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Abstract

We consider the random dynamics of polynomials and the dynam-
ics of polynomial semigroups (semigroups generated by a family of
polynomial maps) on the Riemann sphere C. We show that under a
certain condition, for almost every sequence ¥ = (1,2, . . . ) of polyno-
mials, the random Julia set of ~y is a Jordan curve but not a quasicircle
and the basin A, of infinity is a John domain. Note that there exists
no polynomial h such that the above holds. Furthermore, we give a
classification of polynomial semigroups G such that G is generated
by a compact family, the planar postcritical set of G is bounded, and
G is (semi-) hyperbolic. Many phenomena of polynomial semigroups
and random dynamics of polynomials that do not occur in the usual
dynamics of polynomials are found and investigated.

1 Introduction

The theory of complex dynamical systems, which has its origin in the impor-
tant work of Fatou and Julia in the 1910s, has been investigated by many
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people and discussed in depth. In particular, since D. Sullivan showed the fa-
mous “no wandering domain theorem” using Teichmiiller theory in the 1980s,
this subject has attracted many researchers from a wide area. For a general
reference on complex dynamical systems, see Milnor’s textbook [M].

There are several areas in which we deal with generalized notions of clas-
sical iteration theory of rational functions. One of them is the theory of dy-
namics of rational semigroups (semigroups generated by holomorphic maps
on the Riemann sphere C), and another one is the theory of random dynamics
of holomorphic maps on the Riemann sphere.

In this paper, we will discuss these subjects. A rational semigroup
is a semigroup generated by non-constant rational maps on ¢, where C de-
notes the Riemann sphere, with the semigroup operation being functional
~ composition ((HM1]). A polynomial semigroup is a semigroup generated
by non-constant polynomial maps. Research on the dynamics of rational
semigroups was initiated by A. Hinkkanen and G. J. Martin ([HM1],[HM2]),
who were interested in the role of the dynamics of polynomial semigroups
while studying various one-complex-dimensional moduli spaces for discrete
groups, and by F. Ren’s group([ZR], [GR]), who studied such semigroups
from the perspective of random dynamical systems. Moreover, the research
on rational semigroups is related to that on “iterated function systems” in
fractal geometry. In fact, the Julia set of a rational semigroup generated by
a compact family has “ backward self-similarity” (cf. Lemma 3.1-2). For
other research on rational semigroups, see [Stal], [Sta2], [Sta3], [SY], [SSS],
[SS], [SU1], [SU2], and [S1]-[S11].

The research on the dynamics of rational semigroups is also directly re-
lated to that on the random dynamics of holomorphic maps. The first study
in this direction was by Fornaess and Sibony ([FS]), and much research has
followed. (See [Br],[Bul],[Bu2], [BBR].)

We remark that the complex dynamical systems can be used to describe
some mathematical models. For example, the behavior of the population of
a certain species can be described as the dynamical system of a polynomial
f(2) = az(1 — z) such that f preserves the unit interval and the postcritical
set in the plane is bounded (cf. [D]). From this point of view, it is very
important to consider the random dynamics of such polynomials (see also
Example 1.4 ). For the random dynamics of polynomials on the unit interval,
see [Steins]. |

We shall give some definitions for the dynamics of rational semigroups:

Definition 1.1 ([HM1], [GR]). Let G be a rational semigroup. We set
F(G) = {z € C | G is normal in a neighborhood of z}, J(G) = C\ F(G).



F(QG) is called the Fatou set of G and J(G) is called the Julia set of G.
‘We let (hy,h,,...) denote the rational semigroup generated by the family
{h;}. The Julia set of the semigroup generated by a single map g is denoted

by J(g).
Definition 1.2.

1. For each rational map g : ¢ — C, weset CV(g) := {all critical values of
g:C— C} Moreover, for each polynomial map g : ¢ — C we set

CV*(g) = CV(g) \ {oo}.
2. Let G be a rational semigroup. We set

P(G) = | CV(g) (c ©).

g€G

This is called the postcritical set of G. Furthermore, for a polyno-
mial semigroup G, we set P*(G) := P(G) \ {oo}. This is called the
planar postcritical set (or finite postcritical set ) of G. We say
that a polynomial semigroup G is postcritically bounded if P*(G)
is bounded in C.

Remark 1.3. Let G be a rational semigroup generated by a family A of
rational maps. Then, P(G) = Uyeq 9(UneaCV (h)) and g(P(G)) C P(G)
for each g € G. From this formula, one can figure out how the set P(G)
(resp. P*(G)) spreads in € (resp. C). In fact, in Section 2.3, using the above
formula, we present a way to construct examples of postcritically bounded
polynomial semigroups (with some additional properties).

Example 1.4. Let A := {h(z) = c2*(1-2) | a,b €N, c >0, c(3%)*()°
< 1} and let G be the polynomial semigroup generated by A. Since for
each h € A, h([0,1]) C [0,1] and CV*(h) C [0,1], it follows that each
subsemigroup H of G is postcritically bounded.

Remark 1.5. It is well-known that for a polynomial g with deg(g) > 2,
P*({(g)) is bounded in C if and only if J(g) is connected ([M], Theorem 9.5).

As mentioned in Remark 1.5, the planar postcritical set is one piece of
important information regarding the dynamics of polynomials. Concerning
the theory of iteration of quadratic polynomials, we have been investigating
the famous “Mandelbrot set”.

When investigating the dynamics of polynomial semigroups, it is natural
for us to discuss the relationship between the planar postcritical set and the
figure of the Julia set. The first question in this regard is:



Question 1.6. Let G be a polynomial semigroup such that each element
g € G is of degree at least two. Is J(G) necessarily connected when P*(G)
is bounded in C?

The answer is NO.

Example 1.7 ([SY]). Let G = (23, %). Then P*(G) = {0} (which is bounded
in C) and J(G) is disconnected (J(G) is a Cantor set of round circles). Fur-
thermore, according to ([S5], Theorem 2.4.1), it can be shown that a small
perturbation H of G still satisfies that P*(H) is bounded in C and that
J(H) is disconnected. (J(H) is a Cantor set of quasi-circles with uniform
dilatation.)

Question 1.8. What happens if P*(G) is bounded in C and J(G) is discon-
nected?

Problem 1.9. Classify postcritically bounded polynomial semigroups.

In this paper, we investigate (semi-)hyperbolic, postcritically bounded,
polynomial semigroups generated by a compact family I" of polynomials. We
show that if G is such a semigroup with disconnected Julia set, and if there
exists an element g € G such that J(g) is not a Jordan curve, then, for al-
most every sequence y € I'N, the Julia set J, of 7 is a Jordan curve but not a
quasicircle, the basin of infinity A, is a John domain, and the bounded com-
ponent U, of the Fatou set F, of v is not a John domain (cf. Theorem 2.26).
Moreover, we classify the semi-hyperbolic, postcritically bounded, polyno-
mial semigroups generated by a compact family I" of polynomials. We show
that such a semigroup G satisfies either (I) every fiberwise Julia set is a qua-
sicircle with uniform distortion, or (II) for almost every sequence v € I'N, the
Julia set J, is a Jordan curve but not a quasicircle, the basin of infinity A,
is a John domain, and the bounded component U, of the Fatou set is not a
John domain, or (III) for every o, 8 € TN, the intersection of the Julia sets J,
and Jp is not empty, and J(G) is arcwise connected (cf. Theorem 2.30). Fur-
thermore, we also classify the hyperbolic, postcritically bounded, polynomial
semigroups generated by a compact family I of polynomials. We show that «
such a semigroup G satisfies either (I) above, or (II) above, or (III)’ for every
a, 3 € TN, the intersection of the Julia sets J, and Js is not empty, J Q@)
is arcwise connected, and for every sequence v € I'N, there exist infinitely
many bounded components of the Fatou set F, (cf. Theorem 2.32). We
give some examples of situation (II) above (cf. Example 2.27, Example 2.33
and Section 2.3). Note that situation (II) above is a special phenomenon of
random dynamics of polynomials that does not occur in the usual dynamics
of polynomials.



The key to investigating the dynamics of postcritically bounded polyno-
mial semigroups is the density of repelling fixed points in the Julia set (cf.
Theorem 3.2), which can be shown by an application of the Ahlfors five island
theorem, and the lower semi-continuity of v — J, (Lemma 3.4-2), which is a
consequence of potential theory. Moreover, one of the keys to investigating
the fiberwise dynamics of skew products is, the observation of non-constant
limit functions (cf. Lemma 3.12 and [S1]). The key to investigating the
dynamics of semi-hyperbolic polynomial semigroups is, the continuity of the
map -y +— J, (this is highly nontrivial; see [S1]) and the Johnness of the basin
A, of infinity (cf. [S4]). Note that the continuity of the map vy — J, does
not hold in general, if we do not assume semi-hyperbolicity. Moreover, one
of the original aspects of this paper is the idea of “combining both the theory
of rational semigroups and that of random complex dynamics”. It is quite
natural to investigate both fields simultaneously. However, no study thus far
has done so.

Furthermore, in Section 2.3, we provide a way of constructing examples of
postcritically bounded polynomial semigroups with some additional proper-
ties (disconnectivity of Julia set, semi-hyperbolicity, hyperbolicity, etc.) (cf.
Proposition 2.36, Theorem 2.39, Theorem 2.42). For example, by Proposi-
tion 2.36, there exists a 2-generator postcritically bounded polynomial semi-
group G = (hy, hy) with disconnected Julia set such that h; has a Siegel
disk.

As wee see in Example 1.4 and Section 2.3, it is not difficult to construct
many examples, it is not difficult to verify the hypothesis “postcritically
bounded”, and the class of postcritically bounded polynomial semigroups is
very wide.

Throughout the paper, we will see many phenomena in polynomial semi-
groups or random dynamics of polynomials that do not occur in the usual
dynamics of polynomials.

In Section 2, we present the main results of this paper. We give some
tools in Section 3. The proofs of the main results are given in Section 4.

2 Main results
In order to state the main results, we give some notations and definitions.

Definition 2.1. WesetRat: = {h:C - C|hisa non-constant rational map}
endowed with the topology induced by uniform convergence on C with respect

to the spherical distance. We set Poly := {h : C — C | h is a non-constant
polynomial map} endowed with the relative topology from Rat. Moreover,



we set Polyaeg>2 = {g € Poly | deg(g) > 2} endowed with the relative
topology from Rat.

Remark 2.2. Let d > 1, {p, }nen a sequence of polynomials of degree d, and
p a polynomial. Then, p, — p in Poly if and only if the coefficients converge
appropriately and p is of degree d.

Definition 2.3. Let G be the set of all polynomial semigroups G with the
following properties:

e each element of G is of degree at least two, and
e P*(G) is bounded in C, i.e., G is postcritically bounded.

Furthermore, we set G.on, = {G € G | J(G) is connected} and Gy, = {G €
G | J(G) is disconnected}. |

Notation: For a polynomial semigroup G, we denote by J = Jg the set of
all connected components J of J(G) such that J C C. Moreover, we denote
by J = Je the set of all connected components of J(G).

Remark 2.4. If a polynomial semigroup G is generated by a compact set
in Polygeg>2, then oo € F(G) and thus J = J.

Definition 2.5. For any connected sets K; and K; in C, “K; < K;” indi-
cates that K; = Kj, or K is included in a bounded component of C \ K.
Furthermore, “K; < K3” indicates K; < K3 and K; # K,. Note that “<” is
a partial order in the space of all non-empty compact connected sets in C.
This “<” is called the surrounding order.

Definition 2.6. For a polynomial semigroup G, we set

( )i={z€C| U{g(z } is bounded in C}

geG

and call K(G) the smallest filled-in Julia set of G. For a polynomial g,
we set K(g) := K({(g)).

Notation: For a set A C C, we denote by int(A) the set of all interior points
of A.
Notation: For a polynomial semigroup G with oo € F(G), we denote by
F(G) the connected component of F(QG) containing oo. Moreover, for a
polynomial g with deg(g) > 2, we set Fio(g) := Foo((9))-
In [S11], the following results (Theorem 2.7, Theorem 2.8 and Proposi-
tion 2.9) were shown. These results are used to present the main result of
this paper.



Theorem 2.7 ([S11]). Let G € G (possibly generated by a non-compact
family). Then

1. (J, <) is totally ordered.

2. Each connected component of F(G) is either simply or doubly con-
nected. |

8. For any g € G and any connected component J of J(G), we have
that g~1(J) is connected. Let g*(J) be the connected component of
J(G) containing g~(J). If J € J, then g*(J) € J. If 1, 2 € T and
Ji < Jo, then g71(Jy) < g7 (o) and g*(J1) < 9*(J2)-

Theorem 2.8 ([S11]). Let G € Gy4,. Under the above notation, we have the
. following.

1. We have that co € F(G) and the connected component Fo(G) of F(G)
containing oo is simply connected. Furthermore, the element Jpex =
Jmax(G) € J containing OF(G) is the unique element of J satisfying
that J < Jpax for each J € J.

2. There exists a unique element Juiyn = Jmin(G) € J such that Jmin < J
for each element J € J. Furthermore, let D be the unbounded compo-
nent of C\ Jpin- Then, P*(G) C K(G) ccC \ D and BK(G) C Jmin-

8. We have that int(K(G)) # 0.

Proposition 2.9 ([S11]). Let G be a polynomial semigroup generated by a
compact subset T of Polyqeg>2. Suppose that G € Guis. Then, there exists an
element hy € T with J(h;y) C Jnax and there exists an element hy € I' with
J(h2) C Jmin.

Notation: We denote by d the spherical distance on C. Given A C C and
z € C, we set d(z, A) = inf{d(z,w) | w € A}. Given A ¢ C and € > 0, we
set B(A,¢) := {a € C | d(a,A) < €}. Furthermore, given A C C, z € C,
and € > 0, we set d.(z, A) := inf{|z — w| | w € A} and D(A,¢) :={a € C|
de(a, A) < €}.

Deﬁnition 2.10 ([S1],[S4]).

1. Let X be a compact metric space, g : X — X a continuous map,
and f : X X C o> XxxCa contmuous map. We say that f is a
rational skew product (or fibered rational map on trivial bundle X x C)
over g : X — X, 1f7rof—go'n'where7r:XxC—-»Xdenot&s
the natural projection, and if for each z € X, the restriction f; :=



fle-1gzy : #7{z} — 771{g(z)} of f is a non-constant rational map,
under the canonical identification 7~1{z'} = C for each ' € X. Let
d(z) = deg(f;), for each z € X. Let f,, be the rational map defined
by: fen(y) = 7e(f*(z,9)), for each n € N,z € X and y € C, where
g 1 X X € — C is the projection map.

Moreover, if f;; is a polynomial for each £ € X, then we say that
f:Xx ¢ — X X Cisa polynomial skew product over g : X — X.

. Let I" be a compact subset of Rat. We set TN := {y = (v, 72,...) |

Vj,7; € T'} endowed with the product topology. This is a compact
metric space. Let o : N — I'N be the shift map, which is defined by
(Y1, %2 - --) = (¥2,7, . . . ). Moreover, we define a map f: I'N x C —
™ x C by: (7,9) = (¢0(7),m(v)), where v = (y1,7,...). This is
called the skew product assocxated with the family I of ratlonal
maps. Note that f,,(y) = 0 71(y).

Remark 2.11. Let f : X X € — X x C be a rational skew product over
g : X — X. Then, the function z — d(z) is continuous in X.

Definition 2.12 ([S1],[S4]). Let f : X x C — X x € be a rational skew
product over g : X — X. Then, we use the following notation.

1.

For each x € X and n € N, we set fI 1= f*p-1q5 : 7z} —
7 H{g"(z)} C X x C.
For each z € X, we denote by F;(f) the set of points y € C which

has a neighborhood U in C such that {f,, : U - C}nen is normal.
Moreover, we set F*(f) := {z} x F,(f) (C X x C).

For each z € X, we set J.(f) := C\ F,(f). Moreover, we set J(f) :=
{z} x Jo(f) (C X x C). These sets J°(f) and J,(f) are called the
fiberwise Julia sets.

We set J(f) := U.ex J2(f), where the closure is taken in the product
space X x C.

For each z € X, we set J2(f) == 7=z} N J(f). Moreover, we set
Jo(f) “Wc(J””(f))

We set F(f) := (X x C) \ J(¥).



Remark 2.13. We have J*(f) D J%(f) and J,(f) D Jo(f). However, strict
containment can occur. For example, let h; be a polynomial having a Siegel
disk with center 2; € C. Let hy be a polynomial such that z; is a repelling
fixed point of hg. Let T = {hy,ho}. Let f : I' x C — T' x C be the skew
product associated with the family T. Let z = (hy, h1; hy,...) € I'N. Then,
(z,21) € J*(F)\ J*(f) and z1 € Jo(f) \ Ju(/)-

Definition 2.14. Let f : X x € — X x € be a polynomial skew prod-
uct over g : X — X. Then for each z € X, we set K. (f) = {y €
C | {fen(¥)}nen is bounded in C}, and A,(f) := {y € C | fen(y) —
00, n — 0o}. Moreover, we set K*(f) := {z} x Ki(f) (C X x C) and

A5(f) = {a} x As(f) (C X x ©).

Definition 2.15. Let G be a polynomial semigroup generated by a subset
I of Polygeg>2. Suppose G € Gy, Then we set

Fin = {h el | J(h) - Jmin}a

where Jyi, denotes the unique minimal element in (J, <) in Theorem 2.8-
2. Furthermore, if Ty # @, let Guinr be the subsemigroup of G that is
generated by I'pin.

Remark 2.16. Let G be a polynomial semigroup generated by a compact
subset I of Polygeg>2. Suppose G € G4,. Then, by Proposition 2.9, we have
TCmin # 0 and T\ Ty # 0. Moreover, I'yin is a compact subset of I'. For,
if {hp}neN C Tmin and h, — he in I, then for a repelling periodic point
20 € J(hoo) of hoo, we have that d(z, J(h,)) — 0 as n — oo, which implies
that 2y € Jpin and thus hy € Myin.

Notation: Let F := {©, }nen be a sequence of meromorphic functions in a
domain V. We say that a meromorphic function 1 is a limit function of F
if there exists a strictly increasing sequence {n;};en of positive integers such
that ¢, — 1 locally uniformly on V, as j — oo.

Definition 2.17. Let G be a rational semigroup.
1. We say that G is hyperbolic if P(G) C F(G).

2. We say that G is semi-hyperbolic if there exists a number § > 0 and
a number N € N such that for each y € J(G) and each g € G, we
have deg(g : V — B(y,6)) < N for each connected component V' of
g~Y(B(y,d)), where B(y,d) denotes the ball of radius § with center y
with respect to the spherical distance, and deg(g : - — ) denotes the de-
gree of finite branched covering. (For background of semi-hyperbolicity,
see [S1] and [S4].)



Definition 2.18. Let f: X X C — X x C be a rational skew product over
g: X — X. We set

C(f) := {(z,y) € X x C | y is a critical point of f,1}.

Moreover, we set P(f) := Unenf™(C(f)), where the closure is taken in the
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product space X x C. This P(f) is called the fiber-postcritical set of f.

We say that f is hyperbolic (along fibers) if P(f) C F(f).

Definition 2.19 ([S1]). Let f : X x€ — X x C be a rational skew product
over g : X — X. Let N € N. We say that a point (zo,yo) € X X C belongs to
SHy(f) if there exists a neighborhood U of o in X and a positive number
¢ such that for any z € U, any n € N, any z, € g "(z), and any con-
nected component V' of (fz, n) " (B(¥0,9)), deg(fzpn : V — B(yo,0)) < N.
Moreover, we set UH(f) := (X X C) \ UnenSHy(f). We say that f is semi-
hyperbolic (along fibers) if UH(f) C F(f).

Remark 2.20. Under the above notation, we have UH(f) C P(f).

Remark 2.21. Let I be a compact subset of Rat and let f : TNxC — I'Nx(C
be the skew product associated with I'. Let G be the rational semigroup
generated by I'. Then, by Lemma 3.5-1, it is easy to see that f is semi-
hyperbolic if and only if G is semi-hyperbolic. Similarly, it is easy to see that
f is hyperbolic if and only if G is hyperbolic.

Definition 2.22. Let I' and S be non-empty subsets of Polygeg>2 with S C
. We set R(T,S) := {v=(7,7%,...) EIN|§({n € N| v, € §}) = o0} .

2.1 Fiberwise Julia sets that are Jordan curves but not
quasicircles

We present a result on a sufficient condition for a fiberwise Julia set J,(f) to
be a Jordan curve but not a quasicircle. The proofs are given in Section 4.1.

Definition 2.23. Let K > 1. A Jordan curve £ in C. is said to be a K-
quasicircle if there exists a K-quasiconformal map ¢ : C — C such that

E=p({zeC|l|z=1}).

Definition 2.24. Let V be a subdomain of C such that 8V ¢ C. We say
that V is a John domain if there exists a constant ¢ > 0 and a point zo € V
(290 = oo when oo € V) satisfying the following: for all 2; € V there exists an
arc £ C V connecting 2; to zg such that for any z € £, we have min{|z — a |
a €9V} >clz— 2|



Remark 2.25. Let V be a simply connected domain in C such that 8V c C.
It is well-known that if V is a John domain, then 0V is locally connected
([NV], page 26). Moreover, a Jordan curve { C C is a quasicircle if and only
if both components of C \ ¢ are John domains ([NV],Theorem 9.3).

Theorem 2.26. (Theorem A ) Let G be a polynomzal semigroup generated
by a compact subset T’ of Polygeg>a. Suppose that G € Gu,. Let f : INxC—
N x C be the skew product associated with the family T of polynomials. Let
m € N and suppose that there exists an element (hy, hg,... , hy) € I'™ such
that J(By, o - -- 0 hy) is not a quasicircle. Let @ = (a1, ay,...) € TN be the
element such that for each k,l € NU {0} with 1 <1 <m, agmy = hi. Then,
the following statements 1 and 2 hold.
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1. Suppose that G is hyperbolic. Let v € R(I',T \'I‘min) be an element

such that there exists a sequence {n}reN of positive integers satisfying
that o™ (y) — a as k — oo. Then, J,(f) is a Jordan curve but not a
quasicircle. Moreover, the unbounded component A,(f) of Fy(f) is a
John domain, but the unique bounded component U,, of F\(f) is not a
John domain.

2. Suppose that G is semi-hyperbolic. Let py € T' \ T'min be any element
and let B8 := (po, o1, 03,...) € TN. Lety € R(T',I'\ ') be an element
such that there exists a sequence {ny}xen of positive integers satisfying
that c™(y) — B as k — oo. Then, Jy(f) is a Jordan curve but not a
quasicircle. Moreover, the unbounded component A,(f) of F\(f) is a
John domain, but the unique bounded component U, of F\(f) is not a
John domain.

Example 2.27. Let g;(2) := 22 — 1 and g, := %. Let T := {g?, g2}. More-
over, let G be the polynomial semigroup generated by I'. Then, it is easy
to see that G € Gy, and G is hyperbolic. Moreover, it is easy to see that

Cmin = {42} Smce J ( 2) is not a Jordan curve, we can apply Theorem 2.26.
Setting o := (g2, 9%,9%,...) € IV, it follows that for any

v € {w € R(T,T\ Tnin) | I(ng) with o™ (w) — a},

Jy(f) is a Jordan curve but not a quasicircle, and A,(f) is a John domain
but the bounded component of F,(f) is not a John domain. (See Figure
1: Julia set of G above. In this example, Jg = {J,(f) | ¥ € T} and if

v # w, Iy(f) N Ju(f) =0.)



Figure 1: The Julia set of G = (g7, g2).

2.2 Random dynamics of polynomials and classifica-
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tion of compactly generated, (seml-)hyperbohc, poly—

nomial semigroups G in G

In this section, we present some results on the random dynamics of poly-
nomials. Moreover, we present some results on classification of compactly
generated, (semi-) hyperbolic, polynomial semigroups G in G. The proofs are
given in Section 4.2.

Let 7 be a Borel probablhty measure in Polygeg>3. We consider the i.id.
random dynamics on € such that at every step we choose a polynomial map
h:C-C according to the distribution 7. (Hence, this is a kind of Markov
process on C. )

Notation: For a Borel probability measure 7 in Polyg4e>2, We denote by
', the support of 7 in Polygeg>2. (Hence, I'; is a closed set in Polydeg>2 )
Moreover, we set 7 := ®%;7. This is a Borel probability measure in TN
Furthermore, we denote by G, the polynomial semigroup generated by I';.

Definition 2.28. Let X be a complete metric space. A subset A of X is
said to be residual if A is a countable intersection of open dense subsets of
X.

Theorem 2.29. (Theorem B) Let I' be a non-empty compact subset of
Polyaeg>2- Let f : TN x C — TN x C be the skew product associated with the
family T of polynomials. Let G be the polynomial semigroup generated by I'.

Suppose G € Gu,. Then, there exists a residual subset U of TN such that for
each Borel probability measure T in Polygeg>s with I'y = ', we have FU) =1,
and such that each v € U satisfies all of the following.

1. There exists ezactly one bounded component Uy of F,(f). Furthermore,
ou,, = Jy(f).



2. Each limit function of {fyn}n in U, is constant. Moreover, for each

~

y € U,, there exists a number n € N such that fy,(y) € int(K(G)).

8. J(f) = J,(f). Moreover, the map w — J.(f) defined on TN is con-
tinuous at vy, with respect to the Hausdorff topology in the space of
non-empty compact subsets of C.

4. The 2-dimensional Lebesque measure of J,(f) = J,(f) is equal to zero.

Next we present a result on compactly generated, semi-hyperbolic, poly-
~ nomial semigroups in G.

Theorem 2.30. (Theqrem C) Let T be a non-empty compact subset of
Polygeg>a. Let f: TN x C — I'N x C be the skew product associated with the
family T of polynomials. Let G be the polynomial semigroup generated by I'.
Suppose that G € G and that G is semi-hyperbolic. Then, ezactly one of the
following three statements 1, 2, and 3 holds.

1. G is hyperbolic. Moreover, there ezists a constant K > 1 such that for
each v € TN, J,(f) is a K-quasicircle. |

2. There exists a residual subset U of TN such that for each Borel prob-
ability measure T in Polygeg>2 with I'y = T', we have 7(U) = 1, and
such that for each vy € U, J,(f) is a Jordan curve but not a quasicircle,
A,(f) is a John domain, and the bounded component of F,(f) is not a
John domain. Moreover, there ezists a dense subset V of TN such that
for each v € V, J,(f) is not a Jordan curve. Furthermore, there exist
two elements o, 8 € TN such that Jp(f) < Ju(f).

3. There exists a dense set V in TN such that for each vy € V, J,
not a Jordan curve. Moreover, for each a, 8 € TN, Jo(f) N Jp(f
FPurthermore, J(G) is arcwise connected.

Corollary 2.31. Let I' be a non-empty compact subset of Polygeg>a. Let
f N xC — INx C be the skew product associated with the family T
of polynomials. Let G be the polynomial semigroup generated by I'. Suppose
that G € Gy, and that G is semi-hyperbolic. Then, either statement 1 or
statement 2 in Theorem 2.30 holds. In particular, for any Borel Probability
measure T in Polygeg>2 with I'y =T, for almost every v € I'N with respect to
7, Jy(f) is a Jordan curve.

We now classify compactly generated, hyperbolic, polynomial semigroups

in G.

13
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Theorem 2.32. (Theorem D) Let T' be a non-empty compact subset of
Polygeg>a- Let f: TN x C — ' x C be the skew product associated with the
family U'. Let G be the polynomial semigroup generated by I'. Suppose that
G € G and that G is hyperbolic. Then, exactly one of the following three
statements 1, 2, 8 holds.

1. There ezists a constant K > 1 such that for each v € TN, J,(f) is a
K -quasicircle.

2. There exists a residual subset U of TN such that for each Borel prob-
ability measure T in Polygeg>e with I'y = I', we have #(U) = 1, and
such that for each v € U, J,(f) is a Jordan curve but not a quasicircle,
A,(f) is a John domain, and the bounded component of Fy(f) is not
a John domain. Moreover, there exists a dense subset V of TN such
that for each v € V, J,(f) is a quasicircle. Furthermore, there exists
a dense subset W of TN such that for each v € W, there are infinitely
many bounded connected components of F,(f).

8. For each v € TN, there are infinitely many bounded connected com-
ponents of Fy(f). Moreover, for each a,8 € I'N, J,(f) N Js(f) # 0.
Furthermore, J(G) is arcwise connected.

Example 2.33. Let h;(z) := 22 — 1 and hy(2) := az?, where a € C with
0 < |a] <0.1. Let T' := {hy, ho}. Moreover, let G := (hy, hy). Let U := {|2] <
0.2}. Then, it is easy to see that hy(U) C U ha(hy(U)) C U, and R3(U) C U.
Hence, U C F(G). It follows that P*(G) C int(K(G)) C F(G). Therefore,
G € G and G is hyperbolic. Since J(h;) is not a Jordan curve and J(h;) is a
Jordan curve, Theorem 2.32 implies that there exists a residual subset U of
I'N such that for each Borel probability measure 7 in Polygeg>2 with I'; =T,
we have 7(U) = 1, and such that for each v € U, J,(f) is a Jordan curve but
not a quasicircle. Moreover, for each v € U, A,(f) is a John domain, but the
bounded component of F,(f) is not a John domain. Furthermore, by [S11],
J(G) is connected.

Remark 2.34. Let h € Polygeg>2 be a polynomial. Suppose that J(h) is a
Jordan curve but not a quasicircle. Then, it is easy to see that there exists
a parabolic fixed point of h in C and the bounded connected component of
F(h) is the immediate parabolic basin. Hence, (h) is not semi-hyperbolic.
Moreover, by [CJY], F(h) is not a John domain.

Thus what we see in statement 2 in Theorem 2.30 and statement 2 in
Theorem 2.32, as illustrated in Example 2.27, Example 2.33, the following
Section 2.3 and Proposition 2.40, is a special phenomenon which can hold
in the random dynamics of a family of polynomials, but cannot hold in the



usual iteration dynamics of a single polynomial. Namely, it can hold that for
almost every v € TN, J,(f) is a Jordan curve and fails to be a quasicircle all
while the basin of infinity A,(f) is still a John domain. Whereas, if J(h),
for some polynomial A, is a Jordan curve which fails to be a quasicircle, then
the basin of infinity F,(h) is necessarily not a John domain.

Pilgrim and Tan Lei ([PT]) showed that there exists a hyperbolic ratio-
nal map h with disconnected Julia set such that “almost every” connected
component of J(h) is a Jordan curve but not a quasicircle.

Proposition 2.35. Let I' be a non-empty compact subset of Polygeg>2. Let
f:TNxC — I'N x C be the skew product associated with the family T'. Let G
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be the polynomial semigroup generated by T'. Suppose that P*(G) is included

in a connected component of int(K(G)). Then, there exists a constant K > 1
such that for each v € TN, J,(f) is a K-quasicircle.

2.3 Construction of examples
We present a way to construct examples of semigroups G in Gg;,.

Proposition 2.36. Let G be a polynomial semigroup generated by a compact
subset T' of Polygeg>2. Suppose that G € G and int(K(G)) # 0. Let b €
int(K (G)). Moreover, let d € N be any positive integer such that d > 2, and
such that (d,deg(h)) # (2,2) for each h € I'. Then, there exists a number
¢ > 0 such that for each a € C with 0 < |a| < c, there erxists a compact
neighborhood V' of g.(2) = a(z — b)? + b in Polygeg>2 satisfying that for any
non-empty subset V' of V, the polynomial semigroup Hry generated by the
family T U V' belongs to Gy, R(Hp,vl) = K(G) and (T U V)pin = Cain.
Moreover, in addition to the assumption above, if G is semi-hyperbolic (resp.
hyperbolic), then the above Hry: is semi-hyperbolic (resp. hyperbolic).

Remark 2.37. By Proposition 2.36, there exists a 2-generator polynomial
semigroup G = (hy, hs) in Gy, such that h; has a Siegel disk.

Definition 2.38. Let d € N with d > 2. We set ), := {h € Poly | deg(h) =
d} endowed with the relative topology from Poly.

Theorem 2.39. Let m > 2 and let d,dy, ... ,dn € N such that d; > 2 for
each j =1,...,m. Let hy € V4, with int(K (hy)) # 0 such that (h,) € G. Let
be, b3, ... by € int(K(hy)). Then, all of the following statements hold.

1. Suppose that (h,) is semi-hyperbolic (resp. hyperbolic). Then, there
exists a number ¢ > 0 such that for each (az,as,... ,an,) € C™ ! with
0<laj| <c(i=2...,m), setting hj(z) = aj(z—bj)¥ +b; (j =



2,...,m), the polynomial semigroup G = (hy,...,hy) satisfies that
G € G, K(G) = K(h1) and G is semi-hyperbolic (resp. hyperbolic).

2. Suppose that (hy) is semi-hyperbolic (resp. hyperbolic). Suppose also
that either (i) there exists a j > 2 with d; > 3, or (i) d; = 3,
b = -+ = by. Then, there exist az,a3,...,a, > 0 such that set-
ting hj(z) = a;j(z—b;)% +b; (1 =2,...,m), the polynomial semigroup
G = (hy,hy, ..., hy) satisfies that G € Gy, R(G’) = K(h;) and G is
semi-hyperbolic (resp. hyperbolic).

Proposition 2.40. Let hy be a polynomial with deg(hy) > 2 such that (h,) is
semi-hyperbolic (resp. hyperbolic), P({h1))\{oo} is bounded in C, int(K (h,))
# 0, and J(hy) is not a Jordan curve. Moreover, let d € N with d > 2 and
let b € int(K(hy)). Then, there ezxists a number ¢ > 0 such that for each
a € C with 0 < |a| < ¢, setting hy(2) = a(z — b)? + b € YV; and setting
I' = {h1, hy}, statement 2 in Theorem C (resp. statement 2 in Theorem D)
holds. :
Definition 2.41. Let m € N. We set

® Hpi={(h1,.-. ,hm) € (POly4ega)™ | (P1,... , hm) is hyperbolic},
® Bm = {(hl, .o ,hm) € (POIYdegZ2)m I <h1, .o ,hm) € g}, a.nd

® Dy = {(h1,--. , hn) € (Polygeg>2)™ | J({h1,... , hm)) is disconnected}.

Moreover, let m; : (Polygeg>2)™ — Polygeg>o be the projection defined by
7I'(h1,... ,hm) =h1.

Theorem 2.42. Under the above notation, all of the following statements
hold. ‘ '

1. Hony Hm N B, Hn N D, and H N By N Dy, are open in (Polygeg>z)™.

2. Letd,,...,d, € N such thatd; > 2 for eachj=1,...,m.
Then, w1 : Hy N B N (Vgy X - -+ X V) = H1 N By N Yy, is surjective.

3. Let dy,...,dn € N such that d; > 2 for each j = 1,... ,m and such
that (d, ... ,dn) # (2,2,...,2). Then, m : Hpm N Bp N Dy, N (Y, ¥
v X Vg ) = Hy 0By N Yy, is surjective.
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Remark 2.43. Combining Proposition 2.36, Theorem 2.39, and Theorem 2.42,

we can construct many examples of semigroups G in G (or Gg,) with some
additional properties (semi-hyperbolicity, hyperbolicity, etc.).
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3 Tools

To show the main results, we need some tools in this section.

3.1 Fundamental properties of rational semigroups

Notation: For a rational semigroup G, we set E(G) := {z € C | #(Uecg~*{2})
< 00}. This is called the exceptional set of G.

Lemma 3.1 ([HM1],[GR],[S1]). Let G be a rational semigroup.

1. For each h € G, we have h(F(G)) C F(G) and h™*(J(G)) C J(G).
Note that we do not have that the equality holds in general.

2. IfG=(hy,... , hn), then J(G) = h{(J(G)) U --- UK (J(G)). More
generally, if G is generated by a compact subset I' of Rat, then J(G) =
Urerh 1 (J(G)). (We call this property of the Julia set of a compactly
generated rational semigroup “backward self-similarity.” )

3. If#(J(G)) 23, then J(G) is a perfect set.

4. IFH(J(G)) 2 3, then §E(G) < 2.

5. If a point 2z is not in E(G), then J(G) C Uyecg—2({2}). In particular
if a point z belongs to J(G) \ E(G), then Usegg~1({z}) = J(G).

6. If§(J(G)) = 3, then J(G) is the smallest closed backward invariant set
containing at least three points. Here we say that a set A is backward
invariant under G if for each g € G, g71(A) C A.

Theorem 3.2 ([HM1),[GR],[S1]). LetG be a rational semigroup. If#(J(G))
> 3, then J(G) = {€C|3g € G, g(2) = 2z, |g(2)| > 1}. In particular,
J(G) = Uec J(9)-

Remark 3.3. If a rational semigroup G contains an element g with deg(g) >
2, then #(J(g)) > 3, which implies that §(J(G)) > 3.

3.2 Fundamental properties of fibered rational maps

Lemma 8.4. Let f : X x C — X x € be a rational skew product over
g: X — X. Then, we have the following.



1. (Lemma 2.4 in [S1]) For each z € X, (fz1) W (Jg)(f)) = Ju(f).
Furthermore, we have J,(f) D Jz(f). Note that equality J,(f) =
Jz(f) does not hold in general.

If g: X — X is a surjective and open map, then f-1(J(f)) = J(f) =
f(J(f)), and for each z € X, (f:z: 1)” ( g(x)( ) = Jz(f)

2. (13], [S1]) If d(z) > 2 for each z € X, then for each z € X, Jz(f)
is a non-empty perfect set with §(J,( f)) 2 3. Furthermore, the map
z — Jo(f) is lower semicontinuous; i.e., for any point (z,y) € X x C
with y € Jz(f) and any sequence {x"}neN in X with z™ — z, there
exists a sequence {y"}neN in C with y™ € Jon(f) for each n € N such
that y* — y. However, x — J(f) is NOT continuous with respect to
the Hausdorff topology in general. .

8. If d(z) > 2 for each z € X, then inf,cxdiamgJ;(f) > 0, where diamsg
denotes the diameter with respect to the spherical distance.

4. If f: X x C X xCis a.polynomial skew product and d(z) > 2 for

each z € X, then we have that there erists a ball B around oo such
that for each x € X, B C A,(f) C F.(f), and that for each z € X,
Jo(f) = 0(K.(f)) = 0(Az(f)). Moreover, for each x € X, A,(f) is

connected.

5. Iff: X x € — X x C is a polynomial skew product and d(z) > 2
for each z € X, and if w € X is a point such that int(K,(f)) is a
non-empty set, then int(K,(f)) = K.(f) and 8(int(K,(f))) = Ju(f).

Lemma 3.5. Let f : TN x C — I'N x € be a skew product associated with
a compact subset I' of Rat. Let G be a rational semigroup generated by I'.
Suppose that §(J(G)) > 3. Then, we have the following.

1. 7e(J(f) = J(G).
2. For eachy = (M,7,--.,) €IV, Jy(f) = N2yt 47 (J(G)).

Lemma 3.6. Let f : X X CoXxxCohea polynomial skew product over
g : X — X such that for each z € X, d(z) > 2. Then, the following are
equivalent. :

1. wa(P(f)) \ {oo} is bounded in C.
2. For each z € X, J.(f) is connected.
8. For each z € X, J,(f) is connected.
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Corollary 3.7. Let G = (hy, hy) € G. Then, h{*(J(hy)) is connected.

Lemma 3.8. Let G be a polynomial semigroup generated by a compact subset
I' of Polygeg>a. Let f : TN x C — N x C be the skew product associated with
the family T. Suppose that G € G. Then for eachy = (v1,72,...,) € I, the
sets Jy(f), Jy(f), and 02yt -4 H(J(G)) are connected.

J=

Lemma 3.9. Under the same assumption as that in Lemma 8.8, let v,p €
TN be two elements with J,(f) N J,(f) = 0. Then, either J,(f) < J,(f) or

Jo(f) < Iy (f)-

Definition 3.10. Let f : TN x C >IN x C be a polynomial skew product
over g: X — X. Let p € C and ¢ > 0. We set
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Fipe:={a:D(p,e) » C| ais a well-defined inverse branch of (f;,)" !,z €

X,n € N}.

Lemma 3.11. Let f : TN x € — I'N x C be a polynomial skew product over
9: X — X such that for each z € X, d(z) > 2. Let R > 0,¢ > 0, and
F:={aopf:D0,1) - C|B:D0,1) = D(p,e), a: D(p,e) > C, a€
Fipes P € D0, R)}. Then, F is normal on D(0,1).

The following three results are the keys to prove the main results. In fact,
these are non-trivial and difficult to show.

Lemma 3.12 ([S1], [S11]). Let f : X x C — X x C be a polynomial skew
product over g : X — X such that for eachw € X, deg(f,) > 2. Letz € X be
a point and yo € F(f) a point. Suppose that there exists a strictly increas-

ing sequence {n;}jen of positive integers such that the sequence {fzn;}jeNn

converges to a non-constant map around yo, and such that lim; .o f™(z, yo)

ezists. We set (Too, Yoo) := limj_.eo f™ (2, Y0). Then, there exists a non-empty

bounded open set V in C, a point zo, in X, and a number k € N such that
{z} x OV C J(f)NUH(f) C J(f) N P(f), and such that for each j with

32Kk, fan;(%0) €V.

Theorem 3.13 ([S1], Theorem 2.14). Let f : X xC — X xC be a semi-
hyperbolic polynomial skew product over g : X — X. Suppose that for each
t € X, d(z) > 2. Then, the map z — J,(f) defined for all z € X is
continuous, with respect to the Hausdorff topology in the space of non-empty
compact subsets of C.

Theorem 3.14 ([S4], Theorem 1.12). Let f : X xC — X xC be a semi-
hyperbolic polynomial skew product over g : X — X. Suppose that for each
z € X, d(z) > 2, and that 7¢(P(f)) N C is bounded in C. Then, for each
z € X, A,(f) is a John domain and J,(f) is locally connected.



Using the above result, we can show the following.

Proposition 3.15. Let f : X X € — X x C be a semi-hyperbolic polynomial
skew product over g : X — X. Suppose that for each x € X, d(z) > 2, and
that ma(P(f)) NC is bounded in C. Let w € X be a point. If int(K,(f)) is a
non-empty connected set, then J,(f) is a Jordan curve.

Proof. By ([S4], Theorem 1.12) and Lemma 3.6, we get that the unbounded
component A,(f) of F,(f) is a John domain and J.(f) = 9(A.(f)) (cf.

Lemma 3.4) is locally connected. Moreover, by Lemma 3.4-5, we have
d(int(K,(f))) = J(f). Hence, we see that €\ J.(f) has exactly two con-
nected components A,(f) and int(K,(f)), and that J,(f) is locally con-
nected. By Lemma 5.1 in [PT], it follows that J,(f) is a Jordan curve.
Thus, we have proved Proposition 3.15. O

4 Proofs of the main results

In this section, we demonstrate the main results.

4.1 Proofs of results in 2.1

In this section, we demonstrate Theorem 2.26. We need the following nota-
tions and lemmas.

Definition 4.1. Let h be a polynomial with deg(h) > 2. Suppose that J(h)
is connected. Let ¥ be a biholomorphic map C \ D(0,1) 1) = _Fw(h) with

1(00) = 0o such that ¥~ o h o ¢(z) = 29", for each 2 € C \ D(0,1). (For
the existence of the biholomorphic map v, see [M], Theorem 9.5.) For each
6 € 8D(0,1), we set T(0) := ¢({rf | 1 < r < oo}). This is called the external
ray (for K(h)) with angle 0. |

Lemma 4.2. Let h be a polynomial with deg(h) > 2. Suppose that J(h) is
connected and locally connected and J(h) is not a Jordan curve. Moreover,
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suppose that there exists an attracting periodic point of h in K(h). Then, for

any € > 0, there exist a point p € J(h) and elements 6,,0, € 0D(0,1) with
6, # 05, such that all of the following hold.

1. For each i = 1,2, the external ray T'(6;) lands at the point p.

2. Let V; and Vy be the two connected components of €\ (T(6,)UT(6;) U
{p}). Then, for eachi = 1,2, V; N J(h) # 0. Moreover, there exists an
i such that diam (V; N K(h)) < e



Lemma 4.3. Let G be a polynomial semigroup generated by a compact subset
' of Polygeg>s- Let f : TN x € — I'N x C be the skew product associated
with the family I'. Suppose G € Ggs. Let m € N and suppose that there
exists an element (hy,...,h,) € I'™ such that setting h = hpy 0 -+ 0 hy,
J(h) is connected and locally connected, and J(h) is not a Jordan curve.
Moreover, suppose that there exists an attracting periodic point of h in K(h).
Let a = (ay,03,...) € TN be the element such that for each k,1 € NU {0}
wzth 1 <1< m, Qpmyt = l. Let pp € T'\ Iy be _an element and let

= (po,01,03,...) € IN. Moreover, let 95 : C\ D(0,1) — As(f) be a
biholomor_phz’c map with Yg(00) = oco. Furthermore, for each 6 € 8D(0,1),
let Tg(0) = g({r0 | 1 < r < 00}). Then, for any € > 0, there exist a point
p € Jg(f) and elements 0,,0, € 8D(0,1) with 6, # 02, such that all of the
following statements 1 and 2 hold.

1. For eachi=1,2, T5(8;) lands at p.

2. Let V; and Vs be the two connected components of C\ (Ts(6y) UT5(6;)U
{p}). Then, for eachi = 1,2, V;NJs(f) # 0. Moreover, there exists an ¢
such that diam (ViNKz(f)) < € and such that VN Js(f) C o5 (J(@)) C
C\ P(G).

Lemma 4.4. Let f : TN x C — I'N x € be a polynomial skew product over
g: X — X such that for each z € X, d(z) > 2. Let v € X be a point.
Suppose that J,(f) is a Jordan curve. Then, for each n € N, Jypn(y(f) is a
Jordan curve. Moreover, for each n € N, there exists no critical value of fyn

n Jgn() (f)-

Lemma 4.5. Let f : X x C — X x C be a polynomial skew product over
g : X — X such that for each z € X, d(z) > 2. Let u > 0 be a number.
Then, there exists a number § > 0 such that the following statement holds.

o Let w € X be any point and p € J,(f) any point with min{|p — b| |
b € me(P(f)) N C} > p. Suppose that Jo,(f) is connected. Let ¢ :
C\ D(0,1) — Au(f) be a biholomorphic map with ¥(co) = oco. For
each § € 0D(0,1), let T(0) = ¢¥({rf | 1 < r < oo}). Suppose that there
exist two elements 6,,05 € 0D(0,1) with 0, # 02 such that for each i =
1,2,, T(6;) lands at p. Moreover, suppose that a connected component
V of C\ (T(6:) UT(6) U {p}) satisfies that diam (V N K,(f)) < é.
Furthermore, let v € X be any point and suppose that there exists a
sequence {n}ren of positive integers such that g"*(y) — w as k — oo.
Then, J,(f) is not a quasicircle.
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Proof. Let > 0.Let R > 0 with 7&(J(f)) € D(0, R). Combining Lemma 3.11
and Lemma 3.4-3, we see that there exists a 0 > 0 with

0 < & < 3 min{inf,cx diam J.(f), u} such that the following statement
holds:

e Let z € X be any point and n € N any element. Let p € D(0, R) be any
point with min{|p — b| | b € na(P(f)) NC} > u. Let ¢ : D(p,p) — C
be any well-defined inverse branch of (f;»)™! on D(p, u). Let A be any
subset of D(p, §) with diam A < . Then,

diam $(A) < 1—10:2f diam J,(f). (1)

We set 6 := --0g. Let w € X and p € J,(f) with mln{lp b| | b€1rc( (H)N

C} > p. Suppose that J,,(f) is connected and let v : C\ D(0,1) — A,(f) be
a biholomorphic map with ¥(00) = oo. Setting T'(8) := ¢({rf | 1 < r < o0})
for each 6 € 8D(0, 1), suppose that there exist two elements 6,, 6, € 8D(0, 1)
with 6; # 0, such that for each ¢« = 1,2, T(6;) lands at p. Moreover, suppose
that a connected component V of C \ (T(Bl) UT(6;) U {p}) satisfies that

diam(V N K, (f)) < 6. 2)

Furthermore, let v € X and suppose that there exists a sequence {n}ien
of positive integers such that g"*(y) — w as kK — oo. We now suppose that
Jy(f) is a quasicircle, and we will deduce a contradiction. Since g™ (y) — w
as k — oo, we obtain

max{de(b, Ku(f)) | b € Jgmu()(f)} — 0 as k — oo, (3)

We take a point a € V N J,(f) and fix it. By Lemma 3.4-2, there exists a
number ky € N such that for each k£ > kg, there exists a point y; satisfying
that

U € Joreen () 0 D, '“lgkpl). (4)

Let V' be the connected componeht of C\ (T(6,) UT(6,) U {p}) with V' £ V.
Then, by Lemma 17.5 in [M],

V'O J(f) #0. v (5)

Combining (5) and Lemma 3.4-2, we see that there exists a k(> ko) € N
such that for each k > k;,

Vin Jgﬂk("/)(f) # 0. (6)



By assumption and Lemma 4.4, for each k > ky, Jyne(4)(f) is a Jordan curve,
Combining it with (4) and (6), there exists a ko(> k1) € N satisfying that
for each k > ks, there exists a smallest closed subarc & of Jyme(y)(f) = S
such that yx € &, & C V, #(& N (T(6;) UT(62) U {p})) = 2, and such that
€k # Jgnr(y)(f). For each k > ky, let y;1 and y 2 be the two points such that
{Yk,1,yk2} = & N (T(61) UT(62) U {p}). Then, (3) implies that

Yri — p as k — oo, for each ¢ =1,2. (7)

Combining that & C V U {yk,1, ¥z}, (3), and (2), we get that there exists a
k3(> k2) € N such that for each k > ks,

8
v (8)

Moreover, combining (4) and (7), we see that there exists a constant C' > 0
such that

diam fk <

diam & > C. (9)

Combining (7), (8), and (9), we may assume that there exists a constant
C > 0 such that for each k € N,

C < diam & < % and & C D(p, ) C C\ ma(P(f))- (10)

By Lemma 4.4, each connected component v of (fy,,) (&) is a subarc of
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J,(f) & S! and fyn, : v — & is a homeomorphism. For each k € N, let

Mt be a connected component of (fyn, )" (&), and let 21, 2k2 € A be the
two endpoints of A such that f, . (2k1) = Yk1 and fyn, (2k2) = Ykz2- Then,
combining (1) and (10), we obtain

diam\, < diam (J,(f) \ M), for each k € N. (11)
Moreover, combining (7), (10), and Koebe distortion theorem, it follows that
_diam A, oo as k — oo. (12)

| 2k,1 — 2k,2]

Combining (11) and (12), we conclude that J,(f) can not be a quasicircle,
since we have the following well-known fact:

Fact([LV], Section 2): Let £ be a Jordan curve in C. Then, £ is a quasicircle
if and only if there exists a constant K > 0 such that for each 2;,2; € £, we

have diam A(e1,zz) < K, where \(21, z;) denotes the smallest closed subarc of £

|z1—22|

such that z;, 2, € A(21, 2;) and such that diam A(2, 2) < diam (§\A(z1, 22)).
Hence, we have proved Lemma 4.5. O



In [S11], the following fact was shown.

Theorem 4.6 ([S11]). Let G be a polynomial semigroup generated by a
compact subset I of Polygeg>2. Let f : N x C = I'N x C be the skew product
assoctated with the family I'. Suppose that G € Gg;s anq! that G is semi-
hyperbolic. Let v € R(T',T'\ I'yin) be any element. Then, J,(f) = J,(f) and
Jy(f) is a Jordan curve. Moreover, for each point yo € int(K,(f)), there

exists an n € N such that f,.(yo) € int(K(G)).

We now demonstrate Theorem 2.26-1.
Proof of Theorem 2.26-1: Let vy be as in Theorem 2.26-1. Then, by
Theorem 4.6, J,(f) is a Jordan curve. Moreover, setting h = hp, 0--- 0 hy,
since h is hyperbolic and J(h) is not a quasicircle, J(h) is not a Jordan
curve. Combining it with Lemma 4.5 and Lemma 4.2, it follows that J,(f) is
not a quasicircle. Moreover, A,(f) is a John domain(cf. [S4], Theorem 1.12).
Combining the above arguments with ([NV], Theorem 9.3), we conclude that
the bounded component U, of F,(f) is not a John domain.

Thus, we have proved Theorem 2.26-1.

O

We now demonstrate Theorem 2.26-2.
Proof of Theorem 2.26-2: Let py, 3,7 be as in Theorem 2.26-2. By
Theorem 4.6, J,(f) is a Jordan curve. By Theorem 2.8-3, we have § #
int(K(G)) C int(K(h)). Moreover, h is semi-hyperbolic. Hence, h has an
attracting periodic point in K (h). Combining Lemma 4.5 and Lemma, 4.3,
we get that J,(f) is not a quasicircle. Combining it with the argument in
the proof of Theorem 2.26-1, it follows that A,(f) is a John domain, but the
bounded component U, of F,(f) is not a John domain.

Thus, we have proved Theorem 2.26-2.
0O

4.2 Proofs of results in 2.2

In this subsection, we will demonstrate results in Section 2.2. To demonstrate
Theorem 2.30, we need several lemmas.

Lemma 4.7. Let T be a compact set in Polyeg>z. Let f : TN xC - TN x €
be the skew product associated with the family I'. Let G be the polynomial
semigroup generated by I'. Suppose that G € G and that G is semi-hyperbolic.
Moreover, suppose that there exist two elements a, 8 € TN such that Js(f) <
Jo(f). Let v € TN and suppose that there erists a sequence (ny) in N such
that o™ (y) — a as k — oo. Then, J,(f) is a Jordan curve.
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Lemma 4.8. Let T be a non-empty compact subset of Polyaeg>z. Let f : TN x
C - N x C be the skew product associated with the family I' of polynomials.
Let G be the polynomial semigroup generated by I'. Let a,p € TN be two
elements. Suppose that G € G, that G is semi-hyperbolic, that « ts a periodic
point of 0 : TN — I'N| that J,(f) is a quasicircle, and that J,(f) is not a
Jordan curve. Then, for each ¢ > 0, there exist n € N and two elements
61,62 € 0D(0,1) with 6, # 6, satisfying all of the following.

1. Letw = (a1,...,0n p1,p2,...) €N and let v : C\ D(0,1) = A,(f)
be a biholomorphic map with ¥(o0) = co. Moreover, for each i = 1,2,
let T(6;) := v({rb; | 1 < r < oo}). Then, there ezists a point p € J,(f)
such that for each i = 1,2, T(6;) lands at p.

2. Let Vi and V; be the two connected components of C\ (T(6;) UT(6;) U
{p}). Then, for eachi=1,2, V,NJ,(f) # 0. Moreover, there exists an
i € {1,2} such that diam (V; N K,(f)) < ¢, and such that V; N J,(f) C
D(Ja(f),€).

Lemma 4.9. Let I' be a non-empty compact subset of Polygeg>2. Let f :
I'Nx C — I'N x C be the skew product associated with the family I' of poly-
nomials. Let G be the polynomial semigroup generated by . Let o, B, p € TN
be three elements. Suppose that G € G, that G is semi-hyperbolic, that o
is a periodic point of o : TN — TN, that Js(f) < Ju(f), and that J,(f)
s not a Jordan curve. Then, there exists an n € N such that setting w =
(1y--. 00, p1,p2,...) €TN andU := {y € TN | 3{m;};en, Hni}ren, 0™ (7)
— a, o™(y) — w}, we have that for each v € U, J,(f) is a Jordan curve
but not a guasicircle, A,(f) is a John domain, and the bounded component
U, of Fy(f) is not a John domain.

In [S11], the following result was shown.

Theorem 4.10 ([S11]). (Uniform fiberwise quasiconformal surgery)
Let f : XxC > X xC bea polynomial skew product over g : X — X
such that for each € X, d(z) > 2. Suppose that f is hyperbolic and that
Te(P(f)) \ {o0} is bounded in C. Moreover, suppose that for each z € X,
int(K,(f)) is connected. Then, there exists a constant K such that for each
z € X, Jo(f) is a K-quasicircle.

We now demonstrate Theorem 2.30.
Proof of Theorem 2.30: We suppose the assumption of Theorem 2.30.
We will consider several cases. First, we show the following claim.
Claim 1: If J,(f) is a Jordan curve for each v € I'N, then statement 1 in
Theorem 2.30 holds.
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To show this claim, Lemma 4.4 implies that for each v € X, any critical
point v € 771~} of f, : 77{y} — 7 {o(y)} (under the canonical iden-
tification 7~ 1{v} & 7~ {o(v)} & C) belongs to F7(f). Moreover, by ([s1],
Theorem 2.14-(2)), J(f) = U,ernJ?(f). Hence, it follows that C(f) C F(f).
~ Therefore, C(f) is a compact subset of F(f). Since f is semi-hyperbolic,
([81], Theorem 2.14-(5)) implies that P(f) = J,x f*(C(f)) C F(f). Hence,
f: N x € - I'N x C is hyperbolic. Combining it with Remark 2.21, we
conclude that G is hyperbolic. Moreover, Theorem 4.10 implies that there
exists a constant K > 1 such that for each v € TN, J.(f) is a K-quasicircle.
Hence, we have proved Claim 1.

Next, we will show the following claim.

Claim 2: If Jo(f)NJg(f) # 0 for each (o, B) € TN x I'N, then J(G) is arcwise
connected. _

To show this claim, since G is semi-hyperbolic, combining ([S4],Theorem
1.12), Lemma 3.6, and ([NV], page 26), we get that for each v € TN, A,(f) is
a John domain and J,(f) is locally connected. In particular, for each v € I'N,

Jy(f) is arcwise connected. - (13)

Moreover, by Theorem 2.14(2) in [S1], we have
J(f) = Uyern J(f)- - (19)

Combining (13), (14) and Lemma 3.5-1, we conclude that J(G) is arcwise
connected. Hence, we have proved Claim 2.

Next, we will show the following claim.

Claim 3: If J,(f) N Js(f) # 0 for each (o, 5) € TN x TN, and if there exists
an element p € I'N such that J,(f) is not a Jordan curve, then statement 3
in Theorem 2.30 holds.

To show this claim, let V := Upen(0™)}({p}). Then, V is a dense subset
of I'N. By Lemma 4.4, it follows that for each v € V, J,(f) is not a Jordan
curve. Combining this result with Claim 2, we conclude that statement 3 in
Theorem 2.30 holds. Hence, we have proved Claim 3.

We now show the following claim.

Claim 4: If there exist two elements a, 8 € TN such that J,(f) N Js(f) = 0,
and if there exists an element p € I'N such that J,(f) is not a Jordan curve,
then statement 2 in Theorem 2.30 holds.

To show this claim, using Lemma 3.9, We may assume that Jp(f) <
Jo(f). Combining this, Lemma 3.9, ([S1], Theorem 2.14-(4)), and that the
set of all periodic points of o in 'V is dense in I'N, we may assume further
that « is a periodic point of 0. Applying Lemma 4.9 to (T, e, 8, p) above,
let n € N be the element in the statement of Lemma 4.9, and we set w =
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(al, cooy Ony P15, P2, - ) € FN and Y := {7 € PN I 3("nj)’ 3(nk)’ Umj(7) -
@, 0™ (y) — w}. Then, by the statement of Lemma 4.9, we have that for each
v € U, J,(f) is a Jordan curve but not a quasicircle, A,(f) is a John domain,
and the bounded component U,, of F,(f) is not a John domain. Moreover,
is residual in I'N, and for any Borel probability measure 7 in Polygeg>2 with
I'; =T, we have #(U) = 1. Furthermore, let V := Upen(o™)*({p}). Then,
V is a dense subset of I'N, and the argument in the proof of Claim 3 implies
that for each vy € V, J,(f) is not a Jordan curve. Hence, we have proved
Claim 4.

Combining Claims 1,2,3 and 4, Theorem 2.30 follows.

a

To demonstrate Theorem 2.32, we need several lemmas.
Notation: For a subset A of C, we denote by C (A) the set of all connected
components of A.

Lemma 4.11. Let f : X x € — X x C be a polynomial skew product
over g : X — X such that for each z € X, d(z) > 2. Let « € X be a
point. Suppose that2 < f (C(int(K4(f)))) < 0o. Then, # (C(int(Kyqy(f)))) <
i (C(int(Ka(f)))) . In particular, there ezists ann € N such that int(Kgn(ay(f))
s a non-empty connected set.

Lemma 4.12. Let f: X x CoXxXxCoea polynomial skew product over
g : X — X such that for each z € X, d(z) > 2. Let w € X be a point.
Suppose that f is hyperbolic, that ma(P(f)) N C is bounded in C, and that
int(K,(f)) is not connected. Then, there exist infinitely many connected
components of int(K,(f)).

Lemma 4.13. Let T’ be a non-empty compact subset of Polygeg>2. Let f :
I x C — TN x € be the polynomial skew product associated with the family
. Let G be the polynomial semigroup generated by T'. Let a € TN be an
element. Suppose that G € G, that G is hyperbolic, and that int(K,(f))) is
connected. Then, there ezists a neighborhood Uy of o in TN satisfying the
following.

o Let~y € TN and suppose that there exists a sequence {m;}jen C N,m; —
oo such that for each j € N, o™i(v) € Uy. Then, J,(f) is a Jordan
curve.

We now demonstrate Theorem 2.32.
Proof of Theorem 2.32: We suppose the assumption of Theorem 2.32.
We consider the following three cases.
Case 1: For each vy € I'N, int(K,(f)) is connected.
Case 2: For each v € TN, int(K,(f)) is disconnected.
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Case 3: There exist two elements o € I'N and 8 € TN such that int(K,(f))
is connected and such that int(K(f)) is disconnected.

Suppose that we have Case 1. Then, by Theorem 4.10, there exists a
constant K > 1 such that for each v € I'N, J.(f) is a K-quasicircle.

Suppose that we have Case 2. Then, by Lemma 4.12, we get that for
each v € 'V, there exist infinitely many connected components of int(K,(f)).
Moreover, by Theorem 2.30, we see that statement 3 in Theorem 2.30 holds.
Hence, statement 3 in Theorem 2.32 holds.

Suppose that we have Case 3. By Lemma 4.12, there exist infinitely many
connected components of int(Ka(f)). Let W := Upen(c™) "2 ({8}). Then, for
each v € W, there exist infinitely many connected components of int(K,(f)).
Moreover, W is dense in T'N.

Next, combining Lemma 4.13 and that the set of all periodic points of
o : N — I'N is dense in I'N, we may assume that the above « is a periodic
point of o. Then, Jo(f) is a quasicircle. We set V := Upen(o™)1({c}).
Then V is dense in I'N. Let ¥ € V be an element. Then there exists an
n € N such that 0"(7y) = a. Since (fy,») " (Ka(f)) = K,(f), it follows that
#(C(int(K,(f)))) < oc. Combining it with Lemma 4.12 and Proposition 3.15,
we get that J,(f) is a Jordan curve. Combining it with that J,(f) is a
quasicircle, it follows that J,(f) is a quasicircle. |

Next, let p := smin{lb—c| | b € J(G), ¢ € P*(G)}(> 0). Apply-
ing Lemma 4.5 to (f, ) above, let § be the number in the statement of
Lemma 4.5. We set ¢ := min{4,u} and p := B. Applying Lemma 4.8
to (T',a, p,€) above, let (n,6;,0;,w) be the element in the statement of
Lemma 4.8. Let U := {y € TN | 3{m;};en, I{nt}ren, m;j — 00, 0™i(7y) —
a,0™(y) — w}. Then, combining the statement of Lemma 4.5 and that of
Lemma 4.8, it follows that for any v € U, J,(f) is not a quasicircle. Moreover,
by Lemma 4.13, we get that for any v € U, J,(f) is a Jordan curve. Com-
bining the above argument, ([S4], Theorem 1.12), Lemma 3.6, and ([NV],
Theorem 9.3), we see that for any v € U, A,(f) is a John domain, and
the bounded component U, of F,(f) is not a John domain. Furthermore,
it is easy to see that U is residual in 'Y, and that for any Borel probabil-
ity measure 7 in Polygeg>2 with I'; = I', #(U) = 1. Thus, we have proved
Theorem 2.32.

O

We now demonstrate Proposition 2.35.

Proof of Proposition 2.35: Since P*(G) C int(f{(G)) Cc F(G), G is
hyperbolic. Let v € TN be any element. We will show the following claim.
Claim: int(K,(f)) is a non-empty connected set.

'To show this claim, since G is hyperbolic, int(K,(f)) is non-empty. Sup-

pose that there exist two distinct connected components W; and W, of
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int(K,(f)). Since P*(G) is included in a connected component U of int(K(Q))
C F(G), ([S4], Corollary 2.7) implies that there exists an n € N such that
P*G) C fyn(Wy) = fyn(W2). Let W = fon(W1) = fya(W2). Then, any
critical value of f,, in C is included in W. Using the method in the proof
of Lemma 4.13, we se that (f,,) (W) is connected. However, this is a
contradiction, since W; # W,. Hence, we have proved the above claim.
By Claim above and Theorem 4.10, it follows that there exists a constant
K > 1 such that for each v € I'N, J,(f) is a K-quasicircle.
Hence, we have proved Proposition 2.35. O
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