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Abstract
In this article N- fractional calculus of composite functions
(z- )" -¢) ((z-b) ~c=0)
and
log((z -5)" -¢) (z-b)f -c=0,1)

are discussed.

§ 0. Introduction ( Definition of Fractional Calculus )
(I) Definition. ( by K. Nishimoto ) ({1]Vol. 1)
Let D={D_,D,}, C={C_,C.},
C_ be a curve along the cut joining two points z and — % +iIm(z),
C, be a curve along the cut joining two points z and %+ iIm(z),
D_be a domain surrounded by C_, D, be a domain swrrounded by C, .

(Here D contains the points over the curve C ).
Moreover, let f = f(z) be a regular function in D(z €D),

PP 23 \ (9
D= (DD, == e w27, (1)
(f)—m svl_j'.rgn(f)v (m EZ+) ’ ( 2 )
where - <sarg(§ -z)sm for C., Os<arg(({-z)<2a forC, ,

=z, z€C, vER, T ;Gamma function,
then (f), is the fractional differintegration of arbitrary order v ( derivatives of

20

order v for v >0, and integrals of order —v for v <0 ), with respect to z , of

the function f , if l(f)v <00,



(I) On the fractional calculus operator N* [ 3]
Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N* be

N 'iv+1) d¢
( yer fC(C m) (VEZ), [Referto(1l)] (3)
with
N" = ]il’P N’ (m €Z%), (4)
and define the binary operation o as
N? oN®f=NPN°f=NP(N°f) (a,BER), ~ (5)
then the set
{N}={N"|veR} (6)

is an Abelian product group ( having continuous index v ) which has the inverse
transform operator (N*)™ = N" to the fractional calculus operator N* , for the

function f suchthat f EF ={f; 0= |fv|< o, v ER}, where f = f(z) and zE€C.
(vis. -0 <v <o),
( For our convenience, we call N* e N® as product of N and N®.)
Theorem B. " F.0.G. {N"} " is an " Action product group which has continuous
indexv " for the set of F .( F.O.G. ; Fractional calculus operator group )
Theorem C. Let

S:={N}IU{0}={N"JU{~N"}U{0} (vER). (7)
Then the set § is a commutative ring for the function f €F, when the identity ,
N®*+NP=N' (N°,N* N €5) ‘ (8)
holds. [ 5]
(III) Lemma. Wehave[1]
. wal(@=B) e ( I(a - B)I )
(i) -of), = w |,
(2 dame F(~ﬁ) 9 [(-p)
(i) (log(z-0), =-€"*T(a)(z~¢c)* (l(a)l<o),
(iii) (z=9"")_, ére 1 log(z-¢) (INa)l<®o),
F(a)
where z-c# Oin(i), and z-¢c=0,1in (ii)and (iii). ('; Gamma function),
. ) e S L@t (u=u<z>,)
(iv) (u-v), := ) WMa 1B Uy, Vy D )
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§ 1. N- Fractional Calculus of A Power Function

Theorem 1. We have
(1) (((z=-B)"-0)*), =™ (2 -b)*""

i[-a]k.r(ﬁk-aﬁw)( c )’(lr‘(pk aﬁ+y)| ) (L)

“& Kkl T(Pk-af) \(z-bF) \| Wpk-ap) |
and | .
) (z-5f -0 )m-<-1>"'(z-b>“”"”;[, e aﬁl“((sz)p)’<2>
| | (m€EZy),
where lc/(z-—b)él<1;
and

[Al, =AA +1)-(A+k=-1)=T(A +k)/IT(A) with [A]l, =1,
( Notation of Pochhammer ).
Proof of (i). We have

f_ S k[ a] Ba-b).
using the identity
-+ F(a + l)r'(— a)
Herd-0=C0" " e -ey (4)
Since

(z=0)" -0 -(z-b)“ﬁ(l' @ -Cb)ﬁ) (5)

o _asy L@+ ( -c )" ( - )
(z -b) “ K Na+1-Hl@-b)") "’ b <1]. (6)

Operate N- fractional calculus operator N’ to the both sides of ( 3 ), we have
then "

[ -] k
N'«z—b)"-c)“-25—%‘—]‘1\#@—@“”’, (7)
that is, we have =
] c[-a] Ble k)
(@-»"-0°) = 2—-*(@ -B)*R), (8)

o oy S 2ol TBk—aB+y)( ¢ LBk -ap+p)
D e TN k-ap) ((z-—b)) (I Mpk-af) | )
(1)
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because we have

(z- )P ®), =™ Bk -af+y) (z — by (9)
I(Bk -ap)
by Lemma (i), under the conditions.
Proof of (ii). Set y =m&Z] in(i).
Corollary 1. We have

(D (2 =e)), = e

"ﬁ [ ], T(Bk —a/3+y)(_c_)"’ (lr(ﬁk—aﬁ+)')|<°°) (1)

k! IBk-ap \Z L(Bk-aff)
and k |
A a m af-m o ["a] [ﬂk‘aﬁ] c +
(ii) (£ -¢)*), =(-)"z** k nl—)  (mEZJ), (2)
) (A) Z., k! (f) 0
where
le/zPl<1.
Proof. Set b =0 in Theorem 1.
§ 2. Some Special Casesof §1. (1)
[I] When =1, we obtain
a in ., - [-al I‘(k-—a+y)( c\*
— h = Y _hYe-r 1 , 1
(€-b-0)%), =™ (z-b) 2 K T(k-a) z—b) (1)
( M < o0 , ¢ <1J
I'k-oa) z-b
from §1. (1)
Now we have
Lk - a) =T(- a)[- ], (2)
and
Fk-a+y)=T(-a+y)-a+y], . (3)
Hence we obtain )
e iy acy D(-a+y)Q [a+y)( ¢ 4)
(e-b-07), =™ -0 == 3 (z—b)' (

from(1),(2) and (3).
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Now we have

- ) - e
. Z’[ a’;}’]l‘(sz) ==<1_z—c-b) =(zszc> ’ (5)
since ZL&_ . B

Therefore, we obtain

amy D(=a4y) ey ( -a+y)
Toay 27279 I'(-a)

((z—b—c)“)ra-e <00), (7)

from(4)and (5).
That is, we obtain ( 7) from ( 1 ). The result ( 7 ) is same as the one obtained

from Lemma (1).

[II] When y =m =1, we obtain

5 el I@k_aBeb(_c ) ()

B Y e (7 — ag-1 *
(@b -0%)=- -0 F S Tt —ap) (b7

k

k
et [—a]l,( ¢ i aﬁ-l‘”[—a]i( c
Blz=b"" 2™ k_(z~b>") +af=b" 2 (z—b)")
(9)

from §1. (2).
Now we have

k
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°°[—-aL,( c \' & _ Tk-o ( c .
% k! ¢ (z-b)ﬁ\) ( 'G)Z(k—l)!(—a)f‘(—a) (Z—b)ﬁ) (o)

' o K A
G b7 g[lﬁh((z—éw") ()
oc c 7
_(z—b)ﬂ(l_(z—b)"> (12)
and k )
;[—I:]k((z—cb)") '(l—u—cb)") ’ (13)
using the identity ( 6 ). '

Therefore, we have



a-1

(@-8-07) = ape -ty ( -

-4

~ by 1. —= 14
rapl-b) (1 (z~b)ﬁ) ()

a -1
- LA ~b)fl1-—< 1 15
aP@-b (1 (z—b)”) {C(Z ? ( (z—b)") +} ()

=aBz-b"" (@-b-c)"" . (16)
Note. We have )
_ﬂ_:_a)_= - 17
Cal(-a " ke o)
and
- [l-al,_, c ‘ replace k by k+1,
Z (k-1)! ((z_b)ﬁ> ( we have then )
_ oo [l-aL( c k+1 | 8
2 lar) | (18)
[ITI] When B=2,y =m =1, we obtain
((@-57-0")=2a(z-b) (-0 -c) (19)

from ( 16 ) clearly.

§ 3. N- Fractional Calculus of A Logarithmic Fumction
Theorem 2. We have

(i) (log((z-8)" -c)), == B(z-b)" ['(y)

00 k
y T(Bk +y) ( c p) | (II‘('y)l, L(Bk+y) <°°>,(1)
=t T(y)I(Bk+1)\(z-b) (B k)
and
(ii)  (log((z—=b)" ~¢)), =(-)™*'B(z-b)" I'(m)
g L(Bk+m) ( c ﬂ) , (mEZ"). (2)
% C(m)T(Bk+D\ (z- b)
where

(z-b)’ -c=0,1 and lclz-b)*1<1.
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Proof of (i). We have

1og((z—b)‘3 —-c)==log(z—b)'3+log(1—(z _Cb)ﬂ), (3)
=ﬁlo(z—b)—m£i(z—b)'pk ( = <1) (4)
8 2% c-n?l" )
Operate N’ to the both sides of (4), we have then
ok
(log(z =b)" =c)), = B og(z-b), - (-0, . (5)
-]
Next we have
(log(z-b)), == ™ T(y)(z-b)"  (IT(y)l<») (6)
and‘
ey im DBREY) g “F(ﬁkw) )
((z=b)™), =€ TGk (z-b) T <w|, (7)
from Lemmas (iii) and (i), respectively.
Therefore, substituting ( 6 ) and ( 7 ) into ( 5 ), we obtain
(log((z-b)’ -c¢)), =-¢"™B(z-b)" T(y)
_ k |
-in - b F(ﬂk*"}’)( C )
—e ™ (7 _b)! 8
e (Z ) ; kl"(ﬁk) (Z—b)ﬁ ( )
k
i - - F(ﬁk+y)[ c )
- 4 ~-b)’ . 9
€ ﬂ(z ) {F(Y)"‘ 2 T(Bk+1) (Z“b)ﬂ (9)
We have then ( 1) from ( 9 ) clearly, under the conditions.
Proof of (ii). Set y=m&EZ" in(i).
Corollary 2. We have
. xy o - < [(Bk+y) (c ¢
log(z® - ¢)), =-e™Bz'T (=), 10
(1) (log(z" - ¢)), e Bz I(y) 20 T()Bk+1D) Zp) (10)
L'(Bk +y) )
(!I"(y)l, ‘ N <00

and
k

1 -m c F k
(i1)  (log(2® - ¢)), = ()™ Bz r’(m)z r(nf)ﬁr‘(l;:?l) G"_) '
=0

(11)

(m€EZ"),
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where
Zﬁ—CatO,l and lc/Z1<1.

Proof. Set b =0 in Theorem 2. _
§ 4. Some Special Casesof §3. (1)
[I] When B =1, we obtain

k

I'(k :
 (log(z=b-c)), =-¢™"(z- M”r()2 ny?(f@) (1)
o [v] ¢
- -iny - -y Wl
from §3. (1)
Now we have
“ [Y] c c =Y
LTS _ 3
% k! (Z b) (1 z—b) ' (3)

Therefore, we have

(log(z-b=-¢)), = =™ I‘(y)(z—b)"(l— Cb) -—e" ™ Dy)z-b-c)7,

z—-
(4)
from(2)and (3).
This result is same as Lemma (ii).
[II] When y =m =1, we obtain
, C k |
(log((z =) -¢)), = B(z-b)™* ((z )p) (5)
“pG-b— BG-GB 0" (6)
] = —
( (z -b)E
from § 3. (2).
[III] When =y =1, we obtain |
(log(z -b=~¢)), =(z ~b-c)" (7)

from ( 6 ), clearly.
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§ 5. Commentary
(i) The result

(((z=b)*# -0°), = aPf(z-b)" " ((z=b)’ ~c)*"  (§2.(16)) (1)

gives
d((z=b)f -¢)® du® du
dz du dz

(u=(z-bf-¢) . (2)
(ii) The result
(log((z-b)* -¢), =B(z- B ' ((z-b)’ -0)"  (§4. (6)) (3)

gives
-b)F -
d(log((z-b)" ~c)) dlogw) du .., .y (4)
dz du  dz
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