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Zeta function of learning theory
and generalization error of three layered neural perceptron
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Abstract

Recently, the purpose of obtaining the maximum poles of certain zeta functions arises in the
learning theory when one is looking for the generalization errors of hierarchical learning models
asymptotically [3, 4]. The zeta function of a learning model is defined by the integral of its Kullback
function and its a priori probability density function. Today, for several learning models, upper
bounds of the main terms in their asymptotic forms were calculated, but not the exact values, so far.
In this paper, we obtain the explicit value of the main term for a three layered neural network, which
is one of hierarchical learning models.

Keywords zeta function, resolution of singularities, Generalization error, layered neural networks.

1 Introduction:

The purpose of the learning system is such as image or speech recognition, artificial intelligence, control
of a robot, genetic analysis, data mining or time series prediction. Their data are very complicated, not
generated by simple normal distributions, since they are influenced by many factors. Learning models
for analyzing such data have to have complicated structures, too. Hierarchical learning models such as a
layered neural network, reduced rank regressioﬁ, a normal mixture model and a Boltzmann machine are
known as effective learning models. These models have been applied practically to such data. However,
they can not be analyzed by using classic theories of regular statistical models. A few mathematical
theories for such learning models have been known in the past. So it is necessary and crucial to construct
fundamental mathematical theories.

Recently, it was proved that the maximum poles of certain zeta functions asymptotically give the
generalization errors of hierarchical learning models [3, 4]. Furthermore, it was shown that the poles of
the zeta function can be calculated by using desingularization. In spite of those mathematical foundations,
for most examples, only upper bounds of the main terms were calculated but not the exact values, by
two main reasons as follows. :

(1) By Hironaka’s Theorem [2], it is known that desingularization of an arbitrary polynomial can
be obtained by using a blowing-up process. However desingularization of any polynomial in general,
although it is known as a finite process, is very difficult. Furthermore, (a) most of Kullback functions are
degenerate (over R) with respect to their Newton polyhedrons, (b) singularities of Kullback functions are
not isolated, (c¢) Kullback functions are not simple polynomials, i.e., they have parameters, for example,
pof 3.0 _ (3°F _, amb¥~1)2, which is one of Kullback functions for the three layered neural networks.

We note that there are many classical results for calculating the maximum poles of the zeta functions
whose dimension is two, using desingularization of plane curves. Also there have been many investigations
for the case of the prehomogeneous spaces. Kullback functions do not occur in the prehomogeneous spaces.
Therefore, to obtain desingularization of Kullback functions is a new problem even in mathematics, since
most of these singularities have not been investigated.

(2) Since the main purpose is to obtain the maximum pole, desingularization is not enough. We need
some techniques for comparing poles as real numbers. However, as fer as we know, there had been no
theorem for comparing poles yet.

In the paper [1], we have clarified the maximum pole and its order of the reduced rank regression
which is the three layered neural network with linear hidden units. In this paper, we use a recursive
blowing-up, an inductive comparing method and a toric resolution for obtaining those values of the three
layered neural network.
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2 Main Theorems and poles of the zeta function for the three

layered neural network
In this section, Main Theorem 1 and Main Theorem 2 are stated below. Results in Main Theorem 2 are
related to the three layered neural network. They are obtained from Main Theorem 1 which contains
more general cases.
Let w = (a{,.-- a6, ... b)) € R? be a parameter, w* = (af,-- ,ap,b3,-- ,b}) € R?P &
constant value vector and U ‘= Ua:s ~,ap.b1, by & sufficiently small nelghborhood of w* Let Q be an
arbitrary natural number

P P
Set . J&(z) / {Z(Z (w)b(w)Q('n 1)+1 Z * b* Q(n—1)+1)2}g H das,?)db,(.:)), (1)

m=1
where z is an one-dlmenslonal complex value and }5“ > 2p.

In the case of the three layered neural network, @ is two, which is shown later.
Let b3*9,...,b2*9 be different real numbers in {69 | ;9 # 0} from each other:
{79, b b £ i Y = (B9 ;9 £ 0}, and et =—( Y ahbh)/b"

{m | b7,9=b;*9},

(W) ={i| th an} Sy = #B(W) 1<r<r
Also set ag* = 0, b§* = 0. Put ’ 7= =7 where

vEnR { @~ Gilg =0}, = #B{", *
implies the number of elements. So Z,‘o =p Let 7 (F < r) be the total number of aX* # 0. We
can assume that al* # 0, ,af* # 0, al%; = 0,--- ,a?* = 0. Then we have 37 _, a5,b5, 9D+ =

n—1)+1
-y azr by @D+ for any n € N. Set H™ = 3 eB(.u) ¥ )b('”)Q( ) + a1+ By the
definitions, we have Jj(z) = fU.{Ef_l (Cr Hr (n)2y2 dafdb. Let .
To(z) = / {Z HM*) T daf@db.
USRS n=1 meB™)

Let —A%; —A, be the maximum poles of J4(z) and J-(2), respectively, and @ the order of —Ag-
Remark 1If p+ = 2, Rlw]/(XP1] (37 _, H-)?) is not a normal ring. If p+7 > 3, R[w]/( (I, He)?)
is a normal ring.

Main Theorem 1
(1) We have Mg =37 _oAr.

Q(A2 + 7o) + 250 ~ . 2 . . '
= —_—,——— = - <
(2) Xo 4Q§0+4 , fio = max{t € Z | Q(i%2 — i) + 2i < 250},
+2
Aoy = DoEinlin nr —l=max{i €Z | i? +i < 28,,), flsm <7,
1'1
g + N5 +2 , o,
A, = fira n,4n (6ra = ), Ny —l=max{i €Z|¥+i<2s,—-1)}, fFf+1<n<r
T2
(3) Set ©® = {10, 71,72 | QA — fg) + 20 = 254,70 =0, 85, > 1,

(nr, — 1)? +nr —1=2s,5, >1,1< 7 <F,
(M = 1)2 40y, —1=2(sp, — 1),8,, > 1,7 <12 <7}

Then 6 = #6 + 1.

Consider the three layered neural network with one input unit, p hidden units, and one output unit
which is trained to estimate the true distribution represented by the model with 7 (¥ < p) hidden units.
Denote an input value by z € R with a probability density function g(x) with compact support W C
[=1,1]. Then an output value y of the three layered neural network is given by y = f(z, w)+(noise), where
flz,w) = P _, a8 tanh(6*)x). Consider a statistical model p(y|z,w) = T exp(—3(y — flz,w))?).
Assume that a true distribution is p(y|z,w*) which is included in the learning model, where w* =
(af,...,ap,b7,...,b5), [bj| < 7/2, 4 = 1,...,p. Let W* be the true parameter set: W* = (% €
W | f(z,w) = f(z,w*) for any z}. Suppose that an a priori probability density function ¥(w) is a
C°°— function with compact support W where ¥(w*) > 0. Then the maximum pole of fj,, K(w)*¢dw is

equal to that of J;(2) = / {Z(Z a(“')b(“’)zﬂ ! Z kb2 1)2}2dw, where P is a sufficient large
w

n=1 m=l m=1
integer. It is proved by a Taylor expansion at 0 together with Lemma 5 in [3].



Remark 2 Let o(z) = Y 52 a;x@0~D+1 with o; # 0. Then, the maximum pole of

Jw (322, e (bW z) — P a1 U (b,2))%q(z)dz)*y(w)dw, and its order are the same ones in
Main Theorem 1. The function tanh x satisfies this condition with @ = 2.
Main Theorem 2 ‘
(1) The mazimum pole —A and its order § are obtained by setting Q = 2 in Main Theorem 1. More
precisely, we have A = maxgew- A with its order 6.
(2) In particular, assume that W* includes all % satisfying f(z,w) = f(x,w*):
W* = {w e R? | f(z, ) = f(z,w*) for any x}.

- A.z -——
Thenforp—i+1210,wehaveA:r-f—z——-‘-——z—ig——I- d0={1’ i <p—, where ¢ =

4i + 2 2, ifil=p—+,
P+i+2p-F+1)
45

o={; fg:i;: ;:ifggp::ﬁg where j—1=max{¢€Z | 2 +¢<2p—7+1)}.
(@1
(2

and

max{f € Z | £ < (p—#)}. Forp—7+1 < 10, we have A = # — 1+

Remark 3 (1) We have the condition & = &,,,bl, . ,b e W*ifandonly if forany 1 <7< 7,
there exists 1 < € < p such that 59 = b*‘Q ) You can see a kind of phase transitions at p—7+1 = 10.
Main Theorem 2 gives the generahzatxon error of the three layered neural network asymptotically.

Define v = {Z(Za(w)b(w)Q(n—1)+l Za b Q(n——1)+1 }sza(w)db(w)

ngl m=1 m=1
- {Z(E a(w)b(w>0("-1>+1 + Z arrprrAn=DT1y2ys H daldb(®.
n=1 m=1 m=1
Qi1 Q@ i p >0
Put t . . - Ej doefyz=n—i xy T, un 2 Y,
ut the auxiliary function frn; by fni(z1,--+,21) { o 1 Fn—l<0

)fori::l,--- , L.

i—1

Lemma 1 Let n, eeN Set Cf =Yt . al b, (6,2 = %) (6,9 — b

Then we have Z Ay b ST = £ (GO + Fua(65,65)C + -+ fad(Blae - B)C.
m=1
PTOOf It is proved by fﬂ.l(zb st ’xl-—lvyl) —fn,l(zly te ,.’E{_]_,Z[) = (qu _'le)fn,l+1(zl; crey Tl-1, zlyyl)'
. ' Q.E.D.
14 ¥
Q Q . Q TS Q
Let Ci = > afb (60 —60%) - 07 — ) 7) + 3 0t mr @ - 607) - 0@ =52 )
m=q m=1

for i < p, and
7

LL R 1 o e Q Ok ok ok * ok
C; = Z a.mbm(bmq—bg"’) )...(me_b;w)Q)(me_bl Q) (b2 Q — b}

i p—1 Q) forp<i<p+rt.

m=t—p
P
By Lemma 1, we have ¥ = {3 (fn,( b(w))Cx + FaaO? B0 Ca ko g6, BC,
+ Frprr (68, 600 85y 4 e (B0, B8, b3, b2) )} ] ] dal®)db).

m=1
We can assume that b2@ = 5*9, ... 529 = b**? and that if b%,F # b2, 9 then bs,',”)q # bf,'f,)q on U*.
Then since b} # 0, b;Q - b;Q #0for 1 < i< j < wecan change the variables from a§‘”> to d; by
d; = C;. Next consider the case ¢ > r. There exist functions g(i,m) # 0 on U* such that

) Q , Q Q
Ci= 3 glima®e [T ¢@°-6"%)+ 3 gmal T 68 -6f")

igm<p 1€/ <i-1, i<m<p 1<if i1,
by, =0 § b2,/ =0 Q b5, #0 8% Q=2 Q
i
+ E g(i,m +plays ” (b:,:Q—bg,w) } for r <i<p, and
m=1 1€i’<i—1,
b:"st:"‘Q

F

C;= Z,g(i,m+p)a*" H (b;‘,:‘Q—bgf”)Q)forp<i5p+f.

m=i— 1<i’<p,
? b2, 6=:ua
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b, if b =0,
Q
w B — @ if 69 = b9 £ 0,07 £0,
Let a; = i i=r+L....p, and b; = ()9 ()@ ) o Q
' a:ip 1=p+1,...,p+7, bi - b: ’ 1fbi =br* #0,&;‘:0,
1<iZp,
0, i=p+1,--- ,p+7.
When we distinguish a*, b* from a(®), 5*), we call a = a*, b = b* constants. Let
JN =59, i=1,...,Fr+l,...,p+F (@)

Put p’ = p+ 7. Then we have

G = Y gimambm I] 6a%-09+ 3 glmambn ] (bn—bs)

ig€m<yp’, 1</ i1, i<m<yp’. 1<€i/<i-1,

7D =g J(‘)=J,(.}) I 0,63, =0 J“) = r,(,’)
+ X m JI (bm- ®)
i<m<yp/, 1<i'gi-1,
T 40,0, 0 J(l)=.l,(,’[)

for r <i<p'. By Lemmas 2 and 3 in [1], the maximum pole of fj,, ¥ and its order are equal to those of
Jw ¥, where

L2 P
V= {d+ - +d2+C2y+ -+ ChY [] didm H dam H db("’)Hdb II dbm. (9

m=1 m=r+41 m=741 m=r+1
Since we often change variables during a blowing-up process, it is more convenient for us to use the
same symbols e, rather than e}, e/f,, -- -, etc, for the sake of simplicity. For instance,
e1=v e1=v
“Let ! 11 " instead of “Let ! oo
€m = V11€m, €m = V11€y,-

3 Proof of Main Theorem 1: Part 1

Take J(®) € R®. Denote J® = (J©@) +) and a > o by J@ > J©), Also denote J® = (0,-- ,0) by
J@ = 0@ or J@) = 0. Set Z, = NU {0}. We need the following inductive statements of k, K a for
calculating poles by using the blowing-up process.
Inductive statements

Set E = {m | e, is non-constant }, B, = {m | J& = (62*9, %)}, s(J@) = #{m | m > k+1,J =
J@ me E}, and 55, J@) = #{m | k+1<m <i—1,J5) = J@ m e E} for J@ e Re.
(a) k=ko+- - +kr, K=Ko+ -+ Ky, Ko 2 ko, and K, > k. +1for 1 <7 <r, where ko, ..., kr € Z,
and KQ,. Ve ’rK € Z.[.. Set k(&) = k.,;.

(b) ¥ = {H 'v{‘;v;‘; v‘tck,;r)(dz + d2 4+ 4 d2 ) Z Cz}z H H,Uqu-

=0 i=K+1 T=01=1
H ddy, HHdv;, H dam [ dem JJ db¢®. (5)
m=1 T7=01[=1 m=K+1 k+l<m<p m=r+1

meE

Here, tir,qir € Zy. Also, there exist RJ® c R, t(4, J,(I,7)) € Z, and functions g(i,m) # 0 such
that C; = H e(i,o,(1,1-))Ut(i,o,(2,r)) . t(1 0,(kr, ) Z 906, m)amem H (€2 — e,,)

r=0 i<m<p’ k+1<i’ <i
X920 Jl,(,°)=0
t(s,J, (1,7 tzJZ-r)) t(i,J,(kr,7)) .
+ Z H ( ( )) ( ( . (fr (kr ) Z 9(4, M) amem H (em _ ei’)
JeRJ(a) T=0 ismgp’ k+1<il<i
» =g K=y
™m o T
t(i,J,(1,7)) t(:,J,(2,7)) t(3,J,(k-,7)) .
+ Z II (vl'r Ugr Uk r ) Z (%, m)a‘m H (Cm, —ev).
JERJ(®)y{0} r=0 i€m<p’ k+1<il <
sy 7=y

© I 2T fork < <i< K. J® ¢ RI® U {0} for k <i < K.

(d) t(s, J,(,f‘), (t,7)) > tir/2 for all J(“), i <m < p’ and there exist D ;) (; ») € Z, such that ¢(s, J (1, 7)) =

> Do (@09 +1)+ D" Dy g0y (8(, J®) +1)+ > Djuns,J®).

IE 200 RPN 25 > 1)
T e ma(e) J) gry(m) U0}
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9. vy
. t
(e) There exist g -, € Zy, né,g()l,r),‘r’ € Z, such that _121 = Z (1+n§f()l‘,.),T,+- . ""77%3,,(1;),7') for all 7/,

and g(.r),r < 3 st 5 g Dy .7y for m € Eqr. =t ‘
®) ) ) (§) Q) 6
0= 771 (1m0 S @00 1 0200 0 5 20,0 S gm0ty o T TR (1m0 < @Ko, and

0= "72 (l 7). <1,0=< nf()l )T +n:§ ()l 7), o S2,00,0< 77;,5()1,1),1-' +7’:(:()l,1—),1-’ e +77§2'v(l,'r),-r' < Kq—1,
7y =0, for v 2 1.
o+ ()IT)0+27’2(11')0+ +K077K0,(,,.)0, if ' =0,
(f) Let gf)) = { s +1 ‘”hf()z B! Wy Tt Kffng), (e H1S T SF,

$r + nie()l )t + 2’”2‘(1,1),7’ +oeet Kr'"ﬁsz,,(z,r),rn ff<r’' <r

There exist ¢(; ), € Z4 such that

9, ryr! p’
Q) = Z 9955),),,.: + b + Z (~9amm+ Y. Dyurgmn) and
£=1 m=k+1,meE ., Jv(:r)ZJ(,A)
Qr+1=3 " o qur)- . The end of inductive statements

Statements (d), (e) and (f) are needed to compare poles. The definitions of all variables will be given
later on in the proof.

Special Case Fix 7. We call the case satisfying the following two conditions Special Case.
o J%) is the same for any m € Exz,

-E® fo<F<F K:— k¥, f0<FLF
os(J@)y={ SF TR STET (K41, JW) ={ 2F STED for g < J§.
(") si—1-k® ifF<F<r, (K+1,7%9) K~-—k()——11fr'~< F<, =
. kz iff=0
h - 2 Ty ’
Then we have the followings: (a') K; = ke tl, #£7>1
5 s s Do, 0y (Qsi, 09) + 1), ifF=0,m € Bo,
@) 6, &, (1L, 7)) = { Eyims 00 Daorqm (86, J®) +1),  ifF<7<rmeE;,
Ej(u)>1(“) DJ(”),(l,‘r)s(i! J(“)), if 1 < T <F,méeE E-,'-.
IR R S
t
(@) g = X 05500 Dt r) 5 = Z L0+ 70 )
=1 ifF=0
For J») < J(a), there are £’s as many as Dﬂ,‘) (S 9¢,7),7) such that 17;2‘“‘1_)5_ < { ? ifF> 1:
(€) — (] _ £ — —_ (& — T F .
™ N(E % S /YD) A)F 0, nl(c(’)')+1 WmF = 77;51___1’(1,.,.)‘; =Q, if #=0,
€) — = - — — (& — ; =
M) s = T Mgy e = O nk("’+2(zr)r_""‘"l<f aans=1 flsFsr
© 80 + ”ge()z M3 + 2’725()1 73 +oet KO”KO (o if 7 =0,
(f,) Set V’([,T),; = sz + 1(':) 7)1 (7). 5 + 27)2 (4, 7), 7 +ot K’"K; ,r),# fl<7<7,
37""’71 (zr)1-+2"§ ()lr)f +K1‘77§2 e fFf<i<r
(a) _ * \Q . -~ o
Remark 4 Special Case E; satisfies J(a) ((67,)%,0,...,0) @ Tf (3 < T <7
I = ((b%)%,00r1,...,0 or 1) and Jn € RJ@ ff<?<r,

for all m € F;.

3.1 Step1l
SetKo=O,K1=K2=--~=K,=1,ko=k1 =--~=kr=0,a=13
RI® = {JV | b7 # 0,07 = 0,r <i < p},ti, = O,qi, = 0, and 13, J, (1, 7)) = 0, where J{V) is defined
by Eq.(2). Also set all parameters in (d)~ (f) by 0, Then, by putting e; = b; in Eq.(3), we have the
inductive statements when K =r, k=0 and a = 1.
3.2 Step 2
We assume the case k, K,a. Let us concentrate on Ck+1-
Set JB® = {J$ e R*;3(1, 1), ¢(K + 1, J52, (1, 7)) > t1-/2},
JC@ = {J e R t(K + 1,7, (I, 7)) = t;,/2 for all (4, M}
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C@ = {m > k+1;t(K+1, J5, (7)) =t/2 for all (I,7)}, @) = {m € C®);a,,,en are not constant },

w={{(, MM <I<k,087<r}and Q= {ACwVJ € JB® 3(I,7) € Ast. t(K+1,7,(,7)) > 43,
Fix A(®) € Q whose number of elements is minimum in : #A(®) = mingcq #A.

Qs(i,J) +1, if J=0,J € JC@®),
: i (@) n Jote
S .y = ; 1 S('L,J)+1, if Je RJ N s
proter M= 9 JEREIRY GG, it J € JC@\ (RI@ U fop, @
me 0, otherwise,
T= Y t+2 Q= Y qr+K+#A® 4401, )
(m)EA) (Lr)EAE

Let O = {me C@ | J$ ¢ RI@, J$ # 0,05 # J& for all k < < K).

Case 1 C{ # ¢. -

3.2.1 Transformation in Case 1

If am, €m with m € C{*) are all constants, we reorder those as ak+1, ... ax4; and ex41, ... ek, ie.,

C® = {K +1,...,K +1}. Then we have
Cr+l

T tir/2, t3r/2 th r/2
H-r:O(v]r Var "'vk;r )

ak+9(K+LK+1)+ - -Zaxpg(K +1L, K +1) #0,

gkrr +1
k'r

in the neighborhood of {v1, = -+ = v, = 0}. Therefore, we obtain the poles —

k" < k..
If there exist non-constants a,,, e, with m € Cﬁa), we can assume that K +1 € ¥ by reordering
and that K + 1 € E,. Then we have COr41 ST =0k4+19(K+1,K +1)+---. Change the
krT

" t1r /2,30 /2
BTN (St

,07<n1<

variable from ax 41 to dg+1 by dxy1 = . (vcxf/f:e(:/z s Put K, — K, + 1 and we have the
r=0\V1+ 3t Vger

inductive statements of K — K + 1.
Case 2 C* = ¢.

Construct the blowing-up of ¥’ in (5) along the submanifold {d; = --- =dg = v, =em =0,(l,7) €
A® me '@y,
3.2.2 Transformation (i)
Let dy = uy,de = u1de,2 £ £ £ K, vy = wupr, (1, 7) € A@ and em = Urem,m € c'®, Substituting
Tryeaw Gr + K +#A@ 47 and ~dr 1

2 (Lryeaw tir +2 tir

them into Eq.(5) gives the poles — 0<7<nl<

l <k,
3.2.3 Transformation (ii)
Fix (k',7") € A®, Let dy = virride,1 < £ < K,0r = vprprtp, (t,r)y € A® — {(K',7)} and e, =
Vi 1€y M € C' @ Set tirr — T,t(4,J, (K, 7)) — T;,5 and ggr»r — Q by using Eq.(6), (7).
9Ty,
Then webswe 2= ( 3 o4Dj2= X O (et )

1, 7)EA(™) 1,r)EA™  f=1
) ) r 9u,r)

r
and g +1= Z (QIT + 1) + K+ #C,(a) = Z E Z ‘ng‘)-,-)i-,—n + Z ¢(l,7').7'”

(Lr)EAl® (lryea@ {+7=0 ¢=1 =0
r .
+ Z Z (9@, + Z Djyw,am) ¢ + K+ Z 1
TS0 kSRS IED 2560 I o) meE
T ). r
= Z > Z wﬁf.’r>.f~+2 Z = Z g(t.r)r+ Z 2 D ,a,m)
(Lr)EA) TM=0  g=1 TH=0  kb1Sm<pl, (t,r)eAl I > g6 (Lr)eA®

_ M esct@) mes, 1
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r T
+Z Z (= Z 9,7, +( Z Z Dy q,n)+1)+ Z Zﬁb(l.f),r”‘*'K-

=0 k(+35m5(p’). (I,r)eAl® JE > g (Lr)eAl) U, r)eAl T'=0
R
Put DJI:.) (k' /) — E(l T)GA(”‘) DJ(rx) (1 .,.)+1 lf J(a) € JC("‘) AISO pUt Dj(u) (k’ ’) i Z(l .,-)eA(rl) DJ(I‘) ([ 1-)
r 91,7y, v

if J®) ¢ JC®. Then we have (d) and ger +1= Y ¢ Y Z Lp(, -
‘ =0 | t,r)ed@® =1

+ Z Z g(l,'r)n-l/ + Z DJ(“)’(kI‘TI)) -+ K.,,/l <+ Z ¢(l,'r),'r"

l!+1<m<p’ (I,r)eAl=) JE > g (Lr)eAl

meE

Forall0 < 7" < r, one of the following steps (I), (II), Special Case 1 and Special Case 2 is proceeded
with respect to each condition of the case 7. Fix "/ = 7.

(I) Assume that there exist (lo, 7o) € A and & such that 0 < (&) 4l 4. +n§{*?

L(ty,mo). 7 ' 2,0, m0),F
QK; iff=0 (9t vy, #) (&)
{ K- : 1 ifF> 1’ Set 9(k! ), 7 E(l ryeAl® 9(i,r).7 Let ‘PE;) ) ,Fr "p(ksfr’),:: be Py, (7)€

<

(lo,0), 7

of 1) ) .
A ¢=1,... 94,7 and nl,(k’,-r'),-;'—’ . =77§g((,t' T%: be 77455()1 o (L) € A®) £=1... 94+ by num-

g(k’ ), F
bering in the same order for any £. Then tkr.r:/2 = Z 1+ ngf()k,',.,),,-. + -+ ’722,(1;',1—/),-?) + 1

¢=1
By the assumption (I), there exists £, such that 0 < nif(‘,z,lfq : + 77;5(',2/ s Tt nféi)(k, " <

{QK,—. ?ff:O, Let & s.,+n§(k, st +K(nK*)(k,f,),,+1) ff=0,f <7<,
Ki=1 if721 S ¥kms s‘f+1+n1(.(k"r')‘r+ A+ Ky s +1),  f1STEA

IR
M e = Morens T 1 Swens = Tqmeaw Ga.n,7- Then we have terr/2 = T (14

Ikt 7ty
(€) (
M, (k! 71), 7 + -4 an)l,(lc‘,T’),v") and Q' )7 = 2 W(k/ )F Z (_g(k’,r’),-l'-
=1 k+15m_<_p’,m€E,-
+EJS,'.')_>_J(") DJ(l‘),(k’,‘r’)) + ¢(k/'.,:)‘.,~.. The end of (1)
© ©® QKy, if 7 =0, (a)
(I1) AssumeOSnl,(l’T)T‘}-nz(l oa R gy = { Ksel if7 31, for all (I,7) € A and €.
) e =

- G) © - - QK;+1, if 7 =0,
The assumption (d) gwes —_ = ; 1'“71.(!,7),;'*" . '+"K;,(t,r),f) = g(,,,.),;.x{ K-?,T ) £7>1 and
17 - , .
-Z—T < Z Do, 1,7y (Q8(2,0%))+1)+ Z Dy . (s(i, J#)+1)+ Z D y40,1,my (0, J®)

J>004) 7> 7)) J2 ()
JG) g ry(1) J() grI(M) u{a}

forall J = J$) € R®, i < m < p'. If not Special Case, we have 904,17 < 2255 o Dy 7y for m € Ez,

since s(K + 1, J®) < { K-, o< T <A, Therefore we obtain

K.-1, iff<7<r

z gumy: < Z z D40 1y S Z D i,k 7y (8)

(l,r)eAl (LT)EAW (o> g JEY > gt
au. ) F
Let qu ). = E z ‘ng),) # Z Z ga.myFt+ Z Dy w,my) + Ki
r)eA™ §=1 k+ll<v;<p (I,7)eAl=) Jv(r?)ZJ(”)
9@, ).
- (é)
DR IEYE D DEND DR I D DI CID DN (R L
(1, 7)eA) (l,r)eAlm €=1 k+1<m<p',meEr  (I,r)eA™
sz — ks fO<F<LF
+ Z DJ(”)’(kI’T,)) + { s —1—k; fFf<F<r + K+ Z ¢(l ¥
I > g0 (r)eAw@

Put gk r) 7 = L.ryea@ 9,7 + 1, which satisfies g -7 < El(u)w(n, D gy, .y by (8). Set

(9. en,8) _ | 87 ff=0,f<7<r, e (e’ v1y,6—1) ©€)
W { a4l Hl<7<F Let 9o,ry 10 2 Plomns D& Pimyp (LT) € A,



(9(r,r1y,# 1) :
§=1,... » 9(1,7), 7> and ’75,1();9%/),;, e 777(g((,:/ /; 7 be ’flf()g,,.),;» (l,’r) € A(a)a E=1,... y 9(l,7).% by num-

bering in the same order for any /.

(CTT o —k; + Kz + Z(l,v—)eA(“) G755 if 7 =0,
Put e, k)5 = O0for£>1, and ¢(l,7’)»7’ = { —k: +Ks—1 +E([,T)GA(¢,) ¢([,,.)’,;., f1<7<r
¢ IO R (k! Yy, 7
. k'
Then we obtain T = Z (1 + ni?()k’,'r’),-r" + ngz,(k'ﬂ"),‘f‘) and q(kl,,r/),.? = Z (\022,7'),?
£=1 £=1
+ 2 (=9am i+ Do Do) + b, The end of (II)
k+15m_<.P"vm€E-F- Jv(r(;')Z"(“)
Special Case 1 Assume that J' ¢ JC(®) for all m € E;. By (e), we have ty/2 = ( Z t +
(I,m)eAl=)
9,5 DJ</‘),(1,T)(Q(K0 I . k(()“)) + 1)y if1—_ — 0’
2)/2-‘1+ Z Z nKh(l‘r),T E Z D ((K“~2—k£“))+1) fl<#i<r
(Lr)eAl® §=1 (LT)EA® gl g(n) JO) () \\ A F 7 ) <7<

. s rt
By using t(K+17J1(p?);(k’,T’))= Z t(K+17J,§:)7(l,T)) Z _k’z'r and
(l ‘T')EA<“)
E(l T)EA(™) ZJ(G)>J(») D4, ™) (Q(Ko — k(")) +1), if m € Bo, 7 =0,
E(t T)EA) ZJ(“)>J(1‘) Do 1,m) (K7 = k( )) fmeBr1<7<m,

Sy Q Y. XY Dian=Q X gums HF=0,

t(K +1,J9 (K, 7)) = {

(@ j@)s pu (a)
we have 1+ Z Z ngi.(l . (Lr)eAl) gl > gt (Lr)eA
(LAl ¢£=1 E Z Dy qm = Z 9ir),+ if1<7<r
((XTF IO (P () (LryeA
i S (€o) Q ifF=0,
So, there exist (lp, 7o) € A and &, such that MK lorro) 5 < { 1 fl<i<r

(9(kt,r1y,7)
Putg,ms = D 9anrLet ‘ng,r'w P be ’»ogf,)f),w (L) e A® E=1- gunz,
(L r)EA()
C N
and ng,l()k’,r’)n'-’ Tt ’nl,g((l:':f';,; be nﬁﬁ(’, o (LT)E c A g=1 ... »9(1,7),7» by numbering in the same or-

der for all £. Choose £; with cp(i}) )= sogf“;),_u) ;- Set ngi?(k,,r,)’r 77£< )<k, ), T1and <p(k, E

It 71y, 7
¢ lrr () ) _
‘pEk}) 5 + K Then we obtain 2"‘ = ez:l (1 + nl,(kl’-rl),-}'- 4+ 0+ ’7;(4.,(;,/,,,)',-.), and qk' 7y =
(k! 1) 7
Z (péi),ﬂ)i The end of Special Case 1
{=1

Special Case 2 Assume that J5 € JC(®) for all m € E;. Since (e') yields

9,y ,* (p,) o~
Dy 4,0)(Q(Ko—1—kg”)+1), ifF=0
tir/2 = _S_ _S_ ! and
1 / nK;,(l T #t R { Dy )’(“_)((Kv~ -2 ks_ll)) )’ fl1<7<r,

Z Dy (1, (Q(HKo — k) +1), if m € Eg, 7 =0,
HEK +1,J9 (17) = 2> gm) we have
m
ZJ(,,)>J(“) D o0,y ( K7 — k ) ifmeFE;1<7<mr,
e p Q Z DJ(u),(l.-r) = Qg(l,f),ﬂ if 7=
) I I b (8 Q, if 7
n L= that is, n = { .
Ezzl K, (I,7).7 Z Dj(u) (L) = 9ty if1 1<+<r Kz (l,7),7
JE > g0

( TN ION )
forall £ = 1,... y9,7), 7 Put [CIR X Mg Z(l,‘r)eA(u) gu,m).#- Let ‘Pgllc?,-r'),?’ Tt y‘P(iS’:.,./)’?;* be ‘Pg,).r));.y

(7)€ A®, g=1--- 94,7 and "c(f,1<)k',r'),+' a 1'75,9(3:'1,’;:;;) be "f()z,f),;’ (e A® £=1-- ,gun+

9! r), 7

= ©
- Z (1 + nl‘(kl,.rl),"'. + -+
£=1

tkl.rl

by numbering in the same order for any £. Then we have
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c I w1y, ¢ K3 + sz — kx, if7r=0 9w
e eyt landau s = > of) o+ Kitsr-ks, f1<FLF = I
Ki+s: —1—kz, iff<7<r £=1
Sz if 7+ =0, = o .
. . - o ary 1 7 ifr=0,f <7<, ' oty e+l
s +1 1_f 1<7<F, Sowe set gogig':T}),);’ - { zf +1 ifl<F<F i’g&,,’,,;;; ) =0 for
57 ifr<s<r . T - =
¢ CRON,
¢ > 1, and g )7 — g,y + 1. We have % = Z 1+ nf(),c,‘,,,)‘,; +- +n§§:,(k,|7,),;) and
‘ £=1
g(k’,r’),f
Ak )7 = E (pgcz’f,)’;_. The end of Special Case 2

If JC(®) # ¢, the following Step(*) is needed.
Step(*) Let 5°7) be any real number for each m with J'* € JC®). For m with J$& ¢ JC@, let
Gt = @ where J& = (J7,55%), ' € R*~! and j§ € R. Consider a sufficiently small neighbor-
I, GR)%) i S =0,
(0, jlety i g 0.
t(3,J', (I, 7)) for J = (J',*) € R**! where J' € R*. Change g(i,m) # 0 and e,, properly, taking into
account that the neighborhood of ey, = j&¢™). Let RJ(@+1) be the set of J satisfying

hood of e, = ;&Y and fix it. Put JOHY = Let t(s,J, (I, 7)) =

Z g{t,m)amem H (e —ey) in C;. Let @« — a + 1. The end of Step(*)
i<m<p k+1<i/ <5
@ty sletto,y

Those new parameters defined in Step 2 satisfy Statements (a)~(f) or (a’}~(f"}.

3.2.4 Transformation (iii)
Fix k. € C'®).  Assume that ke € E.. Let df = vg,+1,rde,1 £ € < Kyex, = g 41,0,0r =
Uk, 41,70, (I,7) € A® and ep = vk, 41.07€m,m € C"® — {k.}.
(A) If k < k. £ K, then we can assume k. = k + 1 by the symmetry of the formulas C;.
(III) Do the same procedure in Transformation (ii) by substituting (k»~ + 1,7’} into (k', 7’ )
Adding it, set ¢ ry,r ~ (—=g(1,r),7 + 1,z Daw am, )+ &,y for alll, 7 and 7"
The end of (III)

Then, putting k. — k. + 1 and k£ — k 4+ 1 completes Statements (a)~(f).

Special Case We need (a’) for Special Case. After setting in (A), we have k +1 € Ct¥. So,
we can transform in Case 1 with non-constants a1, ex+1. Then we have K» — K. +1 and
the inductive statements of K — K + 1.

(B) Next consider the case K +1< k. < p'.
If J{* ¢ RJ® and J(a) # 0, then there exists i < K such that J{® = J(a) because of the
Caae 2 assumption. By ‘the symmetry of t;he formulas C;, we can assume i’ = k.. So the case
results in (A). Consider the case J := ch € RJorJ := J,c = 0. Again by the symmetry, we

— Cx+1 =
can assume that k; = K +1. By the transformation (iii), we have — T ATy =
r=0V1r Virr

Up+1{ex+19(K +1,K + 1) +---). Now, there is no ax4; in the formulas C., 1> K+ 2.
So, we can change the variable from ax.y; to dx4+1 by dx+1 = ag19(K + 1, K +1) +

_ Cic+1 : o : s (.

V414K +1 = TGl Toytar /A 2,‘”,,,) Since ag+1, ex+1 have vanished in all formulas C;,
= T T

we can set the variables ex+1 — eg42,: - ,ex — ex41, together with putting Ji(a) and RJ(®)

properly. Proceed Step (III) for C;, K +2 < i < p/. By puttingk - k+1,K — K +1,
kr — kr +1 and K;» — K. + 1, we have Statements (a)~(f) or (a")~(f’).

By repeating Step 2, the conditions Case 2 (ii), (iii)(A) disappear. So, K is increased with these finite
steps. K = p+ 1 completes the blowing-up process.

4 Proof of Main Theorem 1 : Part 2

Part 1 shows the blowing-up process. To obtain the maximum pole and its order, we prepare the following
theorem.



Theorem 2 Assume that all B are Special Case. Then we have the pole Ay whose order 6 in Main
Theorem 1.

4.1 Proof of Theorem 2 : Step 1
Let {; be the total number of s, = 1 and (; the total number of s, = 1 with a}* # 0 among 1 < 7 < 7.
We can assume that 8; = -+ = 3¢, = 1, B = {r}for 1 <7< and spy1 =+ = Si4gy—g, = 1,

BY = {r} for # + 1<7< C1 (2 + . Also, we can assume that ary1 = ai*, ..., Gryg = @}
¢2
in Eq.(3). Then Cry1 = E g{r+1,m+r)afiby, + Z g(r + 1,m)ambm + Z g(r +
m=1 r+¢a+1Sm<y/, r+{a+1Sm<p’,
7 =0 789 %0.a3, =0
1,m)ambm + Z gr+1,m)am H (bm — bir). We can change the variable from b; to dy4;

r+la+1Sm<p’, Co+1<i &7,
75 st0,ax, %0 d P =

<2 '
by dr41 = Cry1. Also we have Cryz = ) g(r+2,m+r)ajbm+ 3. g(r +2,m)ambm +
m=2 e ti1Sms,
7§D =0
Z g(r + 2,m)ambm + Z g(r +2,m)am H (bm — bir). So, change the variable
r+la+1<m<yp/, r+ia+ism<p/, Cp+1Kif <,
I3 40,03, =0 I #0,a8, %0 sPasih

from b to dr4+2 by dry2 = Cr42 and so on. Therefore we have
r+(2 F

14
V={dl+ +d, +Clppp+ - +CE ) [] ddnm H dam H bl T dom H dbm.

m=1 m=r+1l m=7+1 m=1+(a m=r+1l
(9)

Note that b, with s, = 1 disappear in the expressions C; because g(¢,m)’s include b,. Put Y’/ = #86.
For simplicity, number the set

Q(ﬁ(z) - flo) + 2ﬁ0 = 237‘0? S-,-O Z lvTO = 0’
8 = {r,~, %} = {10,m,72| (N, =1)2+n, —1=2s,, 8, >1,1<m <7 }, and
(Nry =12 +n, —1=2(8,—1), 8n,>1,Ff<m<r

Qg+ 1, if 7/ =0,

Trt, it £0, O
1 <1 <Y. Then we have nj < s, if 1 < 7/ < 7. Let I be the lowest common multiple of n{,...,n}
and let ¢; = -,{r for 1 < i <Y. The greatest common divisor of ¢;’s is clearly 1. Using induction,
we can construct a Y x Y matrix L; = (l,(;)) € My(Z) such that (1) lﬁ) ={ fori=1,...,Y, (2)

detLy = +1, (3) IV = nf} for any i > j, (4) nj_ 111“) > IV, Assume that Y = 2. Since the

{rs- Ty Tyrgns -y} = {70,71]50 2 1,8,, > 1,1 <71 <r}. Set nl = {

greatest common divisor of ¢, and ¢; is 1, there exist l and l(l) such that le%) - €2l§;) = —1. Then
Zl(nllg) —n,l(l)) = L’;nllm —nzézl(l) +ny =n, > 0. So ( ﬁ‘ lh) ) satisfies the above conditions. Let
2 ig2
¢ be the greatest common divisor of £3,...,¢y and ¢; = £€]. 1t is clear that the greatest common divisor
of £’s is 1. We can assume that we have a matrix L, = (I};), 2 < 4,j < Y satisfying (1)~(4) for &,..., 4.
Since the greatest common divisor of £, and £ is 1, there exist l§‘2’ and &2 such that £,&; — lg)f = ~-1.
We then have n’ll%) — nhlpls = n’llg) —nhla€; /€ = n'llgf‘,) —nl61&/E = nll(l) n'llglz) +ni/€ > 0. Put
a Y o - o0
€ C’f [ AR 14
L= * ™ ™ " |. We have det L, = (€, — 1{5¢/&;)6; det Ly = (&2, — I{D¢) det Ly =
by e,,sz Uy - by ,
—det Ly. So, L, satisfies the condmons (1)~(4). Next construct a Y x Y matrix
L= (l,‘j) € My(Z) (10)
such that (i) lfln ={ fori=1,...,Y, (ii) det L = %1, (iii) for every pair of (3;,8-) with 1 < ; < n},

1<By<nj,1L4,7 <Y, there exlsts 0 < j <Y such that Bilyy = Blig, ..., Biliy = Burlyvj, Bili j+1 >
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Birlit ja1,. .., Biliy > Beloy, or Biliy = Buliy, ..., Bili; = Bl Bilijy1 < Birlsr j41,- -, Biliy < Bolay.

(iv) IJ = njli; for 4> 4, (v) nily; > I;, 1 < j. 1 Mz - My
0 1 0-- 0
For any positive integers M, set L@ = (lg)) =1L : I ﬂ,-lsll) > @/lf,ll) and
0 0 . 1

My;’s are large enough, then Gil{Y > 1$%) for all j. Also we have I|) := IV + IMy; = ni(I) +13) Myy),
(i > 5) and nj_ (I, 5 + 1)\ Myy) > I(” +IMy =I®, (j 2 2). Thatis, I = n{l{?, (i > j), and

i-1,j 1717
] 1152)11 1(2) (7 > 2), where I(z) = I(l) I, 1(2) I(l) + IM,y; for j > 2. Again by using large
1 0 0 0
0 1 M -+ My
integers M,; and by setting L(® = (lf?)) =L@} 00 1 0'." 0 , we have ﬂ,-lg.’) > ﬂ,-,t‘(?}
0 0 . 1

for all j when il > By1). Also we have i) > ﬂ,, 1) for j > 2 when B} = 61l Bl > Bully.
From I := I 4 1P My; = (11 + 1‘2’M2]) (>35> N 3), my (1D + 1P M) > I + 1Py = 1Y,
(G > 3), and nf_, (12, ; + 182, ;M) > I[P + IPMy; = I, (j > 3), we have nz“’ =1, (i > 5)

) 1,24425 2 J 0 27),

= 17
1Y) > 1Y, (5 > 2), and nj_ 1Y, ; > 1‘3) G > 2) where ® =1 =1, 1‘3) =12, 19 =
10 .- 0
01 0. 0
I}z) + IM,; for j > 3. By repeating the process, L = (l;;) = LY-n : can be
0 0 -1 My_1y
00 - 1

constructed satisfying conditions (i)~(v). Note that for any ¢ # ¢, there is no case B;l;; = By ly; for all
J, since det L # 0.
4.2 Proof of Theorem 2 : Step 2

Syt fo<7i<F
Put B, = {bx | non-constant, b;Q = b:',_’q}, s = i =Ti="

87— 1 iff+1<7<r, ands(i,j) = #{m|1 <
' 0, 7j=0,f+1<7/<r,
mei=Lbn€ Bl fer<r,
BT,’-Z{bIj)- 8]} for1<J<Y Set le=UIvakJ_U1]ka f0r2<k<5 Agalnset sz_u.z],
Q ifrj=0,

1 lf1<1' <r

for 1 < j Y. By numbering elements in B., let

br; = ugjbg; for 3 < k < & e Continue these settings until by 4G = Ustje Let Q; = {

Then, substituting those valuableb into Eq.(3) for » + {3 < i < p/, we have

v
C; Z Qjs(ig)+1 Q (s(tg)—-1)+1 | ui(i.j)+1 J Z amg(i,m), (11)
=1 smcE,
where g(i,m) # 0 are changed properly, by takmg into account that the nexghborhood of all u;; = 0.
r+(3
Also we have Hda("') Hdb(“’) IT dd: 1‘[ da H db{ H(u1J ™ duyy - dugy).
i=] =1 i=] i=r4l m=7+1 =1 !

Set SL; = Y"1, lji, where L = (I;;) in Eq.(10) and 1; = (Q;(s} — 2) + 1,Q;(s} — 3) +1,---,1) for
i=1,. Y Putp" =p—(1 =81+ +3y DeﬁnanxY matrix L4 andan(sl—1+sz—-1+ +sy—1)
matrix L5 by SL, 0 - 0 Lol ooy

Ly= S : Ls=1 ¢+ 1 0
0 0 .. SLy I I - 1y
Let Ebethe (s —1+sh—1+---+sy, —1) x (s} — 1+ 85 —1+---+ s} — 1) unit marix. Let

By = ( I6 L‘g” > , which is a p” x p”" matrix. Consider the coordinate u = (u11,u12,...,%1y) X *

(ug1, a1, - -+, Ugy1, Y22, Us2, - - -, Ughz, "+ »URY, UBY , - - -, Ugl,y) IN this order. Set op, = Y RyBL =
{r, rBlL | r;i 2 0} C RP", where B, = (Bly,--- ,Bly). There is a refinement fan A of the first

quadrant A such that ¢p, € A [5]. Furthermore, we have a refinement fan A’ of A so that A’ is
non-singular. Since det By = 1, a set of B.’s column vectors is a basis of 77" . So we can assume that

163



164

op, € A’. A’ is clearly a refinement of A. Since the toric variety X (A') defined by A’ is non-singular, we
have the proper map 7 : X(A’) — X(A) 2 R?" such that 7, : v° =], vgn) €EUs Aoyo ¢ RP”

where A, = (a1, S ape), 0= Zl_ Ria; € A’ and U, is the related subset of X (A’) to . In particular,
u="mgp (V)= By on Usp, - Using det By = =1, we have

_ Lig+odly1=1, hodlost+lyz—1 | hy+lay++lyy—1p, Qi(s1-2)+1 Qi(s]—3)+1 !
dntgy, (V) = 2o} V12 Uiy {va1 Y31 © Vg1
Qa(s5—2)+1_ Qa(sy—3)+1 1 Qv (sy—2)+1, Qy (s, —3)+1 1 18Lj+-+SLy
V22 V32 © Vgt Ugy Uy " 'Us’YY} dv.
-1 s -2 .
The dxﬁerentxal form ]'L_l(ulj Uy} --ug, jdurs - dug ;) is

Lia, Li2 01(51—2)+1 Ql(sl_3)+1 1, Qa(s3-2)+1, Qa(sy—3)+1 1
H{{Uﬁ Vg IY( Vgt Vag U3z T Usta
=1
Qy<a’ ~2)+1 oy(s’ THHL Ll )SEayss- 52 0

¥ Y ECHRY ekl M O ""Ua;.j)}dﬂ'as,,(v)
= $ot lua;+ +lY13y_1v112231+ Hlyasy—1 ..U11Y8'1+"'+lyv-!'y—l(szil(s'l—Z)+1vQ1(B'1—3)+l

¥ Uy

A4
Y
Qa(s5~2)+1 Qz(-" -3)+1 1 Qv (sy —2)+1, Qv (s —3)+1 L \SLisi++SLys) 52 0
YR : Vg Vyy Y3y CUg )T vy H{Uzj ""Us;.j}dv-
Y j=1
0 ) _ 8+ +lyjsp—1 ’
Set H(ul, u2] - uf jduy - dugg ) = | § (C¥ Y HG(v)dv,
=1
where V = ('U21,'U31, cee ,1)3'11,1)22,’032, cee ;Ua’22; ©r U2y, U3y, 7”3;,1’)1 and
’ ’_ 1 -
G(vl)=i(v2Ql‘(31 2)+lv?’.1(31 3)+ . 'U;' l'an(ag 2)+1 Qg(s 3)+1 . 'Ullz
Qv (sy—2)+1 Qv (sy—3)+1 SLys)|++SL -2 g
vy 7 Uy 7 g y) T vy H{v : v.;.j}-
j=1
. . N
Therefore, the differential form (9) is ¥/ = {d2 + .- + j,ﬂ, + CT+C2+1 +--+CoY
T+
L4 Y- 1 -1
,Ull11151+ +Hyisy—1 11‘>'~!1+ +yysy G(V H dd,, H dam H db(w)dv (12)
y m=1 m=r+1 m=f+1
- . 4, - 1 -
where C; = E{vﬁlvi;;__ l;,Y( Q1(51~2)+1 Ql(-ﬁ 3)+1 _.,U‘}Ill'”sz}r(sY 2)+ vSQ}}'(sy 3)+1
y /
p
1 \SLj\Q;s(i,j)+1, Qi(s(i,5)—1)+1 1 .
"'Usg,Y) J}Qu(u) (vgy VG 41) Z amg(é,m) on Usp, .
bi":?;;l‘
J
1 —3)+1 -2 Y-
Put V; = vy o 372+, Qa6 -3+ --v;,ll---sz,}'("’ LDy sy —3)+1 +v}, v, then we have
pl
l Liy \Qjs(i,5)+1(, Qi(s(i,4)—1)+1 1 .
Z{V”Vﬂ ' VYJ YN (g S Ugeng) D amg(im).
= =)

By constructing a blowing-up of ¥’ on Uy, , let us show inductively that we obtain

Vo= (ol ol (di + +dr+<2+Gr+<=+1<v )2y + +G'K(V')d)
r+(2
+Ck4y + -+ CEY0fi0f - 0T G(V') Hdd II dom H dam H db*)dv,(13)
K; =0 m=1 m=r+1 m=K+1 m=7+1
where k; = s(K+1,1) = . Y K=K+ +Ky+G+6, ¢ = minj=,. y{lii(Qk; + 1)},
K‘i_17 Ti#ov o
Crar = I (VP W Qi@ 1 | Z amg(i,m),
_7—1 mazi,
¢1—Ca hmenrj,
and ¢; = Z%“r > ta+2{lns +QiK;(1+ K;)/2) — K;i(lji(Qjk; + 1) —t;)} —1for 1Si < Y.
j=1 j=1 j=1

First, set t; = min{ll,,lz,, ., ly:}. Substituting d; = vi} - vlyd into ¥ in Eq.(12), we have Eq (13)

with k; =0 and ¢; = Ztﬂs +(E+G+@E—1= (G +) t,+2t,.s + Kjt;) — 1

J=1 j=1



e g
1+22t + Z t; +Z{ l;:'(: +1) = (U = ) :g:;, 7&3: for 1 <1 <Y. Now assume
=
Eq.(13). Put ﬁ1 Q1k1 + 1, B2 = Qaks + 1, ..., By = Qyky + 1. By the condition (iii) of L in
Eq.(10), for each pair of (4,4'), there exists 0 S j <Y such that Biliy = Bilinn, ..., Bilij = Bulyy,
Bilij+1 > Bilyjr1, - Biliy > Bulpy, or Bl = Bulyy, ..., Bili; = Bylirs, Bilijyr < Buly j41,
oo Biliyy < Bilyy. Therefore there exists ig such that Gl > Bigliox for all ¢ and k. Set tp =
Bioliok. Taking the fact Bjljx > ti for some k if j # do into account, Cxyy can be devided by

1 N ' Kiny—1 +1
(V0 0% L VoY JQuki Hlg % Q‘U( WL Ullﬂi(,+1,i()' We can assume bx4; € B,;O. Then we have

CK+1 — {Vll:'ol ‘/;iui . ‘l/‘uY}quk;l,ﬁ-l L?i(, o (kig—1)+1 . viio‘i‘l-iu (g(K + ]_’K + l)aK+1 + .. ) Cha,nge the
variable from a4 to dxs1 by dxs1 = ax+19(K+ 1, K +1) + ... . We obtain

Lig1 v lig2 Lig¥ \ Qi ki 1, Qip (Fig—1)+1 1
Cx+1 = {0 1" }Qu ot OV "'vk.-.,+1,iodK+1'

Set the function Gg+3 (V') = Cg41/( vll'l‘”(o"’k'°+1) Liga(@iokig+1) l‘°Y(Qi"k“’+l)d +1)-

Put t; = min{{;( Q,lc + 1) l,n.(Q,(,(k,O +1)+ 1)|1 <jF <Y, j# . } >t for1<i < Y.

Substituting d; = vi‘l"t‘v?‘,_t“ . t" ~*d, for 1 <i < K +1 into Eq.(13), we have
2
v = {Uﬁlvﬂa & ZtY(d + - +dr+¢g+GT+C2+1(v) 1+C2+1+ +Gr+1(V )dk+1)+0?(+2+"'+03'}z
K+1 T+2
vfiv o GV) [] ddm ] dam 1'[ dam ]'[ db{dv,
m=1 m—r+1 m=K+2 m=F41

where ¢} = ¢; + (t] — t;)(K +1) EZt + }: t; +Z{l,,(s +Q;K;(1+ K;)/2) — K (Lis(Qik; +1) —

L)+ —t)(E+1)—1forl <J <Y
If j # an then [;i(s + QJK (1+K;)/2) - KJ(lJl(QJkJ +1) - tz) + (8 — t) K = L8 + Q; K;(1 +
K;)/2) — K;(1;:(Qjk; + 1) — t). Also we have lzoz(s +Qm Kig(1+ K, )/2) = Kig (ligi (Qio ks +1) —t:) +
(t' t,)(K,(, +1) = ltoz(szn + Q1o (Kiy +1)(2+Ku))/2) (Ko +1)(lii(Qig (ki +1) +1) — t;). Thus, we have

[ Y
p=) 2+ Z it D s+ QK (1+ K;)/2) — K;(La(Qiks + 1) — 1)} + Ligi (s, + Qi (Kig +
J=1 j=1 j=1,j#i0

1)(2 + Ki(,)/2) - (Kio + 1)(lioi(Qio (kiu + 1) +1)— t;) By putting K;, — K;, +1 and ki, — ki, + 1, we
have the induction with K + 1.

Finally, from the induction, we have the followings. Set j; as satisfying Q,ll,1 min1<J<y{QJZ }
Since I = njl;; = n}¢; and the condition (iii) of L, we have (13) with k; = (nj —1)/Q; for j # j1, kj, =

(n} 1)/Q“ Lty =ln(n), —1) < I, and t; = L i(nj, —1). Put I; = m1n1<3<y{l,,nj} After changing
the variable from agx 41 t0 dg4; and substituting d; = vﬁ““lv‘r;"z ol for 1 i< K 41, we
have

= {”211_21’?2{2 v?{fy i+ + d3+c2 + Grigear(v ')d3-+<2+1 oot GK+1(V’)d§<+1)

K+1 r+§2
ACkyp+ o+ ORI E s i Gy H ddm ] dam H dam H db@dv  (14)
m=r+1 , m=K+2 m=F+1
P
Lj1y i i Q5 ,
where Cx+2 = ZI{V PV Y (UZJ 'v(lnllj‘l)/QJ"'l,j) Z amg(é,m),
K= K1 4+ +Ky+G +C2 and el

¢1—¢a .

(85 + Q(fo + 1)fig/2) - no(lJ,(Qno +1) = L), =0,

Z2I+;I—1+Z{é¢s + (nf; + 1)n}/2) — nfj(Lin); — i), le_#(),
for1<i<Y,

4.3 Proof of Theorem 2 : Step 3

Li(s5 + Qfo(fio + 1)/2) — o (l;:(Qfi0 + 1) — 1)

2t
Lis(s; + (nf + 1)nj/2) — nj(linG — 1) /
2t ' J

Set Zj,‘ (t) =
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If Q(R2 — fig) + 2 = 2so then

@ _ Q(ﬁo-{-ﬁ%) + 289 . Q(’Flo +ﬁg)+250—4ﬁ0 - Q(FL() -1+ (ﬁo - 1)2) + 2s¢
2 7 4Qmp+4 4Qny — 4 4Q(Ro — 1) + 4
~ -2 .
So, if Q(A2 — fio) + 2o = 280 and 7/ = 0, then we have Zy;(t) = %‘ﬁ—?ﬁ. (15)
Ny , n,,.I + n , + 28 (n.,./ — 1) -+ ('n,,./ - 1)2 + 2s’,
, —1)2 /) —1=2¢" then —L = =0 J
If (np: — 1)* +ny sj then — 4n1-;, i =)
l +n I + 23
Therefore for 'rJ’- # 0, we have n;- =N, and Z;;(t) = —————27—1—-——-—- (16)
Set d1 = U1, dz = u;dg, dK+1 = ’LL1dK+1, v11 = U111 in Eq (14) Then we have
v o= {“?h”ﬂl—z’vf'? 2Iy(l +d3+-+ dr‘+(2 + Grigy1(V)d2 r4G41 Tt GK+1(V')d§(+1)
K+1 r+(2
+Chpp + -+ CEYuftol}™ (E+Dy82 .. 8L G(V) H dd, H dam H dam H db{®) dv.
m=r+1 m=K+2 m=f+1
So the poles 5?}—_’%, 95}’—_1, 1< i <Y are obtained. By Eq.(15) and (16), we have
’ 250+ Q(AZ+A0) e
{2 Cl‘(ﬂ Y Tﬂ_‘r— if Tj = 0, Y
W—I—Z].-F Z Z n I+ﬂ’:?+2’ e s + Z Zjl(Il—l), and
(- =2 3 A : ifr£0, 5
oy [ BeRUER)  por_g v
qz + 1 G2 4Q7o+4 J !
1+ r/+n,+2s + Zji(I;).
j= j= j= an,; F] i=Y'+1
| morgding ifr o,
By using I; = 'n;'l,-,-, i < j, we have Zj,‘(I‘g) = n ¢+n. ,+28) . forY' +1< J<Y, i<
'W"T““ if 7} # 0,
.7
ga1+1 gyi+1+1 -K
== Nk ' then -2 _ x|
Thus, we have 5 T Q- Also if Y =Y’ then 30 =1) Ao
5 Proof of Main Theorem 1: Part 3
Finally, we prove that the pole in Theorem 2 a.nd m order are max.
Lemma 3 If.flygl,f2,g2v~"7fm,gm>O then t_l fl — i= lnm{gt}'
Lemma 4 Let K € Z,. Assume that i, € Zz'k =1,. k satisfy 0 < m Q0L m+m <
2Q,- -, 0 m+m+ -+ < QK. Lett=m + - +17K—Q(z—1)+m, EN, 0<m<@-1,

and p=m +2ns + -+ Kng. Then ¢ > Qi(i — 1)/2 + im.
Next assume that gy € Zy, bk =1,... K satisfy;; = 0,0 <2 < L,0< e +m <2,---,0 <

7]2+”73+"'+’71§ S K-1 Thenbysettingt =1+m+-- 41k, and o =01 + 202 + -+ + Kng, we
have 2(1 + @) > t* +¢. Ll ) 2
Lemma 5 For any so,s:,m,1 with0 < m < Q — 1, we have Qi —1)/2+1m + 3 > Q(n? +n) + 25

20+ QG-1+m) =  40n+d
2 2
where n = max{i € Z | Q4% — i) + 2i < 259}, or we have +;:'281 > (n+n41)1+281’whemn*1=

max{i €Z | i +z<2s}}
Lemma 6 If some J,(n are not Special Case, then the poles appeared in Section 3 are smaller than )\‘
in Main Theorem 1.

Proof Assume that B; is not Special Case. Then by 9,77 < Z D yu,,ry for by, € Bi together
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I 2500
r r 9, ry.r | (£)
with Statement (e) and (f), we have 2q” 1, Z q(l;—f)tl— > z R 2(551 Pnyr ® .
bir o rSe Rt T LAy e K, (1)
r )
By Lemmas 3, 4, and 5, we obtain 2q';+ 1 > i Pn)r 225

min
ir oo is6s9u . 1+ ni?()l,‘r),f’ et 7)}53,,(,',),,,
Finally, let us show that the order 8 is max. QED.



Theorem 7 The order of the mazimum pole Ny, is § = #6 + 1.

Proof By Lemma 6, it is enough to consider Special Case for all B;*’. Especially, consider the case I8 =
(b;“nQ,O,...,O), which satisfies Statements (a’)~(f’). Suppose that Y’, Y, 'TJI-, ng-, B,—J{ = {by;,.. .,b,,;j},
Uij, B = (u117u121 o yuIY) X (u217u317 s 7us'117u227u325 e 7us’22) T, UY,UBYy )us'YY) and 8;‘ are as
before. Let N (4, j) be the number such that N(i, 7)th element of u is u;;.

Let Br be an (s] + 85 + --- + 8} ) x (s} + 85 + -+ - + s%) matrix. For simplicity, denote the (k,[)th
element of By, by Br((3,5),#,5)) if k= N(@,7), I = N@#,j).

We proceed Section 3 from ¥’ in Eq.(9).

Transformation (ii) or (iii) for v corresponds to Bz v, where B}, is a (s} +85+ - +8% ) X (8} +85+- - -+5%)
matrix: B, ((i,4), (7, 7)) =

(w)
N

1L, if (5,4) = (5", 1, if (4,5 =(J3)

1, if (5,7)) € A®@, (¢, 7)) = (K, 7), 1, if (i,7) € A®, (7)) = (ks + 1,7),

1L, if 5,7)) = (kr +1,7),m € C"®) by € B,, or¢ 1, if (i,7}) = (kr +1,7),m € ", by € B,,
(i,,T_;") = (klvT,), (i,vT]"') = (k‘T’ + 117:))

0, others, 0, others.

Therefore, we have D . = BL((IC(-“)_ +1,7), (k). If =21 i the maximum pole, we need
T (k) j J tht

7
that (1) Br((k{ +1,5), (k,1)) = 0 for k¥ > 1 and 1 < j < Y, (2) gueayry = Br((1,5), (k,1)) for

. 9k, t), v .
1<j<Y,(3) W =y.5""70 +n§f()k,,)ﬁ],_ + e +nfi),(,c,,),,rl,‘) = Br((1,3), (k,1))n} and ‘Pg),l),r; =

Ag+AZ)+2 .
{ Qg +ag)+2s0 if T; =0,

)

n,+nd, 424 for Y +1<j<Y. If there are (k1,l1), .., (ky’+2,ly’+2) which give the
;'5‘1———, if T]I- 56 0,
maximum poles, then (BL((L,Y’ +1), (ks,l1)), -+, Br((L,Y'+1), (kyr+a,lyr+2)))
(BL((1,Y' +2),(k1,l0)), -+, Br((1,Y' +2), (kyr42,lyr42)))
o (Bo((1,Y), (b, k), oo, Bo{(1,Y), (kyrs2,byr42)))

are linear, since %1 = BL((1,5), (k,{))n; for Y'+1 < j < Y. Then det By = 0. This is the contradiction.
So, the total number of (k,!) giving the maximum pole is less than Y’ + 1.
Z(k,l)eA(u) q}ul+K+‘#A(°) +#C,(u)
E(kl)EA(") tet+2
1,5), (k,1)) = 0 for k) > 1,1 < j <Y and (k,1) € A, (2) ggpp,ry = Be((L,5), (k1)) for 1< j <Y
and (k,l) € A(®), (3) There exist (ko,lo) € A® and & such that t—"g-f-ﬂ- = BL((1,4), (ko,lo))n; — 1 and
Qfﬁ(l+ﬁ=ﬂ!+2ﬂn—2ﬁ() =0
(€0) _ 2 2, ’ i
Plkosto)ry = Y oy —mer 28] e
— ifr{ #0,
I(k,0), 7 .
have %t =3¢, (1 +’7§()k.z),r} o +”§5),(k.l).r§) = Br((1,5), (k,!))n; and
¢ _ QRotAg)+3a %MQ)H,BO if 7j =0,
Plrd)rt = nptnl 426
’ ——t—, if 7} #0,
Therefore, we similarly have the contradiction to the order Y’ + 2.
The end of the proof of Main Theorem 1

Next assume that — is the maximum pole. We have (1) BL((k:J(-“ ) +

for Y +1< 5 <Y, (4) For (k,{) # (ko,lo) or & # o, we

for Y +1<j<Y.
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