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1 g-formally normal operators

Let ¢ be a real positive number such that g # 1. For operators S and T in H, the
relation S C T means that D(S) C D(T) and Sn = Ty for all n € D(S).
Let T be a closed densely defined operator in H. If T satisfies

TT* = qT*T,

then T is called a deformed normal operator with deformation parameter g and we
will simply say T is g-normal. The g-normality of a closed densely defined operator
T is equivalent to the conditions:

D(T)=D(T") and |[T*nll=alTnll (n€DT))-
A densely defined operator T is called a g-hyponormal if it satisfies
D(T)SD(T*) end |T*n|| < vag|Tn|



for all n € D(T). If a g-hyponormal operator satisfies

IT*nll = vallTnl

for all n € D(T), then T is called g-formally normal. Let T be a closed densely
defined operator in H with polar decomposition T' = U|T'|. If T satisfies the equality
UlT| = \/q|T|U, then T is called a g-quasinormal operator.

/" q-formally normal
g-normal g-hyponormal
N\, ¢-quasinormal

Let T be a g-hyponormal operator in H. Then there exists uniquely a contraction
Kr such that
T* 2 +/qKrT and kerKr D kerT".

If T is g-formally normal, then Kr is a partial isometry with the initial space R(T)
and the final space R(T*|p(r))-

WM 1 A non-trivial g-formally normal operator is unbounded.

W8 2 If a closed g-formally normal operator T is q-quasinormal, then T is g-normal.

8 3 Let T be a g-formally normal operator in o Hilbert space. If the domain D(T)
is a core for T*, then the closure T' is g-normal.

SEIE 4 Let T be a g-formally normal operator in a Hilbert space H. If K is unitary,
T is injective and the inverse T~ is also q-formally normal.

% B The spectrum of a g-formally normal operator in H must contain zero if R(T*|p(r))
is dense in H.



Proof. Assume T has a bounded inverse 7!. Then, T! is also g-formally normal.
This is a contradiction since 7-! must be unbounded. 0

Every g-quasinormal operator has a g-normal extension in a possibly larger
Hilbert space.

™ 6 If a densely defined operator T has a g-formally normal extension in a possibly
larger Hilbert space, then T is g-hyponormal.

2 g¢-positive definiteness

Suppose a densely defined operator S in H has invariant domain, namely;
SD(S) C D(S). Then, g-positive definite condition means that

> ¢9(Sf; S fi) 20 (a-PD)
i,j=0

for fo, ..., f € D(S), n € No = {0,1,...}.

% 7 (g-oscillator) Suppose S is closable in H. If D(S) is invariant for S and S*
and such that

$*S—¢SS*=1 on D(S),
then S satisfies (¢~1-PD).

& 8 Suppose S has invariant domain. If S has a g-formally normal extension N
in a possibly larger Hilbert space such that
ND(N) C D(N) and N*D(N) C D(N), (%)

then it satisfies the q-positive definite condition (g-PD).



Proof. For fo, ..., fn € D(S), n € Ny,

Y8, 8 h) = D (N NIfy)
i,j=0 1,j=0

= Y (NUf N

1,j=0
= [ID_N"f?
=0
]

B 9 Let H be a separable Hilbert space and {e,}nen;, be an orthonormal basis of H.
Define an operator S in H by

D(S) = linear span of {e, : n € Ny}

and
1

Se, = (ﬁ) €n+1

X 10 Suppose S in H has invariant domain. If S satisfies the g-positive definite
condition (g-PD), then S has a g-formally normal extension N in a possibly larger
Hilbert space such that the condition (*) holds.

for all n € Np.

Proof. Define K : (Ny x D(S)) x (No x D(S)) — C by
K((m,z),(n,y)) = ¢""(S"z,S™y)
for z,y € D(S) and m,n € N,.

e K is a positive definite kernel on Ny x D(S). The corresponding R.K.H.S is
denoted by K.

e Define
Kma)(n,y) = K((m,z),(n,y)) and put
D = linear span of{ Ky ¢) : m € No,z € D(S)}
Then, D is dense in K and { K(m,z) , K(ny) )x = K(m,z)(n,y)-



e Define an operator N on D = D(N) by

N Kz =0"Kmss)y m €N, z€D(S).

Then,
1. D C D(N*) and N*K(ny) = K(ns+1y)
2. (N Kmgz), N Kng) )k = g™ ( Sz, S™y )y,
3. (N* K(m,a,-) , N* K(n,y) )IC = q(m+1)("+1)(3"+1$ ,Smﬂy )'H-

Finally, Define an isometry V : D(S) 3 £ — Kz € K (and it is extended to H).
By VS C NV, N extend S. » O

XK 11
D(N) = linear span of{N*"f : f € D(S)}.

ST 12 Suppose S has invariant domain. If S satisfies the q-positive definite condi-
tion (¢-PD), then S satisfies the (¢’-PD) for every ¢’ > g.

Proof. This follows from the fact (by Man-Duen Choi): “If ¢ > 1, then the matrix
(¢9)} ;0 is positive semi-definite for any n € No”.

% 13 Suppose S has invariant domain. If ¢ > 1, then for S to satisfy the positive
definite condition (1-PD), implies S to satisfy the (¢-PD).
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