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Note on a class of starlike functions

Mugur Acu!, Shigeyoshi Owa?

ABSTRACT. In this paper we define a general class of starlike functions, denoted by SL%(q),
with respect to a convex domain D (g(z) € Hu(U), q(0) = 1, ¢(U) = D) contained in the right
half plane by using the linear operator Df defined by

DA A,

Df(z) =z+§:(1+ G- 1N a2,

i=2

‘ . o0

where S, € R, 20, A > 0 and f(z) = z+ _a;z. This operator generalize the Siligean
=2

operator and the Al-Oboudi operator. Regarding the class SLE(q) we give a inclusion theorem,

a preserving theorem (we use the Libera-Pascu integral operator) and many particular results.
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1 Introduction

Let H(U) be the set of functions which are regular in the unit disc U, A = {f € H(U) :
£(0) = £1(0) =1 =0}, Hy(U) = {f € H(U) : f is univalentin U} and S = {f € A :
f is univalent in U}. |
Let D™ be the Siligean differential operator (see [12]) defined as:
D':A—A, neN and D%(2) = f(2)

D'f(z) = Df(z) = 2f'(z) , D"f(z) = D(D""{(2)).

00 00 .
Remark 1.1 If f€ S, f(2) =2+ Y a;2/, 2€ U then D*f(z) = z+ ), j"a;2’.
j=2 j=32

Let n € Nand A > 0. Let denote with D} the Al-Oboudi operator (see [4]) defined by

Dt:A— A,



DYf(z) = £(z) » Dyf(2) = (1= Nf(z) + Xaf'(2) = Daf(2),
D3f(2) = Dx (D} £(2)) -

[o o]
We observe that D7 is a linear operator and for f(z) = 2z + Z a;z’ we have
=2

Dif(z) =2+ (1+ (G- 1DN) a2’
3=2
The aim of this paper is to define a general class of starlike functions with respect to a
convex domain D, contained in the right half plane, by using a operator which generalize

the S&ligean operator and the Al-Oboudi operator and to obtain some properties of this

class.

2 Preliminary results

We recall here the definition of the well - known class of starlike functions

{feA Rezf;()) >0, zeU}.

Remark 2.1 By using the subordination relation, we may define th;e class S* thus
if f(z) = 2+ a2+ ..., z € U, then f € S* if and only if f (z) 1+z , 2€U,

)~
where by "<” we denote the subordination relation.

Let consider the Libera-Pascu integral operator L, : A — A defined as:

(1) f(2) = LoF(z) = 112

/F(t) t*'dt, a€C, Rea>0.

In the case a = 1 this operator was introduced by R.J.Libera and it was studied by
many authors in different general cases. In this general form (a € C, Rea > 0) was
used first time by N.N. Pascu in [11].

The next theorem is result of the so called ” admissible functions method” introduced
by P.T. Mocanu and S.S. Miller (see [8], [9], [10]).

Theorem 2.1 Let h convez in U and Rel[Bh(z) +7) >0, z € U. Ifp € H{U) with
p(0) = h(0) and p satisfied the Briot-Bouquet differential subordination

p(2) + -B-p—(p,;)g-%— < h(z), then p(z) < h(2).



3 Main results

Definition 3.1 Let A€ R, 20, A2 0 and f(z) =2+ Zajzj. We denote by Df

=2
the linear operator defined by
Di:A— A,
Dif) =2+ 1+ G -1)Na;d.
J=2

Remark 3.1 It is easy to observe that for 8 = n € N we obtain the Al-Oboudi operator
and for B =mn € N, A = 1 we obtain the Sdldgean operator.

Definition 3.2 Let g(z) € H,(U), with q(0) = 1 and q(U) = D, where D is a convez
domain contained in the right half plane, 3,A € R, 8 > 0 and A > 0. We say that a
function f(z) € A is in the class SLj(q) if

s .,
—D':\p'f—(z)— ~ Q(Z) , 2 € U.

1
Remark 3.2 Geometric interpretation: f(z) € SLy(q) if and only if —D-g-;}-j(l;-) take all
Wz

values in the convez domain D contained in the right half-plane.

Remark 3.3 It is easy to observe that if we choose different function g(z) we obtain
variously classes of starlike functions, such as (for example), for 8 = n € N the class
SL;(q) (see [2]), for A =1 and B = 0, the class of starlike functions, the class of starlike
functions of order v (see [6]), the class of starlike functions with respect to a hyperbola
(see [18]) , for B = n € N and X = 1, the class of n-starlike functions (see [12]), the
class of n-starlike functions with respect to a hyperbola (see [1]), the class of n-uniformly
starlike functions of order v and type a(see [7]), and, for B € R and A\ = 1, the class
5(0) of the B-q-starlike functions (see [3]).

Remark 3.4 For q1(2) < ga(2) we have SLj(q1) C SLj(gz) . From the above we obtain

SLy(q) € SL} Gf;) .

Theorem 3.1 Let B,A€R, 8>0 and A > 0. We have

SLq(g) € SLa(9).



Proof. Let f(2) € SLy,,(q)-

With notation
D§* f(2)

W,P(O)‘:l,

p(z) =

we obtain

D¥f(z) _ D§*f(2) DRf(2) _ 1  DR*f(2)
D{f(z2)  Dif(a) DEFf(2) p(2)  Dif(2)

(2)

oo
For f(z) = z+ ) _ a;2' we have
J=2

S (14 (G — DA w
D§+2f(z)="+,§( + (G = DA) a5z
ZUCTEN ST

i=2

z (Df“f (z))' _DEYf(z) * (fo(z)),
Df(2) Dif(z)  Dif(2)

z (z + f: 1+ (G -1DA)° a,-zf)

j=2

2p/(2) =

2 (z + i 1+ (G = AP a,-zj)

=2

- p(2) -

Df\i f(z) Df\gf (2)
2 (1 + i (1+ (= NP ja,-z"“) 2 (1 + i (1+G- 1)«\)”jajz"“)
_ =2 _ . j=2
= D7) P DEf(2)
or
z+ij(1+(j—1))\)ﬂ+1ajzj z+f:j(1+(j—1)z\)"ajz"
ey =2 _ \ j=2
®) ()= D21 (2) ple) DZf(2)
We have

2+ fij L+ G-V e =2+ fj G-+ A+ =N a5

=z+ i (1+ G = DA az27 + f:(_y - 1)1+ (G = AP a;27

j=2 J=2



= DB () 4+ 3G -1 (14 (- DN gy

Jj=2
= Dty z)+/\z G=DA) (1 + (G = DN gy
7=2
=D}* f(z)+/\Z(H(J—I)A—l)(1+(z—1)A)”+‘aJ

=2

=D f(z) - _): A+ G- DA a2 + ,\E 1+ (G = 1)NP*2 g,z

J=2 j=2

= D§" () - 5 (D§¥5(2) - 2) + 5 (D8£~ 2)
= DEYf(2) — s DEY () + 2 + DAY () - £
D8 1) + 1 DE()

=5 (0 -D§ 1) + D§¥1(2))

»I'—* It

Similarly we have

435 (14 (= DAY oy = L ((A - 1)D{f(2) + DI f(2)) -
J=2
From (3) we obtain

o= (A - 1)Df(2) + D f(2) ()(A-l)D‘ff(z)+Df+1f(z)
A Dif(2) DEf(2)

Dif(2)

Dﬁ+ 2f (z) 2)
(D"f() )

+2
arl(e) = B 1) L2~ piey
A

-1 ((,\ e+ BT -+ p(z)))

Thus

or .
. +2
] T ae 4 aa e,
A

From (2) we obtain
Df(z) 1 _
D%'Hf(z) = 2(2) (p(z)2 + Azp (z)) p(2) + A2 o

-




where 3> 0and A > 0.
From f(z) € SLj,,(q) we have

p(z) + ATP((—? <q(2),

with p(0) = q(0) =1, 3 > 0 and A > 0. In this conditions from Theorem 2.1, we obtain

p(z) < ¢(2)

or
D3V f(2)
e

This means f(z) € SLj(q) .
Corollary 3.1 For every 8 € N* we have SLj(q) C SLi(g) C S*.

Theorem 3.2 Let 3,A€R, >0 dnd A2 1. IfF(z) € SLy(q) then f(2) = LoF(2) €
SL%(q), where L, is the Libera-Pascu integral operator defined by (1).

Proof. From (1) we have

a+ a)F.(z) =af(z) + zf'(2)

o0
and, by using the linear operator Df'“, for f(z) =2+ Z a;z’ we obtain
=2

(1 + a) D5 F(2) = aD?*' f(2) + D5 (z + i ja,-z")

=2

o0
=aD{P f(2) + 2+ D (1 + (G = DA ja;2!
=2

We have (see the proof of the above theorem)

2 305 (4 (= DA 0 = & (- 10051 + D§21(2)

Jj=2

Thus
| (1 + @)DPF(:) = aD§H £(2) + 5 (A - DDEH £(2) + DEFA(2))

= (a +23 1) DEM1(2) + D572 (2)




or
A1+ a)DEHF(z) = ((a+1)A = 1) DEF £(2) + D1 (2).

Similarly, we obtain

A1+ a@)D§F(z) = ((a+ 1)A — 1) D§f(2) + D§*' f(2).

DiPi(z) DRI DY f(2)
DRE) DG DEfE T Ry
DiF(z) D f(2) _ '
T—Af(z) +((a+1)A-1)
With notation
| M = 0)=1
DFF () p(2), p(0) =1,
we obtain szf( )
¥4
“ DR W p(2) + (@ + 1A —1) - p(2)

DiF(z) p(2)+ ((a+1)A-1)
We have (see the proof of the above theorem)
iy DAf@) DY)
S Sy T
+2
- 2 ) - st
A
DYf(5) _ 1
Dy f(z)  p()
Then, from (4), we obtain ‘
Dy F(z) _ p(2)* +Azp'(2) + (6 + 1)A = 1) p(2) 2p/(2)
DPF(z) () + ((a+1)A-1) p)+((a+1)A-1)’
where a € C, Rea > 0, 3,A€R, 3> 0 and A > 1. From F(z) € SLj(g) we have

Thus
- (p(2)? + 220 (2)) .

= p(z)‘+ A

2p'(2)
POt Tom + (@t DA=D)

where a € C, Rea > 0, B,A € R, 8 > 0, A > 1, and from her construction, we have
Regq(z) > 0. In this conditions we have from Theorem 2.1 we obtain

=< q(2),

p(2) < q(2)



or

Dy f(2)
CrEE
This means f(2) = L,F(z) € SLj(q).

For §=n € N and A = 1 we obtain

Corollary 3.2 If F(z) € S}(q) then f(z) = L,F(z) € S:(q), where L, is the Libera-
Pascu integral operator and by Sji(q) we denote the class of n-starlike functions subordinatc
to the function q(2) (see [5]).

For B8 = n € N we obtain

Corollary 3.3 [2] Letn € Nand A > 1. If F(z) € SL}(q) then f(z) = L F(z) € SL:(q),
where L, is the Libera-Pascu integral operator defined by (1).

For 3 € R and A = 1 we obtain

Corollary 3.4 /3] If F(z) € Sj(q) then f(z) = LoF(2) € S3(q), where L, is the Libera-
Pascu integral operator defined by (1).
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