (K1) T4 RB I3 ROPUEHEH A U T2 >OMABR E,, E; 1285 £
5. DY Zhid (BETR/b) REBTRICMZ S 720, _ .

Bz M IZ G = Z/(12) RERRCER L, 50 Ay Ay, As BRAOHRICH TS F,
DHARB L Wnode B G ODFTEDIMMEFEELIZRD. 1RO E,, E; 2N order 3B LT
ADRENBEEES. OGHEROBEELZE M=M/Giti25. £5LTM OKRA
RN EL Lo M REET 5.

F a . A3 ' Fa
Y Ay E,
Arry12r < Are 412K
P ——
Y. 12:1
2 Ez
A,
M M
X 1

UEDZ E3—RizKBibEn s, RibRERTER S ICILKER G RERIZERL,
B S/GCOBBREDMBIZE-T, TD S NEET 5.

7€ T SignS/G %A LT SignS & SignS MRHEETX 5. SignS/G L SignS D
WHETHS. S/C OBRAMBEOFNBBROAKL TRAOBEFTZEROKRTHYZ 2D T,
SignS/G — Sign$ IXZ DHISHBROREIC—FT 5. ZHITBRAOR X 2 HRdT IV
DOTHMETH L. ERIZITESEOR X EZH LD TL.
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RHEEIL SignS L SignS/G DHETH 22, Z OREORIEIL, RESSEEROHEEIE
T, EELSICI AR L V) FRRAND DO T, ERICIZZ OFEED orbifold ffl
BPYVETHD. WTHIZRE GERIZET2BERBICET 2 (kX Lefschetz
¥ RZHETHIZIWVE L2258 28 Dedekind FIIZERR XN 5 Z L 131960 ~ 1970
ERLIVALNTWEZ L THD. GIERLEE/ Fu I —0EER, ZOBRHETTHRN
G345, 25 LT, valency, screw %2883 5 Dedekind 2§ HE T 3208
BELZOTHD.

X TZOHBEIIFERIZ explicit IZEITEN 5. Dedekind FIOHEEROREHER & 12
ZA<-Montesinos [MM1] iZ% %, H5BROEFIOFMAXIRE R o7, KET—-BBEAL
VDX, TS THD.

BaAOTHERTHHITEE1.2OBAGBHE RD7-DIZ, BIA TRARFELET 74 /15—
¥ F 2 0T, B2 ORI ERo(F,) ¥ #HELTRED. F. K, F, 0774 "—%
DRS>TVWBHENHEE~DRFFEL, MU RNz TEL 2 LIZT5. T4
BREMRBEOFINEROREE B2 T

o(Fy) — o(F.) = 12+ k, o(F,) — o(F#) = 16 + 12k

285 TE111 OREHFSREBEIS(F) 1, 50BE, F—H=5/3, B_H=-11/12,

o(Fy) = (1/12)0(F,) = 8(F,) = 3/4

ERB. XoT
o(F) = (o(F) — o(Fa)) + (0(Fs) = 5o(Fo)) + (ol Fo)o(F#)) + =o(F¥)
199 1
=-7t ﬁU(Ff)

B, DEVERET 7 AN—DORIBFER o(F#) ITREINT. Zhhr bk, it
OFEICELRITRLRY. S0BE, T F* X0 Z2FRELSD (17 + 12k) BOSBE

Lefschetz 7 7 4 N\—IZ45344 5 (K 2).
P, Piryiak

) P, Pk

X 2

LI ZHODOEABBRE — A TR IRRT 7 A =% b0FR X LT5L o(X)
—1/5 THBDOT([U] Ma2]), o(F#) = —(17T+12k)/5 £ 20, EDHBE L HDOETo(F,) =
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~k/5=51/5%/5. LRAIIOMEIL, 2 BEHEBEERBTIMNOFETROIZEL H—
15,

28, RATRSEROED, & bR o O— (RESAITM6 s RFETEBRIHEZ
BRNEZATHY, 208 24K, BHEABEK L 2N EHER TET O (JAK],
[AE]) Z & TV 2wz, [AK], [AE] OCBREIERE S, I IIHEEE KL 2L 5
WrEMBIR A V2 FEENREN TV 5.

AEOHRIILLTDOLEBY TH5D. §6 ~ 8 T Dedekind & (orbifold) RIEH S E
BIZOWTREREREZEE T 5. §9, 10 Tvalency & screw 35> 5495 Dedekind Fn
EHETS. §11 THRAOFERERR AHOT Y N SA 252 5.

FEZLLLLFEEZOFERTHoDTH I, AIREHKIZ L > THAE Tex I2
AT, EORE, b EDFERBOMBIV I RABETIEW KW, ZhitELo e
FLELTOROBIIB L NI LY, IFERDOEBHEED—AL LTOREIZLED LD
ThAHH. RIZESEH L=V,

REBARIT, TOMER LEROBFOREZEZTWAIZAXE V. ERERTRIT, k5
REBLEF-oTIBR T x -0, :

6 Dedekind f1OHFE

BV HE2 HRS p, ¢ 125 L, Dedekind Fid,
k. gk,
s(pq) = S ((N(L) (23)
k=1 p p

EEEBIND. ZIIT((2) iF((2) =2 —[2]-1/2 (2 ¢ 2), ((2)) =0 (2 € Z) iTk»
TEHRINDIMEHEDN 1/2 RBOEFEFELTWS. R (23) 119 2z, FoLH DML
Dedekind iZ X > THAZINHDTH B8, HOBBIL, \ D1 5 Dedekind-=— ¥ B

W(T) — 62‘1!'1'/24 H(l _ e2m?n)’ (T € H)

n>1

D Mébius B y(7) = (et + d)/(aT +b) (ad — be = 1) IZ X 2 X8 % EREICRRT 570
Thof. EOEZIIRADL D 12725 ;

n(y7) = exp ((1—1%; - S(C,d)) 7”) v/=iler + (7).

ZIZEEROBIT, BEEMOERSTIXEIIRD L dIZE bTV 3.
Dedekind iZZ DEHRAI L HOET, b 5 —H2DEEARRTH 5, HAER

: 1 1 1
5(P«Q)+5(Q»P)=—Z+—.(%+§+E> (24)
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REERA L. (24) R, A iE 6 FHRIROHEEROMMALRIGERASEOND Z &
=Dk Lo THTHENPRATHD Z LITMBVIXZWVD, ARBIZBVTYH, BROEE
BREFNERT 5.

ETCz—ZB¥n(r) 1, TOURBEX 20TV 2T —HBRIZRBZ LMD, RE
FRRICB T HDEEMIIRZHFZ2VR, n(r) £ HbH, Dedekind Fis(p,q) FNEF B,
BRI EGREORKELSI ST TELL I THS.

ZDHD— A Rademacher iZ, BF 5< s(p.q) 2B LEBREAFROPEEDO—ALBD
AN, AR L =ARD 5 HD—D(Z cotangent FIATK

p=-1

. 1 mk  mqk _
s(p,q) = Zkzz:lmt?mt? (25)
NpHBH. 20 HAAEHEIZAY, Dedekind FiIR (25) 2@& L T, 5 EIXBMEOSEFIZHR
BT5. FRRRAEHEEER, 2T VHERAE2HFETIHEEEROPT, —RbEhk
[Lefschetz ¥ & LTCORFNZED Z LIR30 5THD. ZoFET, RARTIIERER
—ERNKELTND L ZATHIN, KE TIILUEROBRIZHLE L R IR D
HBELT, ZOREDO—WEEZ L TH5. '

7 HEFRHELOREFSYERE

M#EZa "y MERHEE L, MIZii$kn OKEFEG = Z/(n) BERIZERALTWS
L4B. ZOWRRT T, Atiyah-Singer DRIEFRFZEER ([AS, §6]) LRI TS L D%
wBELXS. '

£geGIzxL, gtEADEERESE M =, P11, Dy ¥ 5. ZZIC{P} iTH
MEERES, (D) 3 (LARNICHERRL) BRMROBTCRH THS. R P; DEZEM

Tr, v ~D g-fERIX
(cos o; ——sinaj) , (cos B; —sin /3j)
sina; cosa; sinf3;  cos j;

DFTHBH L LTIV, 2% g i, P, FLOEREZRICHDTNICIL o; Bl L 4; G
DEfME LTERLTVD. BERIZ g 13, Dy DER Np,y 126, BIEETERLTAHEL
TEU.

4, H:= H}(M,Q) LORER H x H = Q BT 5 ER L UADEAFZEM~DEZR
SOfRH = H,pH_ 3525, ZOL & g-1EAD ML —ADEsign(g, M) := trg|y, —trg|s_

\Z2WT, 3 p
. _ Q i 27k 2 :
sign(g, M) = — ; cot 35 cot ) + %: cosec” — ¢1(Np,nr) (26)
J k
MDA, BF D Grassward NBHELEE L THR L7 [RG] 124 THL I OFEDOELDORFN—DIZ
les T 5,
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MR Y 3L ([AS, p.585)).

ST, B%EM M/G 1B RICIERBIT TR OBE 2R O0, (HENIZIIAERREr U —
SREEERDZ LB TEZDT, XWX HA(M/G,Q) x HA(M/G,Q) — Q # well-
defined TH 5. ZDOHEE Sign(M/G) L EL L&, BHIZ (LB LRRPRITESIEX
i¥ Grothendieck DJRER LV )

Sign(M/G) = % ) sign(g. M)

geG

ERD. M EDOBREOHSEIIEEER id (T 5 ¢-HEEIZ—BT 5, 2% Y Sign(M) =

Sign(id, M) THBHD T,

Sln]\[C’—-—Sln]W—“l sign(g, M 27
ign(M/G) g()ngﬂg(g) (27)
2/5.

2 (26), (27) ZH>TVD AR, K (25) ZBkOIUE, INZEERDOF 2B L T Dedekind
MBRBBETHZ LITTTRTEND. FRIZEMIKR SV 7Z0DiT Hirzebruch [Hi] Th A
2 EES. Hi] CRFMIBEROFELRBICHAEIN TS, ZhbodkbbE¥d LK
DEORITRB

G (289 5 isotropy B¥HIEH AT ADBBENEA% (P} LT5. &P ioxL, K
DUEEEW T BAREDO=ZSMA (m(P)),\(P;). 8(P;)) BHe—FE £ %; Bl P, 1, m(P;)
BORBRZEI V2D . G DERT g X216 & KERIC BB 5. ﬁgg‘“” rohs
FREEEL, %@fﬁ"“f’aﬁk exp(2mi/A(P;)) @ exp(2mid(P;) /A(P;)) B CIER ¥+ 5. (1=
7L, T IUSE KR A RiRE AN CERE L B E b THD. ) &
7= {Dy} . FZ TOREILEE Stabg(D,) MBIEHALBERMBMOES L L. n(Dy) 8
Stabg(Ds) PHLEKET B, ZDL &, |

, 2 __
Sign(M/G) - —slgn (M) = —42 CIARYIAEDY nDy)” -1, &1(Npym)® (28)

o 3n

&72%. 3 (28) i3 Hirzeruch-Zagier [HZ, p.181] Theorem 2 %, B4 IZHEVRTWRIZE
EELEZLDOTHS.

8 . Orbifold REIZEFEHEED—H

AR TIRIEER 2013, Ao M BHEFRLERMEO L ETIRIRLT, ZThEAF A
BER2ERPROMTBEOBEATHS. CORRARERERTHIOT. M BEMR
orbifold (3 V-B8kfE) TH5. ZTHIZKERH G = Z/(n) BERNZIERA LT 5BE, 2
%Y orbifold BIDEM ¢: M — M/GIZH LT R (28) LH7= B bORLETH 3.
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Z DG EIIHRREF TiX Dirac ERAR (FEEIERARLZOHBICET) I2XT 5/
e ER L L TEBBIN TV B (I [Ka), Vergne[Vi]). £DOFEX—ETEI &,
Fi—BALE4 %8 U CRFTRIZHEFRZREBORG & B> THE L, £41% global iz
mmhLTEw&kakfﬁéfokawio M I (V= P AT

M/G @ orbifold chart {U 5 UQ,G = Gal(U, /U )y M/G =, U} ZUTOESIC
L3, 7N Us) = s Vs &L, Vo OREFTI—BIL Vi 8T, E—FKL, Bo—BLFH
R U, DENE factor THX D&MD, 5 LT H,p = Gal(V, 5/Va 5) 15 G, OERSYEE
ThHY, BG,/H, 5 IOV TORERV, ; - U, BEES: M - M/G DV, 5 ~OHIFR

ThHHLIITTH:
Uy = Vip

Ga @fiﬁ/ \,p

U,

Dk E,

Sign(M/G) — %Sign(M)

= Z[_ Do —}v— { Z sign(g, U,) — z Z sign(h,f’;,ﬂ)} (30)
) g Ua #(Ga) geéu B heﬁa,ﬁ

YR, ZZWZ{p I MRUOM/GIZHELELEERFNR1ODEELR50<L 5, <1
AWt U, EOC> B¥THS.

(30) RDOAZDIZ (27), (28) REZRFMLL THETE 5. 2 W MIBEEAICEL TIT,
M/G D% Dedekind Fi &, X595 M OIFFR A (B4 OR|TIL, Zhid ABFH
2 B2 OTHAE) DR Dedekind FAIDZENFE L, F M EE RPN L T, (28)
R ¢1(Np, m)* % orbi-bundle & L TOERD Chern & B- THETHITI V. Fx D
KRTTO, ZOREHHEL §104 THEZS.

9 Valency D& 5

FIEiE CTCHBATERZDOT, KBRIZASD. EH Tl Nielsen-¥2A&-Montesinos D / K
m 3 -——0){‘%%%0) 9 B, valency 5*5 < 5 Dedekind Fi%& R 5. Z Z TihDRRIZ B IS
TE D LD, BONCHIRC (915) BEGHORIEZITV, %@&k%ﬁmﬁ%’ﬁ x5
z5. .

EERIOFEO—RRICELL RVDT, ZI ThrEke ORf S BHLRRIZR- T, HEEEL TV

B, XPOHAR—BIMEL LTIV LRI E1HLARVDT, EDFSILTAEHRTE V. EMED
FT, APBRIEORBONIETBHLCIEE N,
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9.1 BHmAMLEM
(Mo) Z1<o<A—1 2T AEWVNIRLZERK LT 5. Ao ORBESEERR

)\ , 1 1

Ay UL N ==Ky — (31)
o o ns ) 1

Ky, — = K, -

ng K 1

\3 — 0 8 8 — r’r

2EZ2%. K TRIAR—ZROEHFN DS NCF(K,, K,, -+ K,) £ 5><. (NCF iX negative
continuous fraction MBE) L7 L ZDE X 71T TR, BFHEICHEHNDE, no = A
ny=0,n2,n3 N1 =Ky, n. =1 (nggy = Kin; —ni)) BEETH-T, ZDF%
T TINESYURM (31) OEBES| LIELT LiZT 5. 4

STHER(24) X9, s(0,0) +s(X,0) = =1/4+ (a/X+ Ao+ 1/X0)/12 27 B,
A=Nyo—ny, £V, s(Ao)=s(—ny,0)=—s(ny,0) THDIMNH,

' 1 1 (o ny , 1
s(oX) = s(ng,0) — 1 + = (X - + K + nunl)
ER2B. INTAo=Ki—ny/o DEZARNBLIZERBST, RO N o =K, —-1/(K,—
713/722) %mb\f. S(NQ,O') &:ﬂbfﬁtﬁm:ﬁ:fiéﬁb\5 : é: ‘:ct D .
' 1
s(oX) = s(ng.n3) — LI 2+ L (_a_ — B b K+ K+ . + )

4 12\ ny ngny Myng

/5. IheEd TESREEEENGS &,

L.oor=1 1 fo 1 . 1 ¢
S(O’,)\) = 8(1, IX,-) - T + ﬁ (‘X — };,— + Z K; + Z n.—lni) (32)

&%, ZZT[MML FDOKRD Lemma (ZHEB T 5:

Lemma 9.1 § #06=1 (mod \). (1<§<A-1) 2T EHRELTE. oL

r

1 )
; Ni—yn; X

mem&lkﬁ%ﬁﬁﬂi@%%ﬂédLKJ:UL—UUﬂ—mﬂﬂL&%bﬁé
£, (32) REVIKRD Lemma 218 5.

Lemma 9.2




9.2 BEIOW|RAMNDL

SITHRRABAT 5. S, 2BR DU —< B E LT, 4 5, » S 2 RERNTR -
+5. 8, = AUB %, p (ST HHREMBBROT = 2 5 AEE A = [[4; KT, body
743 B = [| B, ~ORRET 5 (TH).

== —+8 @@II(B

B NOES A (multiple point) P T valency (Nielsen [Nil]) % (m(P),\(P),o(P))
245, P ZRIST D [MML) O—&BEEM S, /p © T8&] 13ROK D IR ENS.
A= AP),o = a(P) EL, Mo & (31) LI ICESEERAL TEBEE no, ny, -+,
n,=1%E53. Z5LT, WoltAEBE ny OFMRIZ, EBE ny, ny -, n, OFR@@P! ©
¥l % ¥k % T transversal {2072 F 7= 25

2ES. ZEm=m(P)fELT
-K, —K2 -K,

n L . "

ELELOR, EOMBTHS.

p % a-priori 125 % T8k p: S = A = {t € C||t] < 1} 2K 5 [MM1] DHERIZ,
—RFEEM S,/ BB ) ERRT 7 AN—F =p71(0) 2B K5 ZfEohd. ZDl
% (33) FOP LT F ORZO—EBER>T, ZOBERERZRE-. EFRRERMTHE
b {K;} %, ZOMETr BOP! O SHTOHERREOERELEX 3.

LIATIOERETMEIZLTVEDORROBETHS. P DI, NTO/PIAREFE
D, #t%. £HELTu™(D,) =D, L7220, Bgpu™ i3 D, XA 2r6/) X EESE
5.(Z 281X Lemma 9.1 FOBHD.) —F5 (33) VR T7 7 A N—HIZREATEDLTD
E,r D node lZETE—MT7 7 A N—DEBY A I NVDET =2 F ZEHET 2n/ni_1n;
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EEEAIZ 5 (MM, I1§8]). ZhbnREEEZ 2 LEbE 5 L, D, DRERIZ—ELAITH
Wby, oF Y

ERBBITNEFRORV. ZOZEEFIEL THADMN Lemma 9.1 D&FITHS.

ZOBEIZRE T, ERXIENHLET D Y 1/nin; OFEOFNT MM IZHEEIZRIF L
THROTOHRELD L > REFEZRT. KRTIXIZ0fE MM o/ LMREZLIZ
LS. (MR TRETREZERLICOATOIETHHS.)

2B, BRARHIZIE, 2O Ay ; BIKEIERFE RS O Hirzebruch-Jung ##1H (cf.
[BPV, p.80)) Z# LTWWAZ Lz 52V, ZhiIARBARTIIRL T, HxbhiiB{k
HKOZERTEHEOKBEIBEIZ L ABZEMIL, valency & 1 H 1 IZHIET D 0ROBREE
DTEONLTHD. ZOZ LITREGTHERRS.

10 Screw HOHFES

ZZTIEINMMAERD S b, 7= 2T RE DD screw KR VRS D valency 55
495 Dedekind fMOHEZT2R . Fifli & A U < BN EEAMFROL 2R EH L TE
BRROHE 2TV, R TRAMEKRST 252 5.

10.1 MEEUHHER

i = 1,2{1Z20WT, (M,o) 81 <0, < A\ =1 EATETHEWVIRRZRBRKELTH. 6 %
a,~6i =1 (mod /\,ﬁ), 1 _<_ 6.5 S /\,,"—1 ’E#t‘?’ﬁ%ﬁ& L, if:, 0'; %0‘,’5,’ = 0‘:)\,-}'1 L:J:O
TERELTBL. S K2FABKL L,

=9 & :
s = N, K (34)
EBVT, (M, 0i)im2 ROK AT 5 screw # & LB, &T,
Al r id 7N /\2 v
= = NCF(K),K,,---K,), =2 =NCF(Ly, Ly, L), (35)
o0 g2

PESBERRALL, S bETHIERESNZENEN {n), - .0} BT {my,- - ,m,.:}
55 BA1L(35) L K D oETOIROESIREZEZS !

(*) = NCF(I\"I, I\"z, R I\’,-..l, (Ii'r + 1). 2, e, 2, (L,-I + 1), L,-I_l, R L2, L1) (36)
N e’

K-1

SERFRRARIRE L, CP OHERE g0: (21,22) — (€2,,8°2,) DERT BXKIERE Go = (go) I L B
2R C2 /Gy DFORRAEZ S L 5.
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Lemma 10.1 ([MM1], [Tak], [To])

(i) Wtk (x) DEEESL

{n07nla tte nra\]- ° l,a Myry,Mypr_q,° 00 , My, mO}
K-1

ThpH. ZOEBEFIC L TD MM 5383Fid screw ¥ s (0T 3.
(i) d = =M A8, v = 0182+ g0} + o1 XK LI L & BHE (%) DIEIX /v IZF LV
Lemma 10.1 & Lemma 9.2 £ Y IRAEL VLD Z & Mo 5.
Lemma 10.2 v* =036 + \05 + o.M K £ BLK

o 1 , 1 fv+o" ’J .
(1)5('u,d)=z(r+r +K_1)+E( Zl\ ;L,:-{—ZK),

. | 1 1/ M) 1
(i) s(0.) = s(o1, M) = slo2.da) = 75 {s- . (Al ¥ r)} .

10.2 BERNERHIS

STHBBIZ N2 5. BIECOMAMER 4 »bET AWM, = AUB 1281 T. A D
R D H B D non-amphidrome 7 =27 X 4; —2& 5. A; TO Nielsen O screw
Bk s(4;) T2 (Ni2]) . A; OFMOHER 04, = 9A] []0AP) TO valeney £ ENE
(M Any01.81), (M, Mgy 0208) &3 . 2L %, K> 1 27 THEK 255 o>T

s(4;) = B K (37)
Y725 (MM, 183]). 34)IXZOARBN)2EEL LTHERA L DTHS. (LIZLAIX
K>0DHE42EZTWS. K=—-1 0L %13§10.3 THD. )

Z0 screw BEEOT =aT A A; T D [MM1] ©—AXEZE M O & OB
Lemma 10.1 -(i) "EBEFZ b LICRO LD T Rbh D, (RBZOEBER %
BOBMABASELTELEONR(36) D (x) ThD. ) T=a 7A@ MYV IZL
TVE RECBREABEFETNS, LV ERT =2 RABATS. £ L TARIRIE
EEROFEET, BRI L THRNOAE 2n/nimn; [B#EZ, 5 ARG 2m/m_ym;
EEEZNER SV TV E, FREBIZK ~ 1 Bz, ¥ Dehn twist % X& 5. £ OEEROKRTNIH
screw IC—B L TW5. 2N Lemma 10.1-(i) OBRTH 5. £ LT, BEOHLRO
A% node iZ2HLTE,/u Db Z{E- TITL (TH).

86; 1X036; =1 (mod N;), (1 €6 <A —1) PAHETERETHAMIELHTL AOTERDOPIZH
BAN4#E LT,

168



27 /non, [Blfic or BlEz 27 [Bl#s 27 /mom, [A]
27 /nyn, BlER 27 /mym, [BléR

I R EREREERE R

ng ny N 1 1 1 my my mg

A,

Z ZIX[MM1] O ORI THRBD L Z A TH Y piecewise-linear 72 Z DEIDT ==
T ZAE R B AR IR SR (super-standard form) &\ D £ LWARIA DT T
5. MM RRBARENICF S THHE TH 55, 2 Lemma 10.2 @ Dedekind Fad
ARICHLRIISZ LIz ot. B ZOMIOERIL. 5 R AFRANIZIL Lemma 10.1-(ii) i2
HDd vitdd Ay, BREFERFRAD Hirzebruch-Jung il 2 L TWA Z L Zhizb. =
D LIZEBROEATR, MAEFRKDORIUGIBEWVIZEL BARB IR SRD N TS,
valency M & & & [@4RIZ. non-amphidrome 7 =27 X L KEBTHKROKEFH LO Z 0 R
R 1R LIRS T 5. |

¥ 72 Lemma 10.2-(ii) T s(v,d) 7> 5@ valency % #-D Dedekind fn% 5|\ =B
i, BRICEXBMAIC22 L0 ORI, ROBR®ALETHS. b7 =a 7 A0HER
BHR (L body EOERAMMTLH D013, = OERMBIZ ST b7 valency 1 body
BORESHEL SR, 7225 AOFEIT T#iscrew 3] ORIZLEL> WO biIFTH
%. body #AKST D total valency X, FNIZ7 & & LB ) —< EORAYPNERE
BOERE —EBT 50T, BEICHT 2 RWBERVZAERICTEDTTH S (TH).

B,

12

val
val val
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T A RTINS 21T, REMRIESE~ORER DRSNS, ZnEERL LI
BRYDESHEREZZELSIZY> VWD Z L THA.

10.3 K=-10%
ETK=-1D88%#E>.

Lemma 10.3 ‘([Tak], [MM1])) (35) DELSERBAOEHEINICB T, 1<I<r 1<
I'<r ThHoT

(1) np=my, (i) g +mpy =mny
T b ONME—FETD.

EDORRT/LND, ERESIE L UHCRIEKT i&@ioidﬁ:é( h3—mreze

B THB) !
—1\1 —1\2 -K), —Ly_,y -L, —-IL

—-(I\[ + Lll - 1)

hhbBbhsERE, OF Y NCF(K,, Ky, -+ ,K)_1.Kj+Ly—1,Lp_q,- -, L1> D
{BiX Lemma 10.1-(ii) D d, v THAMIZK = -1 LBV L&D d/vii—ET5. T4
B8 /A 48/ X 21 DFTs[—=1]= =8/ =&/ l+1LtB. TR K=-10DL&
D screw THDH. ZZT

£[-1] = 115 { Y 3-K)+ Y B3-L)- 2} (38)

i=l+1 i=l'+1
EBL. e E
Lemma 10.4 ,
‘ 1 1/ M
s(v,d) — (01/\)—<02,/\2)—12{[ 1]—3(/\1-}-/\2)}-{- + &[-1).

2% Y Lemma 10.2 & B LT, £[-1] DMIEEMf 2. Z ORI, EEREB D
BHRETT, BEROERE2LEDDIRNRP LT I7=INTH5.
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10,4 FE&&

FCHRRT, b2 —27F Lemma 25 25. c = ged(A, X;),d =d/e, X = Ai/c, (i = 1,2)
ERE, IHIT
a = —4s(v,d) + 4s(01, A1) + 48(02, A2),

5= 4c

T d-1,d), (39)
( ) (5),
{ K>0mk&

W)
C
Mg

EBL. ElRD LS ITBL.

—4€[-1] K=-1DL &

Lemma 10.5

a-Bt+y= -1+

A1

Z @ Lemma DBMAIEKZR 2. §10.2 Tt /- non-amphidrome 7 == F X A;
211 TR TARERTIEOBEM LOERE Ay, DELF %, RETRICHE TS &
UTDX 52725 (cf. [Tak]):

REBTROBRT 7 A N—THDHRFEMMC Dnode P i, KD LT Ay, BAR
2EREFESTEY, ZOEEFE Ve (A8 (M X;)/c DIKEREG, BMEAL TV, F0OHE
51&% ¢: Ve Vp/Goi=Uy ¥ BE, RQ=¢(P)DEZAHILID Ay, WERARD
5. 4, d WKERE Hy 2 470 TRICESRFT—BILE®R Y, > Ve ILX2T G &1ift L
7‘_'{)0)%: Go L35 (FH).

Ve >~ C2
Go fEFR H, {EF o
1
\
Uq P~ X P
Go fER s
E,

ZHiTE SIZRR (29) ORIV TH - T, orbifold FEL BHEERMNES CTE 5RRT
bd. ZnLE MIEEACEL TG EADFEIX (28) ROML ~4s(v.d) THY,
T (39) DaRICBEEET S, Hy FEHIT —4s(d' —1,d") THY BRIZHS. £72C|v,
DRFTEEFIRSD Ey, E; 12X »>TP = E\NE; &5 T03ETHE, & EIFEMIE
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ERBMNZ2Y, R P O orbi-{ER® Chern HHGIL —1/d ThoT, yHIZAV &R
5. (=L, a BIZOWTI, @O valency 725 < % Dedekind fi% §10.2 T _7-H
TE=L5lWwiz, )

ZH L TEHE 2 bNBLIED, REBTESOHERIZHAT I/ FROE(LEIZ, =
DT =aFRAA; BE5E25 TMEDHR] ZHE LD Lemma 10.5 THDH. EFITEZ
ZDMEIZ, A; RO - L BERERRARER LB X Dscrew BB E I FETHNER-T
HELEOEN, BEXRETNEEERVRIV UV IAVER L ol ZORBBEELKE
BN T 5720, AHORBLH L T Isaew HDHFE] OFFZLTBWW-DTHAS.

11 TEEBRICEAFAERIEH

11.1 REETE NMM K4

SEH Ry MERME. B EHAY —~ U EE L. ERIE® f: S - B i3fE¥kg > 2
DREEBBRIEE 52 5 LIET 5.

FSoBEfOBINRERTL L. n 2F0L52f 252 3BEEMONGEHEE
#® B BORELTS. BEMIZ n RKROLDIZEZLNRS

fORRT 7 AN—DEAE {F} (Fa=f"YP,),P,€B) £¥45%. & F, ilzdL, =
DEDLYORFNIMEE/ FuI-—ER2 52 2AMBERNERORRTE u: ;, - I,
ETD. Bin(us) B p. PEABIETS. 20 S, = A, UBs & po ORES §9 THN
=7 =T ZWBERbody MA~DIEET D L & n(uy) 1T (kalp )" ~ idp, (isotopic)
TR/ OARKTHD. ZokEx, IS {n(p)} EbOB/NAEENEn IZ—FL
TW5. 2O LiZ [MM1] OBERBREDO—2TH D (cf. [Al]). RBIERLZNS, EHEO
LEBRTTEBEDILAE (of. [BPV, p.94]) THOLONAHMBEREIL, ZOomPEn LIZETY
PR REREIZARDZLEZBEBLTBERLY. (ZhboZ Lid, (Al o£FEZEOR
iﬁﬁ;éz@%i"@qﬂﬁ%ﬁiﬁbfwotz ETHB)

ZERTNE S OERIZ{P,} EHICEbIINERLAI—A P, (ZhIZEERA) %
Mz, {P,} & P, THIET B n &M@?&ﬁB —+ B %2V SxgB OBYRWNERET
NELBZLIZENBONS (LU P, TOHRSEENMB~DOFEIL0 2D TEHIIER
LTk,

TOLE §AER2RTETHE Z LD, n RKEHG = Z/(n) 13 S \ZIERIIC/ER
+5. A TIIFEHE TORREEEEE X T, Sign(5/G) — Sign(S)/n 0)1@% {#o} T
o NMM #8Iz & o CEERICEE T3, 28AK%K0 BIEiZ0% Sign(S) — Sign(5)/n
DETH BN, % Sign(S) — Sign(S/G) IZONWTIE (Z Tﬂim%’&%‘réiﬁ)ﬁﬁfi’\
FEACMBEIZLEED. LEN->TERKROBELEROND Z LITRD.
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11.2 Defect 205%

BaDEREZELT DD, EHR 77 A N\—F, LT, TZEHFSKIBEK 0S(F,)
ROBEERLLD.

EY 1o 12T S body # B, LD, £ THOEEARCERBROERLRS LIc5 2 b0
T3 valency DES# {m;, Xio;, 8} &3 5. £72);/oi := NCF(K1(2), Ka(i), - - K.(i)(4))
LBL. (i) IBESRDORE THB. WIT A, =[], A, [1, A % non-amphidrome 7 =2 5
A {A;} RWamphidrome 7 =25 X {4} ~O53E LT 5. A; D2 OOERRI LD va-
lency ’E%i’b*?ﬂ(m( i)s M(A;), 01(A;), 61(A; )) BT (m(4;), A2(4;), 02(4;), 52(4 ) &7
5. £(4)) & (40) 'C‘/Eﬁéihtik’a“é 12, Ay DERBSYD valency % (m(Ax), A(Ar),

o(Ax). (Ak)) & 9% (amphidrome 7 = 2 7 A TII@MIO valency Iz—&H L T 5. )

(50

ged(A1(A4)). A2(45)) ,
+Z{ A(A;)A2(4;) 1+£(AJ)} ;{ A) —%}

A;

Definition 11.1

OS(Fo) =Y {r(')

i

Theorem 11.2

Sign(S/G) — -—Slgn Zas

EEDFRIZ OV TIE, EEHAREAIT TICHSE TR TW B0 T, 2% X
TyFOREITRD.

F, TVREBTEND [ ROREHB C, 1221 T, ZHD node DES% {P)}, C,
D—DEA%E CY = C\[{P} £ T 5.

CP Rz 5 G 1ZBT % isotropy BEDIHEBAREANES {Q) 1. F, DE) FuI—
B pe: Ty =5 S, XD 892008, = A, B, 128WT, body # B, LOEHA
{Q@Y L1 1ITHIETH. EbIZQ DEHETD G-{ERIZ Q T® valency (m.\, o) ZHW
TEMPND, Ax, BKEBIEHFR AL ET 2 BAERIC—ET 5.

E72 Coy D node DA {P} 1T, A, DERBADER L 171 IZRET . ZORKT
non-amphidrome 7 = =2 7 RIZX 5T 5 nodeP DIT{FE~D G 1ERIZ (&% 72 descend D%
(2), 810 THE A2 4y, BKEEHRIE2 AT 5B ER KT 5.

UbEDZ & &, Lemma 9.2 (EBRIXZ N (—4) FLARTERGRV. (28) XBR)
KR Lemma 10.5 £ ¥, amphidrome 7 =25 ABOEFEUADERIIA LI THS.

Amphidrome 7 == 5 R{Z% T % node P ~D{EAIL lvalency % 2 f%iZ L 7= non-
amphidrome 7 =27 A+ involution | MR & B2 % DT (]MM1] [Tak]), non-amphidrome
DRERIZT Z ULIEEEZMR B2 THTL 5. ULBHRADOT Y F 54 Th 5.
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RE S ~O G ERAORRIIAEHIC [Tak] TRENTNWA HODT, [Tak] @ HEIZR
D& A (BRIGRILOHER) 125 5D T, AR CHEREERTES b OITO Rk O g
REWIEFZONWTH LiBRERTET ILEND .

11.3 TEQ-—4

BRICEAFIIBIATRIZBHETH 0, FEOABTEEZDITE BB L Az ~,
BREZRTWEEE W,

TrANRN—EDORFTHEEE, €/ K I —0 Dedekind FHZBEMENH 5 = & Bk,
PHEINER BTN EZ LT MOELXETHEIETWEEWZZ EbdH D, (cf [Al]) L
ML, ZHHs explicit ICHERIEETH D Z L RPD oD T BED Z & ThHs.

FOHEHBEDOF vy I 7RSO, ER, REIZIAMOBRTH Y, ARMEFERR
DEMRCHABIEKRDOHE 2 ZITEBIEES. KEHEFORRIZE, BB
BN WEDTHoN, FORMTRBESENEEL, BWVBIEE2 L T2 &2,
BRI THIRBITH o 7=

CITABLEHMA THRAL TOI0I, AETH T TICLIFLIERBLTWA L I,
B xiX12/5=3~-1/(2-1/3) £TBHZLTHY,12/5=2+1/(2+1/2) LT HERHESL
BERBLTCRATNDDOTHS. HEARRRTCIOROESEMBHTL 52 L HEIZ,
BIZDTHLWZ ETRRL, DLAENREZESIENZRTHE N D AL, BAROEMH
D—VRBBEINI@HH 5. ‘

XTHEIENBRLNED L, SEFORKBOBAITT, AL, FIFCRIZLACVREL
EBZLEBRRNEESTV, 774 N—FDRFIAEBROBMBIZBVIALBE- TV ok,

Lil, F0 L&, RBEBREIZKAMT V-, I, FAX ¥ TREITiX Dedekind Fn
FHELTHARY] &V ZEThote. FAOHIF / — MZ Dedekind T Bl 315 13
FELTWBOER, #l 2 s(5,12) Z3HET DT, s(5,12) + 5(12,5) = 5(5,12) + s(2,5) =
—1/44(1/541/12+1/60)/12 L FER (24) ZA, KIZ 5(2,5) 12t L TRKRIZT 5. OF

¥ 12/5=242/5="-=24+1/(24+1/2) EFRAVTEY, RLT—HED 5(5,12)+s(12,5) =
s(5,2)+s(—3.5) =+ EWVWIRZ12/5=3-3/5="---=3-1/(2-1/3) ERVTRLV
ZEThB.

THIRRICRRZETH D, RV ERIERBAERRAOWEFEORFEL I NTE
D—ANTH Y, FIK L B, AEESEICIIZBB LA TS, 4, BB R OB
ZIZENTH, 2IVWIBBATRILHTETWS. ERLAROBKE VOBV +5
BHELTWVBITT O, SENEH 0 X2 E, ERESBERNTHWADOTHAD ? 2A
EABOHEORIINTHEHZ L L (ZZTRBHFOBIEINZZABELKIIRLES
EEBHFLWEEETW.)

DI LT ERDVER, BT TABES % AV T Dedekind FIE#HE L T
Bl #5TBHL, HMEBROKRE(24) RO 1/pgDZ &) RERY BV, YIMTREZZ

THEHE—K [Im] Oz, BET D, BIOMBTORENRRZINA TS,
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EDHDEINBERNT-TIZRVD ! T T FA2A-Montesinos MM1] @K AAEA L TV iz,
ZLTART TMM OEFn] THRIEETWEREWE, FOMEDETHho T,

b, RAVANAN, ANVANVR)NEGEREALT, FRORIZZ 7. FicEEIZRE
4% induction Z WEEIZ TS [T =2 5 AMIEZIR] (Lemma 105 DZ &) %, FEHIZT
TNRETRYHEELZ 2L, [RELORNWI L THoT.

ETRIIE, 5T TMM 2B 12 Y GocRFORFE b L, WO TRVHL TV 3.
ENZL I LD L THIM, MERBRLTIVD, A HEOFIZIT Ao B2
LD BHBARER, LOIRRLTHoER). D L HRESMHHE ORIz L -
T, 3% Dehn twist DERADLBELEWIBEZFHE, £ F THIRA TR-EFE L IIRYE
DHLOTHY, bR =L SO0 “AHOR” ZRELNTZEBOB LD TH-
. LOLERERRT, TOKRELITLOBEICTHEL, R<ERICES Z LiThedo
2. £ THENLARIOZ LI, ETHLRADEIIIZEAL LS. B TEAE, £ob
T2 LB TORABETORMROB— AR, BREOFIIRDI. “Ob” L BFEEMNT
TN 52, ZARBUBRLTWA. ...
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