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For a Fuchsian group $\Gamma$ acting on tlxc upper half-plane H. let $B(\Gamma)$ denote the
Banach space of all holomorphic functions on $H$ satisfying $\gamma^{*}\varphi=(\rho$ for every $\gamma\in\Gamma$

and $||\varphi||<\infty$ , where $(\wedge^{*}(\varphi)(_{\sim}^{\sim}, ):=\varphi(\gamma(z))\gamma’(z)^{2}$ ancl $|| \varphi||:=\sup_{\underline{\sim}\in H}4(\mathrm{I}\iota \mathrm{n}z)^{2}|\varphi(z)|$ .
An clcincnt in $B(\Gamma)$ is called a bounded holomorphic quadratic differential for $\Gamma$ .
Let $S(\Gamma)$ be a subset of $B(\Gamma)$ consisting of thosc $\varphi=S_{f}$ . whcre $S_{f}$ is the Schwarzian
derivative $\mathrm{f}o1^{\cdot}$ a F-compatiblc univalent function $f$ on $H$ . The Nebari theorem says
that if $\varphi\in S(\Gamma)$ thcn $||\varphi||\leq 6$ . Also $S(\Gamma)$ is closed in $B(\Gamma)$ .

$\mathrm{T}1)\mathrm{c}^{\mathrm{Y}}$ boundary s’elni-norln for $\varphi\in B(\Gamma)$ is defined by

$|| \varphi||_{()}=\inf_{1^{\gamma}}$ I $\varphi|_{H-\mathrm{I}’(1’)}||$ .

wllcrc the infinnun is taken over all compact subsets $V\subset H$ . It is said that
$\varphi\in B(\Gamma)$ vanishes at $\inf\iota 7\iota ity\backslash$ if $||\varphi||_{0}=0$ . Let $B_{0}(\Gamma)$ be a Banach subspacc of $B(\Gamma)$

consisting of all $\varphi$ vanishing at infinity. An clclncnt $[\varphi]$ in the ($\iota \mathrm{u}\mathrm{o}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ Banach space
$B(\Gamma)/B_{0}(\Gamma)$ is identified $\mathrm{w}\mathrm{i}\mathrm{t}\}_{1}$ the cosct $\varphi+B_{0}(\Gamma)$ in $B(\Gamma)$ . For cach $\varphi\in B(\Gamma)$ . we
sct

$||\varphi||’\backslash ^{\dot{\mathrm{t}}\grave{\mathrm{g}}(1^{\backslash })}=\mathrm{i}_{\mathrm{I}1}\mathrm{f}\{||\varphi+_{\mathrm{V}’}’|||\eta’’\in B_{()}(\Gamma)\}$.
which $\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{C}\mathrm{C}_{1^{\backslash }}^{\backslash }$,thc quotiont norm for $[’\varphi]$ in $B(\Gamma)/B_{()}(\Gamma)$ .

The purpose of this notc is to remark thc following tbcorcm. An idea of the proof
is contained in [2]. This $\mathrm{a}\mathrm{l}\cdot \mathrm{t}\mathrm{i}\mathrm{c}\mathrm{l}\mathrm{e}$ as well as [1] studies the case where $\emptyset(z)=\frac{1}{2}z^{-2}$

and $‘ tj=2+\in \mathrm{i}\mathrm{n}$ thc statcmint $1$)$elow$ .
Theorem. $Lct,\tilde{\psi}\in B(\Gamma)satisfi_{J}||\tilde{\phi}||.(3(1’)<\beta$ for a $po.\mathrm{s}i.ti\uparrow;e$ constant $\beta>0$ and
$o^{}/\in B(1)$ (for the $t\dot{n}\mathfrak{l}’\dot{\uparrow}al$ group 1) satisfy $r\cdot\psi\not\in S(1)$ for all $r>1$ . Assume that
there arist.9 a $s(iquence,$ $\{l\iota_{\gamma\}}.\}$ of $con,formal$ automorphisms of $H$ such that th. $e$ orbit
$\{l_{l_{n_{\sim}}}(\approx)\}$ eventually exit.$\mathrm{s}fi^{\backslash }\mathrm{o}rr\iota \mathrm{r}(\nu’)$ for any uompact subset $V\subset H$ and such that
$l_{\mathfrak{l}_{l}^{*}},\varphi’c,07l^{1}C7y\mathrm{e}$ to $\phi$ locally $ur\iota iforrr\iota l\tau/\cdot$ Then there cxists $\varphi\in B(\Gamma)$ with $||\varphi||_{(C\tilde{\mathrm{J}}!(\mathrm{I}’)}.<\beta$

satisfy $i,r|,r/\backslash$

$((_{\dot{\prime}}+B_{()}(.\Gamma))\cap S(\Gamma)=\emptyset$ .
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Proof. Suppose to the contrary tllat every $\varphi\in B(\Gamma)$ with $||\varphi||\prime_{\mathrm{Q})(\Gamma)}<\{i$ satisfies
$(\varphi+B_{0_{\sim}}(\Gamma))\cap S(\Gamma)\neq V$ . We take $(1+\delta)\tilde{\emptyset}$ as this $\varphi$ , whcrc $\tilde{\delta}>0$ is cliosen so that
$(1+\delta^{\neg})||c\beta||_{\backslash ^{1\lambda(\mathrm{I}’)}}\sim<1’i$ . Then there exists sonle $’\psi’\in B_{0}(\Gamma)$ such that $(1+\delta)\tilde{\emptyset}+\uparrow’,,$ $\in S(\Gamma)$ .
Set $\tilde{\phi}_{n}=l\iota_{\gamma 1}^{*}\varphi$ and $\eta_{rt1}/,=l\}^{*},,\psi$ . By assrunption, ($\tilde{p}_{n}$ converge to $‘$) locally uniformly.
Since $\mathrm{V}$

’ vanishes at infinity. $\iota/_{n}$
’ converge to $0$ locally uniformly. Hence

$(1+\delta)\tilde{\psi}_{7\mathrm{t}}+\psi_{n}’arrow(1+\delta)\varphi$ .

On the othcr llantl. since $(1 +\delta)\tilde{\phi}_{\gamma 1}+\psi_{n}$ belong to $S(1)$ for all $n$ . there exist
univalcnt $\mathrm{f}\mathrm{i}\iota \mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\iota \mathrm{b}f_{l}$, on $\Delta$ such that $(1+\delta)\tilde{\phi}_{n}+\eta_{n}’|=S_{f},,$

$\cdot$ We may give a certain
normalization to $f_{r}$, so that a subsequcnee converges to a univalent function $f$ on
$\triangle$ locally uniformly. Then $S_{f_{n}}arrow S_{f}$ and hence $(1+\delta)\phi=S_{f}\in S(1)$ . However,
this contradicts thc assuniption that $\mathrm{t}\cdot\phi\not\in S(1)$ for all $r>1$ . $\square$

Corollary. Suppose that a Fnchsian group $\Gamma$ is contained in another $F\mathrm{t}rchsia71$,

group $\tilde{\Gamma}$ as a $r|,orrnal$ snbgroup of infinite index. Let $\emptyset\in B_{0}(\Gamma)$ satisfy $r\phi\not\in S(\Gamma)$

for all $r>1$ . Then. for every $\vee c>0$ . there exists $\varphi\in B(\Gamma)$ with $||\varphi||\underline{((\grave{)})}(1’)<||\phi||+\vee\sigma$

satisfy$i7\iota g$

$(\varphi+B_{()}(\Gamma))\cap S(\Gamma)=\emptyset$ .

Proof. Take a system of representatives $\{h_{1}, h_{2}\ldots.\}\subset\tilde{\Gamma}$ for tlle coset decompo-
sition of $\tilde{\Gamma}$ modulo F. Then the sequenco $\{h_{7}, \}$ of confornlal automorphisms of $H$

holds a propertv that the orbit $\{h_{n}(\approx)\}$ eventually exits from $\Gamma(V)$ for any compact
$\mathrm{t}^{\backslash },\mathrm{t}\mathrm{l}\mathrm{b}\mathrm{s}\mathrm{e}\mathrm{t}\mathrm{t}’\subset H.$ lNIoroover, for a given $\epsilon>0$ . we can clroose a subscquencc $h_{r\iota_{k}}$ so
that

$\tilde{\phi}=.\sum_{k=1}^{\infty}(h^{-1})^{*}|\iota\iota\cdot\phi\in B(\Gamma)$

satisfies $(||\tilde{\psi}||\backslash \backslash ^{\mathrm{t})1(1’)}\leq)||\tilde{\phi}||<||\phi||+\Leftrightarrow$. and so that $li_{r\iota_{\mathrm{A}}}^{*}$ di converge to $cb$ locally uniforlnly.
Thcn we can applv the $\mathrm{a}1$) $\mathrm{O}1^{r}\mathrm{C}$ theorem. $\square$
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