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1. KE—BA0OEENSILEFERX~ A, B iX Hibert space L ? positive operators z
LET, ETAR - T [14]) L > THASNERARTY (a-power mean) DEB/EEX T &
T, | .

Afa B=A¥A41BAHeAt for 0<a<l.

ZiE - BE (1,(10] RRO XS REZEARLELE (3],5.
Ando-Hiai Theorem: For A, B >0,
(AH) Afla BLI, = A" o B"<1 holds for r2>1.

REBIZOEREROISIT—RILLELE,

Theorem A. For o € (0, 1) fized,

(GAH) Afa BT => A" s B'S<I forr, 821

a)etar

SEIZZOBROFBDECOVTRALET, TFT7AFREX ([6],(7],9]) K2WTTT,

Furuta inequality: IfA>B >0, then for eachr >0,
(F) AT > (ATBrPAT)}

holds for p and q such that p > 0 and ¢ > 1 with (1 +r)g>p+r.
Zh % o-power mean S TRIT LRO L STz ¥£¥ [2),[11).

(F) A>2B>20 = A"ﬂ:_HBPSAfor p=21 and r20.
HBEORRIRTT (11),12]
(SF) A>B>0 = A"u;_i%BPSB(SA) for p>1 and 7 20.

AEEL AR LS RIZ, (AH) 225 (SF) 25¥avh, £oT (F) Bxdh3, i (F) b (AH)
LR T ERTER, LI HDOTLE,
ZITEP. (GAH) 2> L (F) RELICAPNB I LERLTRBEET,

Proposition.

(GAH) implies (F).
Proof. Since 4> B >0 is equivalent to A~* #1 A~¥BPA-} < I, (GAH) leads

A-(r+1) R A—tpra-t <I forr20,p21.
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This is equivalent to
AT ey A~iBra-t <.

So we have
AT ﬂé% B < A
2. JLEFHRO—KIE (AH) »0RHE - BE 1] 3RO (AHo) 2 RLELE,
(AHo) A7y AT¥BPA Y <T = AT fa (A~¥BPA~Y)" <T for p>1 and r>1.

(AHo) Th&RIFHRIL (AHo) & (F) RSKD L > RIS RERO—MLEE2E L ([8],[9]).

Grand Furuta inequality : If A > B > 0 and A is invertible, then for each 1 < p and
0<t<1,

(GF) A b (AFBPAT) < 4™

holds fort <r and 1 <s.

ZORERICM LT HEROBTVBRERIIRD & 5 2T ((3],113],[14]).
(SGF) AT Y s (4" BP) S B (< 4)
holds for t < r and 1 < s.
ZIZTh X a-power mean ERXFILTROKIICERLET,
At B=A¥ABAY Adforr ¢ [0, 1]

ORGSR (GF) OBEMT t=1,r =5 DL & (AHy), t=0,s=1 DL % (F) L2252 L TH
ZZTik, (GAH) 285 Z L T (SF), (AHo) #RSABRE LTRES L THREET,

" Theorem. IfA>B>0and 4 is inveﬂz‘ble, then for each1 <pand0<t <1,
A—r+t ﬂ?;::s::-r (At h‘ Bp) S At ”71;:_: B

holds fort <r and 1< s.

Proof. if A > B > 0, then A* > B* for t € [0, 1] by the Lowner-Heinz inequality. For
p>t>0, Bt < A* which is equivalent to A~* s A-%BrA-% < I. By (GAH), we have

ATt e (ATEBPATY) ST forry, 521
(1-%).-4-—1','

Let 7y = £, then

A Y (ATHBPATE) = (A7iBPAH) g-ne AT
This is equivalent to
‘ (A* s B?) §_p-nje A™"Ft < A%,
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Hence we have the conclusion by the following calculations.

A_H.tuzﬁ’ﬁ: (A’ B BP) = (A‘ Bs Bp) n: ~te- i_' AT
(A4° b B?) biomgecgio (A" by B°) £ gone A7)

(At h-’ BP) njg—t!:;;l—t! At
A (A* by BP) = A" 10 B”.
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