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Real Analytic Eisenstein series of weight £ and index m with respect to

the Jacobi Group on SL;(Z)
Yoshiki Hayashi

Abstract: The aim of this paper is to obtain the Fourier coefficients of the real
analytic Eisenstein series of weight k and index m with respect to the Jacobi group
of degree one on the full modular group. Moreover, we study the localization of a
pole, its residue and Kronecker’s limit formula of this series.

0. Introduction: Let k be an integer. For the sake of simplicity, let m be a
square integer m2 with an integer my. For each integer ¢t with t2 =0 mod 4m and

s € C, let ¢,5(7, s) be the function H x C — C given by

BCEY bua(rys)i= e (o + = ) ()"

4m?

where k = 5—'713 and e™(a) = exp(2mima). Let I" be the full modular group SL2(Z),
T7 the Jacobi group {[M, (A, 1), p]|M € T, A, i, p € Z} and T'J, , the subgroup of r’
defined by |

TL.+ ={l(}),©,n),dln, p,p € Z}.

Following [EZ85] and [Ara90], we define the real analytic Eisenstein series E,m,¢((7, 2), 5)
of weight k£ and index m with respect to the Jacobi group 'Y of degree one by

02  Beme((nd),9)i= Y (Graem(nz) (,2) €HXC)
very, ,\r’

where v = (M, (A, ), o) and
(0,2,a) te R ={tcR|t*=0 mod4m}, R={teZ/2mZ}.

From this definition the Eisenstein series E.m t((7, 2), 8) has the following expression

(0.3) | ~
Exme((r2)9)= D 3 J(M,7) ™ (Im(M7))*™™

ME€T o 4 \I' lEZ

m t .o t, z  c2
e ((l+2m) MT+2(Z+2m)c'r+d c-r+d)




with Too + = {((1) T)In€Z}and M = (¢ Z) € I'. We see easily from this expression
that Ex m ¢((7, 2), 8) is absolutely convergent for Re(s) > 5/4.

Arakawa in [Ara90] studied the above real analytic Jacobi-Eisenstein series which
are “natural generalization” of the holomorphic Eisenstein series of degree one. He
obtained the analytic continuation and proved its functional equation. The key to his
proof is to relate our real analytic Jacobi-Eisenstein series with those associated with
theta multiplier systems after Roelcke[Roe], and then to make use of a general theory
for real analytic Jacobi-Eisenstein series. He calculated explicitly only for square free
m the Fourier coefficient of the real analytic Jacobi-Eisenstein series Ex m +((7, 2), 8),
in which case there is oﬁly one Eisenstein series.

B.Heim studied with him in [AH98] real analytic Jacobi-Eisenstein series of higher
degree. W.Kohnen [Koh93] considered the lifting to the Siegel Eisenstein series with
another real analytic Jacobi-Eisenstein series. T.Sugano [Sug95] gained also some
results for a functional equation of Jacobi-Eisenstein series. |

QOur aim in this paper is to calculate directly Fourier coefficients for the Jacobi-
Eisenstein series Ek n, +((7, 2), s) with square m and to give its explicit formula, since
the series is “natural generalization” of holomorphic one. Moreover, we want to study
the localization of a pole, its residue and as an application Kronécker’s limit formula.

The following properties are an immediate consequence of the definition (0,3):

D) (Brm,i(()s 8)lk,m)(7, 2) = Eieym (7, 2), 8) for all y € T,
ii) If k > 3 and s is evaluated at s = k, then Ek m¢((7,2),k) coincides with the
holomorphic Jacobi-Eisenstein series of Eichler-Zagier.

1. Definitions, Remarks and Main Theorems: We assume now that & is an
integer (not necessarily positive). Let « be the number given by

k—1/2

(1.0 -

For the sake of simplicity, let m be a square m2 with an integer my. R and R™! are
- as (0,2,a) and e™(cx) is an abbreviation of exp(2mima) for any o € C. Set for each
t € R,

t t
(1,1) 0:(r,z) = em (7(l+ =—)% +22(l + —) TE€H,zeC).
=3 (r+ 55 ) esze0
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The followings are our main results:

Theorem. For the real analytic Jacobi-Eisenstein series defined as above, the series
E} mo((1,2),8) := ((4s — 1) Eg,m t((7, 2), 5) has at least at s = 3 a simple pole and
its residue R* is given by

(1,2)

R* =v-}IR° with Ry =

—-mk/2

Wors (Im 7)1~ "7(- R)TGE:Z 0r(r, 2)- (¢tr‘°( )+(= 1)’°¢D"°( ))-

r2=0_mod 4m
D=0

Moreover, the following limit formula is valid:
(1,3) lim {Bf  ((r,2),8) — —o\ = Cy+ ho
’ smg | MRS s34
where Cy is a constant with respect to s and given by Co = 2CgulerRo with Euler’s

constant Cgyler and the number hq is given by

2 3/4—k
ho = ?(Im T) (1, 2)
(IIII T)1~2n

+ i L Lo/m Ve (2 tmr) (@B + (182 eI Rem) 0.0, 2)
D<0

r?=0 mod 4m
D=r* mod 4m

Here ¢£,:<-°(s), ¥(8,K), Lp/am, ©:(7, 2) and V,  are given in proposition 1.

For the proof we use proposition 1 and consider

e—Tik/2 o - g,
Co = 2 = hm {C(4S —2)(Im 7.)1-.‘;—,9,7(3, k) — (I )s_ ;/(: n)/4}

Y 0n,2) BBEC) + (~1RPED)),

h(s) :=((4s — 1)(Im 7)* 7O, (, 2)
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Im 7 1-2x 1 D D
0 15 Lofam(25 = 3 Vel g mrIo ) (8E55(6) + (-1 622Ny Rer)
D,reZ ‘

D<0
r?’=0 mod 4m
D=r? mod 4m

¢(2) = and ho := h(3/4)
Questlon: Is the function (s, k) = %zg—%% with s = % represented by log?

Can ho be regarded as the generalization of the classical log |n(7)|?



Proposition 1. Let m be a square m2 with a positive integer m, and k an integer.
Let t,7 mod 2m be integers with t* = r*> = 0 mod 4m. For the Jacobi-FEisenstein

series Ex m +((T, 2), 8) we have then the Fourier expansion

Eim,t((1,2),8) = (Im 7)°7"O¢(1, 2) + (Im )i (s4) Z <I>£,.=°(s, K)0r(T, 2)

reZ
r?=0 _mod 4m
D=0

+ (Im )12~ ZCPD<O(3 K) e(] lRe‘r)e (1, 2)

D,reZ
D<0
r2=0 mod 4m
D=r? mod 4m

where  ©4(7,z) := 0,(7, 2) + (=1)*0_,(1,2), 0,(r,2): as (1,1),

D-O e—Tik/2 D=0 ) B 22—237rr(28 — 1)
(s K,) % '7(57""') t,r (S) with 7(31 K’) - 1-\(3 + R)F(S — K)
1 D
and <I>£,.<°(s,n) = m{{,,n (%Imfr) \Ilf?fo(s).

For w # 0, V, (w) is defined by

_ e (we) dg
stfc(’w) -—A(€+i)s+n(€_i)a—n

Here we have for the prime p with p|my

¥P=0(s) = CEjS §<¢t:°(s)+< 1)¥4P2(s))

with ¢y °(s) := {elementary expression of p°} (see Prop. in 2)

LD/4m(2's —-1/2) D<0 k  D<0
C(4S _ 1) (¢ ( ) + (_1) ¢—t,r (3))
with ¢D <0(s) := { elementary expression of La, (25 —1/2) and p°} (see Prop. in 2)

and \I’D<0( ) —

where A, = m’fw with n’ = ordy(t1 — 1), t1 = t/2mg, r1 = r/2my and LAp,p,is
the p-part of L-function La,.
Remark: 1) If A =0,1 mod 4 and A # 0, we write A = Dof?(f € N). For A€ Z

we have
0if A=2or3 mod {4,

L(s,A) = { ¢(2s—1) if A =0,
Lp,(s)vp,(f) if A=0,1 mod 4
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where v (f) = g5 #(d)ep, (d)d™*01-25(f/d) with 04(d) = Y g)4 d'®. Dy is the
discriminant of Q(v/A) and ep, (-) the Kronecker symbol with discriminant Do. The
function L},(s) := Lp(s)(27)~%|D|*/?T(s) (D < 0) satisfies the funtional equation
L(s) = Lp(1 —s).

2) If V' ,(w) is defined by

Ve (w) = Tfms—_’f,%v,nm),

then we can rewrite V', (w) in the form

1/2 —1/2\ —2x
Vou(w) = /oo y2sle—mw(utl/u) /oo g v’ (v TR A / +.u / ) dv@.
0 —00

1 u

V,«(w) is an entire function and satisfies a functional equation: Vi e(w) = sgn(w)ViL, (w). |
so(w) = Ky/3 is the K-Bessel function (s. [GZ86]).

Examples for Theorem 1:  We see examples of terms (¥2=0), . and &%

——1rik/2
(857)ur = —ﬁlm—(s—’—“—’(wt’?f")t,r and
3P0(s,5) = \/__._ Ve s (Z%Imr) UP<(s)
2im

with UP=0 = 5,50 + (=1)kpPS?

where t2 = 72 =0 mod 4m, t = 2mat; and r = 2mar;. Let be (p(s) :=1—p~° and
La, p(s) the p-part of La,(s). For \Iltho we confer also Lemma and Proposition 2
in 2. |

I) For m = 22 i.e. mg =2 and t;,7; = 0,1, then t,r = 0,4 (¢t = 41,7 = 4r1), the
constant term matrix (the case D = 0) is

Yoo You D—O
(‘1’4,0 Tog with U, = ¥

k(48 —2)

(@ =) and

¢(4s-2) { Ca(4s — 1) (2(25 — 3/2) + 23—43} _
C(4s—1) | C2(48 — 2) - C2(25 — 1/2) - (2(45 — 3)

where VP =050 = (1 + (-1)k)—=

UOS0 =000 = (1+ (-1)¥)



Next we see non-constant terms. Since in the case D = —16 the number D/4m = —1
is =3 mod 4 and (D/4m,m) = 1. Then we have

1
((2s—-1/2)
Case D = —48: In this case D/4m is —3 and (D/4m, m) = 1. So we have

\Ilé)z—IG — \IJD——IG — \I,D——lﬁ = \I,D——IS (1 +( 1) )

= = = =— L_ (23 - 1/2)
D 48 D=-48 D=-48 D=-48 k 3
\I} \II =V = =(14+(—

4,0 0,4 (1 ( 1) ) C( is 1)

II) For m = 3% i.e. my = 3 we have t1,71 =0,1,2and t,r = 0,6,12 (t = 6t;,r = 67;)
the constant term matrix is

Yoo Vo5 Yoo
Uso Uss We12 | with ¥, ;: —-‘I’D*O

V20 V126 VYiz12

- 4s —
where  WDF0 = WP = WE50 = B = (14 (—h S =2

((4s—1)’
¥Es? = WBh = S {1+ (-1Fef5Y)
-0 _ ((4s—2) p-o = =0 _ ((4s—2)
5ol =1+ (-1 )C(4 =) %00 Ve = ‘I’?zeo—c(‘l 1){¢ 50 + (1)}
with ¢(l))0=0 — C3(23 _ 3/2) <3(48 - 1) + 33—48.

 (a(48—2) - (3(4s — 3)(3(2s - 1/2)
Case D = —16 - 3%: Since D/4m = —4 and (D/4m,m) = 1 we have

L_4(2s—1/2)
((4s—1)

\I,gr:—us-a’ — D——163 +(~1) w?;r—m-S’ = (1+(=1)¥)

—I-)-/s2 =-3

Case D=-12-3*:D/4m=-3.3%, A=
4m

where \I,D_—u 3% _ pD=-12:3* _ \I,D——IZ 3t _ \pg?‘z—ug« ~= 1+ (_1)k)L_3.32 (2s—-1/2)

for all t, 7.

12,0

D=-12. 3 iy L-3.32(25 — 1/2) —12.34

—_19.94 —_19.34 4 L_q.42(28—1/2
\IID 12.3 \I,f)z’12123 (1+( 1)k¢0123) 33( /)

TSV
WPE I = B g+ (PRl

12.3¢ | L..3’3(2S - 1/2) <3(2S - 3/2) . C3(4.S - 1) —45
MR fo0 = L‘_3-3",3(2S "1/2) (s —9)Cs(2s—1/2) .

((4s-1)
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In the case D = —12- 3% we have D/4m = —3, but 321 2. Then we have

1 (3(2s — 3/2)
C3(23 - 1/2) C3(4S - 3)

\I,D——-12 -32 =(1+ (_l)k)

and for another r,t analogous.
III) Case m = 62: In this case we have my = 6, t;,r; mod 6 and then t,r =

0,12,24,36,48,60 (t; Fr1 =0,1,...,5). Let be

(p(25 —3/2) - (p(4s — 1) +p>4 for p=2,3.

Ko = e las—2) (45 —3) - G5~ 1/2)

Then we have

$po=K2 K3, dr=¢5=1, ¢3=04=Ks ¢3=Ks.
((4s —2)

a’nd ‘Ill,] = ‘1’12t1,12r1 = C(43 1)¢‘l]) ¢'5J ( 1)k¢_7
4 ) .
U, i= Wygg, 12t = 2548 ;¢11(3) (4, =0,1,2,3, =t —ry,j=—t1—71),

Therefore, the constant term matrix (\IIE,I—'O) is given by

For the case D/4m = —4 - 45, we have %/32 = —20. For this case we see two

examples:

T (5) = (1 (ph PP

‘pag.a.lsoz (s)=(1+ (._l)k)L—-ICSE)iiS—_l)l/Z) —4 3-180° ()

where

—4.3.1802 (8) { L_ 20 2(28 - 1/2) (2(23 - 3/2) €2(48 - 1) }

9.0 L 1802(28 —1/2)  (2(ds —3)C2(2s — 1/2)
_ { L_30,3(25 — 1/2) (3(2s —3/2) - (3(45 — 1) " 32(3/2—23)} .
L_130,3(28 - 1/2) C3(4S - 3)(3(28 - 1/2)
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IV) Case m = 5%.7%: In this case we have my = 52-72, t1,71 mod 52-72 and then
t,r =0,30-72,2-30-7%,... ,(72—1)-30-7%, (t1Fr1 = 0,1,...,7>—1). Here we see the
case D/4m = 15rf —n = —3-5%. 74 In this case we set A, = ;X /p* = -3.5%.7%/p*

and

\11'3 54.74.4.54% 74(8) =(1+ (_l)k) L_s. 5(‘(':( 3 -1/2) - Ks - Ky

L_gsere/pp(28 —1/2) (25 —3/2) (p(4s—1) + pS-8s,
Lossiriolts=112) G5~ 5/2) (28~ 172)

2. Proof of the Proposition 1:

For the begin of our calculation we follow the method of [EZ85] and [Ara90]. Now

with K, :=

we see the Fourier expansion of

(2,1) Ek,m,t((f, 2),8) = Z cn,r(m; 8)e(né +12) + E Cn,r(1; 8)e(n€ + r2)

n,reZ n,reZ
4mn=r? amn>r?

where 7 = £ + 7. The constant terms is the partial sum

(2,2) z cn,r(m; 8)e(n + q2).

n,r€Z

4mn=r?

As usual we devide the sum on the right side of the identity (2,2) in two parts
according as ¢ = 0 of a # 0, and using the identity

9 z e®  (2=X[e)®  aX?
XMT'+2Xc7+d cr+d  T+d/c L
we have
(2,3) Ek,’M,t((T’ z),8) = Ef=o((7'a z),8) + Etc#o(('r’ z), )
with
(24)

E{=0((7,2),8) = n""@y(r, 2),
. (2 = (g +t/2m)/c)? t
#0 (T, 2)73) Z Z (CT +d)kICT + d|2(s K) e ( ?r+ d/;n + %(q+ %)2)

(c d) 1q€Z
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where an integer a is chosen so that ad =1 mod c for coprime integers c, d(c # 0).

Now we define F((r, z), s) by

(z+4q)?
Z ('r+p)’“lr+p|2" = (_ T+D )

which is absolutely convergent for Re(s) > 3/4. Replacing ¢ by A —cq’ (¢’ € Z, A
mod c) on the right hand side of (2,4), we get

(2,5)

0 8—K
EP((r2),9)=3 Y Y 2

c=1 d(c) M)
(d,c)=1

{er (B0 ) P+ Se= L0 5009
Htem (20 ) Fl+ 212 S0- 1m0}

Since F((,2),s) is periodic in 7 and z with period 1 and therefore has the Fourier

expansion of the form

(2,6) F((r,2z),s) = Z Yr(m, 8)e(nE+72) (T=E+ineH, 2€C)

n,r€Z

with v = / / 7k|r| 726K e(—m2? /T — n€ — r2)dzdf (2 =z +iy).
R JR

Integrating with respect to z and changing the variable with £ — n&, we gain .

2
Yr,r (1, T) = /(T/Qim)l/zT“k|T|"2(’_")e(r_7_- — ng)de
R 4m
1-2s

2
T r?). ro_
,——zz.mexp( Zmnr) Ve ((4m n)n)

where

[ e [ —e(-we)dt
@) Vinlw) = [, e - Joer o @#O
and

22287 (25 - 1)
['(s + k)['(s — k)

if 4mn = r2.

(2,70)  Ver(0) = e™™* (s, k) with (s, k) =
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So the Fourier coefficient v, (7, s) is given as follows:

1-2s

3

—~nik/2 2

v(s, k)exp (——-2—7:7;177"2> if 4mn = r?,

€

N

2m
(2,8) ’Yn,r(n’ s) = 1—9s

ex _rm -V, (Lz——-n) if 4mn > r?
V2im P 2m"7 s \ \am n

(cf: [Ara90] p.144, [EZ85] p.19, [GZ86] p.277-280). Since

3

(2,9)

EX(ra=Y Y ¥ Lo

c=1 dmod ¢ Amod ¢
d,c)=1

. {em (%(A+ %)2) F((r+2,2= 2004 5),9)
H(=1)kem (%(A - %)2) F((r+ g, z— Z(’\ - 5;;;)), S)}

where
(2,10)
R+ 22= 20 2090 = T nelns)e (nle+ D +rie- 20+ 21)
n,r€Z
7—7-;/-;_1_3 “’”k/zﬂy(s K)exp (—2——7)1' ) if 4mn =r?,
m

with Tn,r (77a 3) = 771 —2s

—V, (—r—z— —n)n | exp (——E—nrz) if 4mn > r?
V2im "\ dm 2m ’

According to (2,4) (2,5), (2,6), (2,7) and (2,8) the Fourier expansion of Ef’&o(('r, z), 8)

is given explicitly by

(2,11)
1 2s 2 i — ,,.2
ﬁ;—nrzez o < Z”;’: B n)n) (¢t’r(s) + (_1>k¢_tﬂ'(s)) re (i—fﬁ——f) 0"‘(7’ Z).
anm—r3>0

Accordingly by (2,4) (2,8) and (2,11), the constant terms of Ei n,,: equal

(2,12b) 7**@,(r, z) + ni-+—r L& K) (1,0 (3) + (= 1)*9_1.0(8)) - 0+ (7, 2).
t e‘mk/Z\/—anez ¢ ¢
dnm—r3=0
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Here v +(s) (t,r mod 2m, t* =72 =0 mod 4m) is the Dirichlet series defined by
(2,12a)

Yi,r(s Z 25+1/2 E G(t,r;c,d)

c>1 d(c)
(d,e)=1
; o d) = e _ t
with G(¢,r;¢,d) := : g(;d cec (am()\ + 2m) r(A+ 2m) + dn) ,

with an integer a given by ad =1 mod c. Substituting A+ 5% — d(A+ z=) we have

G(t,r;e,d) = Z ec (dm()\ + %)2 —dr(A+ %—) + dn)

A mod c

where we used ad =1 mod ¢, t? =0 mod 4m, rt =0 mod 2m, % € Z and m(X +

)2, (A + 35) € Z. So we gain

i _ t.o t
G(t,r;¢c,d) = Z €em (d(m)\ + —2-) —dr(mA+ 5) + dmn)

A mod ¢
and then
213) Y Gltrcd)= Y eom(dQ(mA+ 5)) with Q(N) = X = A+ mn.
d mod ¢ A,d mod ¢
(d,c)=1 (d,c)=1

Setting D := r? — 4mn and putting together above formulas, we obtain the Fourier

expansion of Eg m ((7, 2), 8):

(2,14)
Erm t((1,2),8) = (Im 7)*7"0(7,2) + (Im 7)i=(8+x) Z <I>£f°(s)9r(7', z)
+ (Im 7)1 (s+%) Z <I>D<°(s)e (-@RCT) 6,(1,2)
D,reZ 4m
D<0
D=r* mod 4m
=0 mod 4m
e (w€) d§
mhere Vs(w) = | e — s 0 # 0
20=%(s) = e,,Zf,i I (25(s) + (1) U252(6))
e
0P°(6) = L2 (40(e) 4 (-19252(6)
and 90 ="(s) := ) T%ﬁ Y eem(dQ(mA+ %)) with Q(A) = A? — r) + mn.
c21 ¢ A,d mod ¢

(d,c)=1



Now we calculate ¢£ <0 and wefro . Since we have for Q(\) = A2 —rA +mn

(2,15a)
D<o 1 t 1 C
Ve (s) = Z c2s+1/2 Z eem (dQ(mA + '2')) = Z c28+1/2 Z“('I;)b Z 1
c>1 A,d mod ¢ c>1 ble A (b)
: (dic)=1 A=mA't4
Q(X\)=0(bm)
1 c _ -1 Ny ,t(Q)
=3 Zi2 Zu(g)me,t(Q) =¢(2s—-1/2)7" ) —527:—:775-
c>1 blc 521

where we used ) y,(c')c"'z""'l/2 = ((28 — 1/2)7! with ¢ = bc’. Here we set
Nipm (@) := #{A(5)|Q(m) + £) = 0 mod bm}. Since from m = m3 and t* =r* =

mod 4m we have t = 2mat1, r = 2mgr; with ¢1,7; mod ma:

40

(2,15b)
t t— D
Nom +(Q) := $H{A(D)|Q(mA + -2-) =0 mod bm} = §{A(d)|(mA + - 7')2 == mod bm}
: D
= {AB)|(m2A + (t1 —m))* = yven mod b}
D
=t Np,m,t,—r,(D/4m) where T Z because g € Z.
Putting Z"gy%?—rl (S) = EbZI Nb,m,tl_b";l (D/4m) a.nd Zz’%?_rhp(S) = Enzo Npﬂ_m,tli’—n‘l;l(D/4m)
we have
(2,16) YP<°(25 - 1/2) = (28 — 1/2) 2252, (28— 1/2)
¥P0(2s — 1/2) = (25— 1/2)7 2230, (25— 1/2)
with Z230_ (25— 1/2) = [] 223 -, 5(28 — 1/2).
P

Setting ny := ord,mgz and n' := ordp(ty —r1) (i.e. n’ < ny) for pjm2 we have a
Lemma. Forn > 0 let be Npn s a(D) := #{\ mod p"|(m2A + A)? =D mod p"}
and Np» (D) := #§{A mod p*|A\2 = D mod p"}. Then we have for n' :=ord,A with
n' < ny following values:

A) Case D =0:
. p°"2 Npn (0) if n > 2ny = 20/,

Npn.m,4(0) = { p* if n < 2n' < 2ny,

0 otherwise.



B) Case D < 0:
( Npn(D) if (ma,p) =1,
P Npn-ans (D/p*™2) for n > 2ng = 2n' if ny = n' with p*™|D,
pznl¢P,n2—n’an-—2n’ (D/p*™) for n with n > 2ny > 2n’
Npr m,a(D) = S

ifng > n' with p** |D,

p" for n < 2n' with p*™ | D,

| 0 otherwise
where ¢pn,—n' = p2~" /2 if 0 < n' < ny, and 1 if n' = ny, respectively.

Proof is elementar.
Examples:
A) #{» mod 38|(451 +18)2 =0 mod 38} = #{A mod 38]A2 =0 mod 3} °
=3%.${\ mod 3*|32 =0 mod 3*}
B) a) #{\ mod 38|(5A + 3%)2 = D mod 38} = §{A mod 38|32 =D mod 3%},
b) #{\ mod 3|(3A+1)2 =D mod 3} = 34{\ mod 3|3 =D mod 3},
¢) B{A mod 3%|(3X + 9)2 = D mod 3%} = §{A mod 3%|(3*A +1)? = D/3*
mod 32} = 342§{\ mod 3%|A?.= D/3* mod 3%} if 3*|D,
d) #{A mod 34|(3°A +9)2 = D mod 34} = 3% if 3¢|D,
e) #{\ mod 3%|3¢(3*\+1) =D mod 3%} =0if 3¢ D,
£) #{\ mod 3¢|(38A +9)2 =D mod 3¢} =0if3*tD.

Using this lemma and substituting n—2ny — n we gain for the factor Z, D=0

m,t1—-r1 ,p(s)
following sum:

(2,18)

D<o _ 1 ' (1-
Zm,t1—'r1,p(s) = E pn(s—l) +p n'( 8)¢p,n2—n’ go pne
0<n<2n'—1 n2

__S(s=1) - , ¢p(8) I £ 2D
= ooy TP e gy b () P

where A, = Z#’ with plm,. Here we have used Ny»(D/4m) =p™ if 0 < n < 2n’

Nor (g

and

5 1 1-pa-9)  ((s—1)

s D 1=p T G- 1)
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The last line of (2,18) is equal to (2s)LD/4m( s)ifng=n'=0.

We summarize above results in

Proposition 2. For n; := ordyma, n' := ordp(t; — r1) (n2 > n') and

(2,19a)
Nomt, - (D
¥P9(s) = c(2s - 1/2)7 YD Nomtron (D) _ (5, y9)- QIEERRCRTD
b>1 '
we have
] )+¢p,n2p2"2‘%“28)—————c”(23 YD 1y, (2= 1/2)

Cp(2n2(2s — 3/2) Cp(4s - 1)

ZDbs0  (25-1/2) =

i1 —-T1,p ifpznllD
0 if p*™ ¢ D.
where A, = Trﬁ%ﬁ’ and Gpn,-n = Eﬂiz——f— if0 < n' < nyg and 1 if n' = ny,

respectively. Here L ,(s) = (p(2s - 1) if D = 0. Especially, if n, = n’ =0 we have

2s —-1/2
ng?_rl p(28 - 1/2) = %:—{)—)LD/477,(2S - 1/2)

According to (2,14) and the prop.2 we obtain prop.1 in 1.
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