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ABSTRACT. In this paper we consider the abelianizations of some normal subgroups
of the automorphism group of a finitely generated free group. Let F,, be a free group
of rank n. For d > 2, we consider a group consisting the automorphisms of F,, which
act trivially on the first homology group of F,, with Z/dZ-coefficients. We call it the
congruence IA-automorphism group of level d and denote it by I Aqa. Let 10, 4 be
the qutient group of the congruence IA-automorphism group of level d by the inner
automorphism group of a free group. In this paper we determine the abelianization
of IA, 4 and 10, 4 for n > 2 and d > 2. Furthermore, for n = 2 and odd prime p, we
compute the integral homology groups of I 4, , for any dimension.

1. INTRODUCTION

Let F;, be a free group of rank n, and Aut F;, the automorphism group
of the free group F,,. We denote the abelianization of F,, by H. The
abelianization homomorphism F,, — H induces a surjective homomor-
phism p : Aut F;, & GL(n,Z). In this paper we consider the abelianiza-
tion of the preimages of the congruence subgroups of GL(n,Z) by p. For
n > 2 and d > 2, let GL(n,d) be the general linear group over Z/dZ,
and mg : GL(n,Z) = GL(n,d) the natural homomorphism induced by
the mod reduction d. We call the kernel I'(n,d) of w4 the congruence
subgroup of GL(n,d) of level d. Classically, the congruence subgroups
I'(n,d) have been studied by many authors, and there is a broad range
remarkable results of them. In particular, it is well known that for n > 3
and odd prime integer p, Lee and Szczarba [10, Theorem 1.1] deter-
mined the structure of the abelianization of the congruence subgroup
I'(n,p). More precisely, they showed that it is isomorphic to the Lie
algebra sl,(F,) of trace-zero matrices over F, as an SL(n,F,)-module
where F), is the finite field of order p.
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In this paper we are also interested in the kernel I A, of the natural
map p. We call it the IA-automorphism group of F,,. Then we have an
exact sequence

1—IA, = Aut F, & GL(n,Z) — 1.

This exact sequence plays important roles in the study of Aut F,,. Al-
though Magnus [11] obtained a finitely many generating set of I A, for
n > 3, (See Subsection 2.1.) it is not known whether I 4, is finitely pre-
sented or not for n > 4. We remark that Krstié¢ and McCool [9 [9] showed
that TAj; is not finitely presentable.
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For a group G, we denote the abelianization of G by G?*. Cohen- |

Pakianathan [2, 3], Farb [4] and Kawazumi [8] independently showed that
the abelianization JA2® of A, is a free abelian group of rank n?(n —
1)/2. More precisely, it is isomorphic to H* ®z A*H as a GL(n,Z)-
module where H* is the dual group Homgz(H, Z) of H. We remark that
the GL(n,Z)-module structure of I A2" is determined by using the first
Johnson homoemorphism of Aut F,,.

Here we consider subgroups of Aut F}, which corresponds to the congru-
ence subgroup of GL(n,Z). Let I A, 4 be the kernel of m40 p : Aut F,, —
GL(n,d), and call it the congruence IA-automorphism group of a free
group F;, of level d. The first aim of this paper is to determine the
structure of the abelianization of /A, 4. Then our first result is

Theorem 1.1. Forn > 2 and d > 2,
1A, ~ (1A% ®7 Z/dZ) EP T(n,d)™.

In Section 3, we prove this theorem using the “extended” Johnson ho-
momorphism, introduced by Kawazumi [8], constructed from the Z/dZ-
valued Magnus expansion of Aut F,,. Considering the result of Lee and
Szczarba [10] stated above, we see that for any odd prime p, the abelian-
ization of I A, is isomorphic to (Z/pZ)®z("~D("*+2n+2) a5 an abelian group.

Next we consider the outer automorphism group of a free group and
the images of A, and I A, 4 by a natural projection. An automorphism
¢ of Fy, is called an inner automorphism of F,, if there exists some element
y € F, such that z* = y~lzy for any = € F,. Then the group Inn F, of

inner automorphisms of F), is a normal subgroup of Aut F,,. Let Out F,,

be the quotient group Aut F,/Inn F,. The groups Inn F,, and Out F,
are called the inner automorphism group and the outer automorphism
group of the free group respectively. We define a group 10, to be the



quotient group of [A, by Inn F,,. The group 10, is the kernel of the
natural map p : Out F,, - GL(n,Z) induced by p. It is also known
that the abelianization JOZ° of 10, is given by 102® ~ (H* @z A’H)/H.
(See [8, Theorem 6.2].) For n > 2 and d > 2, we define IO, 4 to be
the quotient group of 1A, 4 by Inn F,,. The group IO, 4 is the kernel of
mg o p. The second aim of this paper is to determine the structure of the
abelianization JO2%. The result is

Theorem 1.2. Forn > 2 and d > 2,
102, ~ (102 ®7 Z/dZ) @D T(n, d)™.

Finally, in Section 5, we compute the integral homology groups of I A, ,,
for an odd prime p. In general, to compute the integral homology groups
of I A, q is quite difficult as well as that of IA,. In the case where n = 2
and d = p, we can compute those as follows:

Theorem 1.3. For any prime p,

VZ if q= 0)

7,62(p) o (Z/pZ)e’32 if ¢g=1,

Hq(IAz,p,Z) = 7(2a(p)-2) if ¢ =2,
L0 if ¢>3

where a(p) = 1 + Lp——-l—)%ﬁi) is the rank of I'(2,p) as a free group.

We remark that 10, is isomrphic to the congruence subgroup I'(2, p)
since JA; = Inn F5 due to Nielsen [12], and hence, it is a free group of
rank a(p).

2. PRELIMINARIES

In this section we review the IA-automorphism group of a free group
and the first Johnson homomorphism of the automorphism group of a
free group. Throughout this paper we use the following notation and
conventions.

e The group Aut F;, acts on F;, from the right.

e For any o € Aut F), and = € F,,, the action of ¢ on z is denoted by
z7.

e For elements z and y of a group, the commutator bracket [z,y] of

z and y is defined to be [z,y] := zyz~1y~ L.
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2.1. The IA-automorphism group.

In this subsection, we prepare generators of I A4,,, and some basic exact
sequences which is required to prove our main theorems.

Let F), be a free group on {zi,...,z,}. Magnus [11] showed that I A4,
is finitely generated by automorphisms

T; .’Dj_l.’Ei{L‘j,
Kij :
Ty Ty, (t # 1)
for distinct ¢, j € {1,2,...,n} and
Ko %k 7 TR T T T,
Hm Ty > Ty, (t#k)

for distinct k, I, m € {1,2,...,n} such that | < m. Since IO, is the

qutient group IA,/Inn Fy,, 10, is also generated by (the coset classes of) -

automorphisms K;; and Kjjy.

Next we give some basic exact sequences. Since the natural maps p
and p are surjective, for any n > 2 and d > 2, we have exact sequences

(1) 195 IA, =5 T4 B T(n,d) > 1
and

(2) 1 I0, = IOh 4 — T'(n,d) = 1
respectively. Furthermore, by definition, we have

(3) 1—=InnF, 5 1A,g— 10,4 — 1.

These exact sequences are used in later sections.

2.2. The first Johnson homomorphism.

In this subsection, we review the first Johnson homomorphism of the
automorphism group of a free group. For each k > 1, let ', (k) be the
k-th subgroup of the lower central series of F,, defined by

Th(1) i= Fp, To(k):=[Ta(k—1),F,), k>1.

We denote the graded quotients I'y(k)/Tn(k + 1) by Ln(k). Set £, =
@Di>1Ln(k). Then it is well known that £, naturally has a structure of
a graded Lie algebra over Z induced from the commtator bracket on F,

and it is naturally isomorphic to a graded free Lie algebra over H. In
particular, we have £,(1) = H and £,(2) = A?H. (For details, see [14].)
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In this paper, for any = € I',(k), we also denote by z the coset class of
in £, (k).

For each k > 1, let
7' IA, = Homg(H, £,(2)) = H* ®z A’H
be the homomorphism defined by
o (z— z72%).
foroc € IA, and z € H. The map 7’ naturally induces a homomorphism
7:IA® & H* ®7 A’H.

These homomorphisms 7/ and 7 are called the first Johnson homomor-
phisms of Aut F;,. The map 7 is a GL(n, Z)- equwarlant isomorphism.
In particular, JA%" is a free abelian group of rank n?(n — 1). (See [8,
Theorem 6.1].)

Next, we consider JO2. For any y E F,, we denote by ¢, the inner
automorphlsm of Fy, such that v = y~lzy for any z € F,,. Considering
a natural isomorphim Inn F, — F;; ¢ — y, we often identify Inn F,, with
F,. Then we have (InnF )2 = H. It is also known that the induced
homomorphism (Inn F,)*® = H — H*®z A2H = I A2 from the inclusion
map Inn F, < I A, is injective, and whose image, which we identify with
H by this map, is a direct summand of H* ®7 A2H as a Z-module. Hence
we see JOZP is isomorphic to a free abelian group (H*®zA2H)/H of rank
an(n + 1)(n — 2). For details, see [8, Theorem 6.2].

Now, the first Johnson homomorphism 7/ induces a homomorphism

75 TAp = (H* ®7 A’H) @z Z/dZ.

Finally, we recall that 7} is extended to a homomorphism from I And
to (H* @z A’H) ®z Z/dZ. For any Z/dZ-valued Magnus expansion 8,
Kawazumi (8] constructed a crossed homomorphism

70 Aut F,, = (H* ®z A’H) @7 Z/dZ

and showed that if we restrict it to [ An,d, then the map 7? is a homo-
morpism. Furthermore he also show that 7% = 7;on [ A,. Especially the

restriction T0|1A is independent of the choice of the Magnus expansion
§. For details, see [8, Theorem 3.1].
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3. THE ABELIANIZATION OF IA, 4.

In this section we give a proof of Theorem 1.1. First, we see that
since the first Johnson homomorphism 7 is a GL(n, Z)-equvariant iso-
morphism, 7 induces a surjective homomorphism

7 : Hy(T'(n,d), [A%®) - (H* @z A’H) ®7 Z/dZ.
'To show 7 is an isomorphism, we use
Lemma 3.1. Forn > 2 and d > 2, we have
d[Kij]=0 and d[Kum]=0
in Hy(T'(n,d), 1A%). |

Then considering the homological five term exact sequence
Hy(IAn,Z) — Hy(IAng, Z) — Ho(T'(n,d), IAZ)
5 TAZ, — T'(n,d)*® — 0.
of (1), and a homomorphism
™ TAng — (H* ®7 A°H) ®7 Z/dZ

induced from a Magnus expansion 6, we see 7 is injective. Hence we have
a split exact sequence

0— (H*®z A°H) ®z Z/dZ 2 1A® - T'(n,d)*® — 0.
This completes the proof of Theorem 1.1.

Here we consider the case where d equals to an odd prime integer p.
For n > 3, Lee and Szczarba, [10] showed that the abelianization I'(n, p)2?
of the congruence subgroup I'(n, p) is a Z/pZ-vector space of dimension

n?—1. For n = 2, Frasch [5] showed that the congruence subgroup I'(2, p)
is a free group of rank a(p) := 1+ (ﬁ-_—!)sz(’il—). Furthermore Nielsen [12]
showed that I A; = Inn F,. Hence we have

Corollary 3.1.

1A% — {ZM(I’) ® (Z/pZ)®? if n=2,

np

(z/pz)ei(n—l)(n2+2n+2) if n>3.



4. THE ABELIANIZATION OF IO, 4.

In this section we give a proof of Theorem 1.2. Considering the homo-
logical five term exact sequence of (3), we have

Hy(IAp4,Z) — Hy(IOnq, Z) — Ho(IO, 4, (Inn F,)??)
—') IAad — IOad—>0
Since H and H* ®z A2H is free abelian groups, the injective homomor-
phism
H = (Inn F,)® < [A® = H* @, A’H

induces an injective homomorphism

Ya: H®zZ/dZ — (H* ®z A*H) ®z Z/dZ.
For each i, 1 < 7 < n, set ¢; := Lz Then, Inn F,, is a free group on
{Lla Ln}
Lemma 4.1. Forn > 2 and d > 2,

d[bi]=0, 1SZSTL

in Ho(IO, 4, (Inn Fn)ab).

Hence there exists an isomorphism
£ : H®zZ/dZ — Hy(IOp 4, (Inn F,)?)
such that 943 = 6 o £, and we have a short exact sequence
0 - H ®z Z/dZ 5 1A%, — 102, 0,
and hence
(H* ®z A°H)®2zZ/dZ) / (H ®z Z/dZ)
~ ((H* ®z A’H)/H) ®z Z/dZ,
~ IO @7 Z/dZ.
This completes the proof of Theorem 1.2.

For n > 2 and an odd prime D, by an argument similar to that in
Corollary 3.1, we obtain

Corollary 4.1.

[0 — Z2a) if n=2,
) (Z/pZ)®i0*-) f >3,
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5. THE INTEGRAL HOMOLOGY GROUPS OF [A4,,

In this section, we compute the integral homology groups of 1A, for
any odd prime p. Since the groups I Ay and I'(2, p) are free groups stated
above, considering the homological Lyndon-Hochscild-Serre spectral se-
quence of (1) for n = 2 and d = p, we see the homological dimension of
I A3, is 2. On the other hand, since the first homology group Hy(1 Az ,, Z)
is obtained in Section 3, it suffices to compute the second homology group
Ha(IAzp,Z). Our result is

Theorem 5.1. For any odd prime p,
Hy(IAgy, ) = 29052
where a(p) =1+ (p——lw.

To prove this thebrem, first, we directly compute the second cohomol-
ogy groups of IA;,. Then, using the universal coefficients theorem, we
obtain the second homology group of IAj,.

Proposition 5.1. For any odd prime integer p, we have
H*(I Ay, Z) = Z22e0)-2 g (Z,/pZ)®2.
Similarly, we obtain

Proposition 5.2. For any odd prime integer p, we have

(Z/qZ)®2®)-2) if (g,p) =1,

H*(IAy,,7/qZ) ~
( 2.p) /4Z) {(Z/qz)e(Za(p)-2) D (Z/pZ)692 if g =p°

Using Propositions 5.1 and 5.2, we obtain the second homology group
Hy(IAzp, Z) by the universal coefficients theorem.
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