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ABSTRACT
The main object of this paper is to investigate several geometric properties, i.e.
starlike, strongly starlike and convex , of the solutions of ordinary differential
equation. Relevant connections of the results presented in this paper with those given

earlier by, for example, Robertson, Miller and Saitoh are also considered.
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1 Introduction
Let A denote the class of Functions f normalized

by

‘ 00

1) =2+ 2",
ns2

which are @naé«ﬁ‘c in the open unil disk
U={Z : 2e and [2l< 1}

Also Tet S and S¥ demote the subclasses of
A cons?sfw‘ng 'of Functions which are, respec'(‘ivefy,
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univalent and starlike with NS/:ecf to the origin /n U.
Thus, by definition, we have (see, fordetai/,C11061).

(12)  S*={f: feh and Re(EE]50 en))

.

kalqe}mre, SS¥e) dendte the subclasses of A consisting
of ][unc'&'fo’ns which are S'ff‘ongly starlike of order ot in U
(0<x£1). By definition, we have

(1:3) S5 ={ £+ fehand o {2} |s T

(2el); o<x g | }

We begin by recalling the hollowing result of MillerL3).

Theorem A (Miller [ 3 1) Lot Zp(2) be ana//i‘/‘c in U
with 12p@)< | Let wig), Z€l), bo the unigue

s olution of

(1.4) @)+ pRUIIR) =0

with Ve)=0 and v'@)=]  Them

2@ l :
2ol <
|- < 1

(.5)

and v(@)is starlike c.anfamm’ map of the aﬁl‘f
Aisk |
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2 A class of bounded {functions anol
earlier results

Lot By denote the class of bounded functions

.DO
(2.1) wiE)= 2, 2"
n=1
ana/)/frc in U,. for which
(2.2) lw@| < J (2eU; J>0)

If 3(3)5 BJ / fi){’?‘l we can S/MW‘ l“/mf 'i’;le 7(me’b‘077 wilz)
dofined by
L (% -4
(2.3) w(z_):ez‘/ Jt)t Ak
10

Is also in the class BJ, Thus, 'n ferm of derivative,

we have

(2. %)

.;_w(z)+2w/(8)l<J (2ell) = W] <] (2el)

Farl‘hermom, b)/ Se'('lfl‘ng

(2.5) h(u,v).'=—2’—-u+v)

we can rewr:‘fe (2.4) In The )Cor'm :

(2.6) | h(wee), 2wiz)) | < T (2el)=> lan@)|< T (2el)
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In this Se.cf/‘on, we show that :‘mlofz‘CaLL:‘an (2.6) holds
true for functions h(u.v) in the class H; given by
Definition | below (see afso [31).

D'.ef'\”i%‘\’"z‘ le Hy be the class of complex functions
I’I(U,Tf”) Sa'él‘sz[}//‘rzj ead. af H:e ]Co//owfnj Cona(l'fr'o’hs :

(1) heu,w) is continuous in a domain DC T xC ;

(i) (0,0)eD and [hto,00l <J (I>e);

(@) | h(Te Ke® ]S T whenever (T€ Ke'®) e D (8¢R ; k2T >0),

Example 1 14, eosily seem that the function

(2.7) hik,v)=Yus1 (Re(¥)>0; D=CxC )
is in the class HJ,

DQ}MEH‘M 2. Lex he HJ' with (o_H’esFonAfng domain
D. We denste b)’ BJ‘(L\) the class o-p ‘me.".‘l‘ons
A (2) given by (2.1), which are oma\\)/{ric. in U and

So:stQ)/ 2ach of the -Lo“owing conditions :

Gy (wi), zw'(@) e D
i) | h(w), zw'@)| < J (2eU; I50)
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Theorem B (Saitth(71)  For any heHy,
By(h) € By (T>e)

Theorem C (SabohC73) Lok heHy and let the
f‘qn‘c{‘r‘m b(2) be ana/)/‘h‘c in U with

[ byl < T (2el; T>0).

I‘f the —r@o//owinj initial-value Fro[,fe,m :

(2.8)  h(w®, 2w'®) =br) (wi)=0)
has a solution wi(2) ann/)/'fv‘c In U, ﬁven
(29) |Jwim| < J (2eU; T>0),

Kocently , using Theotem C | we prove the Following
Tlf\ea rem D,

Theovem D (Owa et.al [$1) Lok at2) and b2 be
arml)/‘h‘c 'n U with

(2.00) | b(z?)-——-ZLa'zz)-—(f! (e < T (#el;I>0)
aunol

2.11) Refza®} >-2T (2¢U;T>0).

Also, Tet ar(z) denote the So lutiom of /‘n/'f/'a/?vd/ae
problem :

(2.12) wlE)+ a2)w'z)+bE) wiE)=o

V)
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w0)=0 owd wW)=! inl). Then we have
¢2,13) 1-I- iRe{zam}de(m@)} <1+J-£Re(2ai5)]
(2ell; Joo0)

2
E’xamp/e 2 Le/'f alz)=-&, A(Z)"'Zi‘ /\n Tl\eokem D/

them the selubion of
4 . ¢ 22.

is aw(2)= 2 exp (%")s,\né e ¥ .

VZE¥ sin[viz,.]

-1 -0.5 0. 1]

4.8

3 Main resualts andl flqeir conseguences
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Theorem | Lok Zp@E) be arm//fv‘c in U with |
2p@) i< J (zell; 0<JS 1), Let wis), €U, ha the
So/u'f/‘an- o-][ l\n/‘ﬁ'a/- vq/ue proé)/ém :

(3.1) w'iz)+ pl2) wr(z)=o

Wl‘f/ﬂ w (0)=0 omA rw—/(O)‘FO} -Tz;e,n wWi2) s SThonj-//
Sfar]ika of order &« 'Hmrfs)

/
s |ag{5 ) < Ja

for some x (b < XK ) and o(=-,;’2:sfn"] (o< j;/).

<Proof> If we put

/
(3.3) UIR)= Z:‘)’(S) -1 (2eU),

then UI%)1s arm/)/'ff'c m U, u)=o and (3.1)

E-Q.LOM.QS

(3.4)  Lu@) +ur)+ zu'z)= 2*pz)

e ef«:’vq/erni//

(3.5)  h(ur),zu'@)=2pi),

where  h(r, 8)= F*+r+s. Itis easy To Check
hr,s) € HJ, 12, |

() h(rns) s erblaweus tn D=CxT

() (0,0)eD, |ht,0)|=0<J
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(i) [h(Te® Ke*)| 2T (k27T).
From O\ssumpfl‘on, we have

lzﬂo@)l < J (2eU;o0<cTs!)
B)/ using Theorém C, W e have

lu)l < J  (zel:o<Tsl),
which, tn view of the relationship (3.3), yields

/
(3.6 IZ::‘S)-II <J (2eU; o<Ts1),
that s,
Z«A/'(z?) T
‘O\Y“%( i) }‘( —2-0(
‘r'OY‘ Seme X (0<0(<‘) omd K= ——smlJ (0<I<|)

Q E.D.

Fuethormeve , we  have

Theorem 2 Under sawme o\.ssuMFJD‘ohg in Theorew 1,

Wwe \no«ve

G A-T< Re{ 2O < (4] (zel;Tre)

?\‘oo&' s O\\Most SOWML  1n T\r\eofem 1 . P\«ﬂ?\‘v\%
St\ Th T\(\on‘egmfl Oww\ \Q,'tt\\vuﬂ I-‘-’O n ‘WQOY-QW\ 2,
W e O‘btﬂ'tv\ WQO Céwm A .
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E)(CWF.;& 3 LQI rb('i)'—‘.é —/—%72 /'n meo?’em / (J"‘/ ),»

the solution of the +ollowiag iniHal-value problem .
(3.8) wf(2)+ (f ~i—2) wlg)=0 (wl)=o0, w'ts)=1)
is glven -é)/ w ()= zex,a(»;;?f)', 'wiz) ‘s starlike

Funchion  thatis , w(2)e S*

In fﬁe cqse 0][ 3 (&)= 76 —;—;- 22 j»'LLAQ SO/u'é‘!'én of
(3.9)  wlr)+ (—75- -—Zgzz) w[2)=0

Is 3'\\/&1- 5)/ W)= Z-eXp (--7’3??’) GS*.

,.‘For a(5)=-2 and big)=A\ (A€ ) in Theorem D,

the mittal-value Probfem (2.12) becomes

(3.16) w(x)- 2a' (B)+Aw(z)=0 (wlo)=0, wis)=1),
W"H\CL\, under T‘\é -ﬂo”owing 'ﬁ'anS‘por'Ma‘{‘l‘on :

(3.01)  wilR)=exp(£)UvE)

assumes the normal form as given leflow

3.02) v+ (AL -Elr)=0 (vo)eo, vio)=])

These A ifferentral egua*&"ans (3./0) and (3.12) are
We,”-know*ﬂ , So C,q“eﬂ( YQSFQ c‘(‘t‘vel)/ ‘Hem;te/s diﬁerenﬁh/
ez«mi—.'m and \/\/af:@r's al"ﬁerenfm/ z7qq£1‘m.
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me‘tr’;zg &(Z)= )\—k;!—-«-f%z 'n Tt}eorem ,J we /mve

Cora”mcy [ We consider Webers differential eiuqﬁon
(3.12), If

(3.3)  Drb-B < T (26l o<TSI)

them ar(2) is strengly starlike of srder (o< o< ),

that is, U I(R)E S ()

A fancft‘an _-{— v a/-na/)/f‘r‘c. 'n U, I'S S‘m"ﬂ( lo /ae conve x
i itis unhalent and FU) is convex. It is well-known

that f Is convex if aml.on// ‘e f)ko amd
) 21"2) Lo \ L
Re{w—fé@p o in U, Tf in addition,

21 ‘ ,
RQ{?+7Y#5}>O<)G§d<7,‘l‘/ﬁemf~ls Cq//e%
convex of order of |

Next , we prove

Theorem 3 Lot U@) be am{}f{%fc 'n U and. be

the solution of Senine’s o(a‘ﬁeren‘f/‘qf eguaﬁm

Gu6) gz + (M- BHUIR)FNUR)=0
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with U)+0  meR and nel.
If the following conditims are satisfred, e,

(1) M 2/1+n~17 -

A /.Mg 2(1-«) /

then WU(2) is convex af order o (1S <),

To preve this féeomfm) we prepare Two -/emmqj‘ Aue T

Miller and Mocanu [ 4.

Lemma 1 (Miller ad Micans C41) Lot E be o seX i (
and let o function H @ C'x U= C satisty the condthion:
Has, x,2) ¢E, for 2€U amd real o %

w ith K §.-~£—(1+Sz),

(3.15)

H‘ P(i) 'S am\)/'f\‘c U owith P(o)ef ol
H(pe), 2ple); 2) ¢ E , 26U, them Re{p@)} >0 1n U,

L_-ernmq 2 (Miler omd Mocany C#1) If /l*tfg\/}m)

ti;e»n 'H’!e S‘o/w(*;o‘n U(R) ‘of S'om'nels G(;tfel"e'nﬁ'ae/
chm.{j‘on (3./¢) s univalent M U.
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<Proof of Theorem 3 > If we puYL

2
[+ u'tz) o

(3./6 ) /9(?)= ]"”3) (zel)

then P(2) s arm/)/i‘/‘c_ m U with pe)=1
By dl‘]ﬁ‘erenﬁq{v’,?j (3.16) , we have

(3.17)  2P&)+ (1~ ) [ plell*+ (14=1+20( 2)/913)+ 4z- (uti )=
If we fet

H(w ) 2) MI‘Z+(1~«)«J;2+(,14-If20(-Z)M+7”{%2“/4"1
ancl E=/ }, then (3./7) Can be Wr:‘ﬁ'en as

H (pi2), sp‘ts) J28) €E. Wa will use (35 ) and Lewwmal
t prove that Re {prd} >0,

Letkh«a Z=X+4%, we obtan

(3:18) ReHtist) e)s b= (=)sheds s —Dp oy

$ - (2-%)s+Ys4 %-—i—-/ms@(s)/
For ks-4 (1+9),
We next show that Q(sdY<o for gll veals and
X4 The discrtminat D of Qis) saisbies
D= #+ eld-o0 (223 )

< X+ (b=t ( :‘ : x--——/u)--hcx).
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Then h(1)=-(é—4ﬁ)(%~;-ﬂ)§0/ ‘tl»ere][m/é

From (3.18) , we deduce

Re H(is, k2 2) <0 for 2ell and all regl s & with
£$-7(145%). By Lemma |, we conclude that

Rg{p(s)} >0 , that r's, RQ{H—%%} >

which shows that U(&) s convex of order & I'n U

(0 Sl< 1), ' QA.ED.

'Exam'ple iy Sonine’s f)o])/nomia]& are g"vzm. A}/

M F(ntp=1) |
(3|/9r 5 (B) = . (-m +1,2
) " [(m+13Cne1) F M )

h
<Y [ R
122:; (n—k) k!

If n=2 oand M=2 are sq{-:‘sé, ‘the conditioms in TAéomd
{ P A
inthe case of X=5  We put

U(R)=s? (z)=§2—¢z+é ,

then we have 'RQ{H' i@f‘é&}>§2_

u'z)

Next , we Show the foil'owﬁnj theoram |
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Theorem 4 Lot (2) fe ana/)/f/‘c in U and be the
solution of Bessels differential o,guafion

(3.20) 22t RVIE)+ (V) UE) =0

with v)=0 ond ‘U“"(o)#(). If Roe (V"’)z—z;’— , ﬁ»en
the solution v(2)is starlike in U,

< Proof > If we ‘put—

b= ZV(3)
(3.21)  PR)==725 (2el),

then () is analytic in U with plo)=1. Since vig)
Saﬁsfr‘es the differential egud'tl‘fm (3.20) Usng
this transformation in (3.20) Fesults in

(3.22)  Epl)+ [p)]°+ 2%~V =0
If we let H(wiwjz)=wat witr 23-v* MO‘E’(O},
them (3.22) can be written as H(p@), 2p')2)€E.
We will use (3.75) anol Lemma 1 To prove that
Re{p@)>0. Letting #=xtdy, we obtain

(3.23) Re H(is, t:28)= A2- 52 22-42 - Re (V)

S —L e x4~ Re (V¥ —3,-

| 2 2 1
<—?S‘ “‘2.5 *‘RQ (V’;) )

Fl"am assmp'&‘an, Rq(gﬂ)g% ) i‘—f;en
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Re Hids,t:2) <0 (2el)). By Lemmal, we have

®
Ro{p@r}=Re ”)}>0 (zel))

that is, wi2)is starlike |
Q.E.D.

Kemark.  Besse! function of the fist Kind s
given by © I),k(-g_)vﬂﬁ
(320) T )= 2 =5

| T R kI T )

Example 8§ In the case of L =1 in (3.24),

R k [ Z\2kt
J (2)= 2 0t (3) 's  starlike
=0 k! T(k+2)
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