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ABSTRACT. In this paper we define a general class of starlike functions, denoted by $SL_{\beta}^{*}(q)$ ,
with respect to a convex domain $D(q(z)\in \mathcal{H}_{\mathrm{u}}(U), q(\mathrm{O})=1,$ $q(U)=D)$ contained in the right
half plane by using the linear operator $D_{\lambda}^{\beta}$ defined by

$D_{\lambda}^{\beta}$ : $Aarrow A$ ,

$D_{\lambda}^{\beta}f(z)=z+ \sum_{j=2}^{\infty}(1+\mathrm{C}-1)\lambda)^{\beta}a_{j}z^{j}$ ,

where $\beta$ , A $\in \mathrm{R},$ $\beta\geq 0,$ $\lambda\geq 0$ and $f(z)=z+ \sum_{j=2}^{\infty}a_{j}\dot{d}$ . This operator generalize the Suget

operator and the Al-Oboudi operator. Regarding the class $SL_{\beta}^{l}(q)$ we give a inclusion theorem,

a preserving theorem (we use the Libera-Pascu integral operator) and many particular results.
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1 Introduction

Let $\mathcal{H}(U)$ be the set of functions which are regular in the unit disc $U,$ $A=\{f\in \mathcal{H}(U)$ :
$f(\mathrm{O})=f’(0)-1=0\},$ $\mathcal{H}_{u}(U)=$ { $f\in \mathcal{H}(U)$ : $f$ is unident in $U$} and $S=\{f\in A$ :
$f$ is univalent in $U$}.

Let $D^{n}$ be the $\mathrm{s}\mathrm{a}\mathrm{l}*\mathrm{e}\mathrm{t}$ differential operator (see [12]) defined as:

$D^{n}$ : $Aarrow A$ , $n\in \mathrm{N}$ and $D^{0}f(z)=f(z)$

$D^{1}f(z)=Df(z)=zf’(z)$ , $D^{n}f(z)=D(D^{n-1}f(z))$ .

Remark 1.1 If $f\in S,$ $f(z)=z+ \sum_{j=2}^{\infty}a_{j}z^{j},$ $z\in U$ then $D^{\mathfrak{n}}f(z)=z+ \sum_{\mathrm{j}-2}^{\infty}j^{n}a_{j}z^{j}$ .

Let $n\in \mathrm{N}$ and $\lambda\geq 0$ . Let denote with $D_{\lambda}^{\mathfrak{n}}$ the Al-Oboudi operator (see [4]) defined by

$D_{\lambda}^{n}$ : $Aarrow A$ ,
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$D_{\lambda}^{0}f(z)=f(z),$ $D_{\lambda}^{1}f(z)=(1-\lambda)f(z)+\lambda zf’(z)=D_{\lambda}f(z)$ ,

$D_{\lambda}^{n}f(z)=D_{\lambda}(D_{\lambda}^{\mathrm{n}-1}f(z))$ .

We observe that $D_{\lambda}^{n}$ is a linear operator and for $f(z)=z+ \sum_{j=2}^{\infty}a_{j}z^{j}$ we have

$D_{\lambda}^{\hslash}f(z)=z+ \sum_{j=2}^{\infty}(1+(\dot{f}-1)\lambda)^{n}a_{j}z^{j}$ .

The aim of this paper is to define a general class of starlike functions with respect to a
convex domain $D$, contained in the right half plane, by using a operator which generalize
the SMEgean operator and the Al-Oboudi operator and to obtain some properties of this
class.

2 Preliminary results

We recal here the definition of the well-known class of starlike functions

$S^{*}= \{f\in A:Re\frac{zf’(z)}{f(z)}>0,$ $z\in U\}$ .

Remark 2.1 By using the subordination relation, we may define the class $S^{\mathrm{r}}$ thus

if $f(z)=z+a_{2}z^{2}+\ldots,$ $z\in U$ , then $f\in S^{*}$ if and only if $\frac{zf’(z)}{f(z)}\prec\frac{1+z}{1-z},$ $z\in U$ ,
where by $”\prec’’$ we denote the subordination relation.

Let consider the Libera-Pascu integral operator $L_{a}$ : $Aarrow A$ defined as:

(1) $f(z)=L_{a}F(z)= \frac{1+a}{z^{a}}\int_{0}^{z}F(t)\cdot t^{a-1}dt$ , $a\in \mathbb{C}$ , $Rea\geq 0$ .

In the case $a=1$ this operator was introduced by R.J.Libera and it was studied by

many authors in different general cases. In this general form $(a\in \mathbb{C} , Rea\geq 0)$ was
used first time by N.N. Pascu in [11].

The next theorem is result of the so called “ admissible functions method” introduced
by P.T. Mocanu and S.S. Miller (see [8], [9], [10]).

Theorem 2.1 Let $h$ convex in $U$ and $Re[\beta h(z)+\gamma]>0,$ $z\in U.$ If $p\in H(U)$ utth
$p(\mathrm{O})=h(\mathrm{O})$ and $p$ satisfied $tl\iota c^{\mathrm{J}}B$,iot-Bouquct $diff\dot{c}’ \mathrm{L}^{l}r\iota tials\mathrm{u}bo’ dir\iota ation$

$p(z)+ \frac{zp’(z)}{\beta p(z)+\gamma}\prec h(z)$ , tlacn $p(z)\prec h(z)$ .
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3 Main results

Definition 3.1 Let $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0_{\mathrm{J}}\lambda\geq 0$ and $f(z)=z+ \sum_{\mathrm{j}=2}^{\infty}a_{j}z^{j}$ . We denote by $D_{\lambda}^{\beta}$

$tl\iota c^{J}$ lincar opcrutor dc’finc’d by
$D_{\lambda}^{\beta}$ : $Aarrow A$ ,

$D_{\lambda}^{\beta}f(z)=z+ \sum_{j=2}^{\infty}(1+(i-1)\lambda)^{\beta}a_{j}z^{\mathrm{j}}$ .

Remark 3.1 It is easy to observe that for $\beta=n\in \mathrm{N}$ we obtain the $Al$-Oboudi operator
and for $\beta=n\in \mathrm{N},$ $\lambda=1$ we obtain the Sdlagean operator.

Definition 3.2 Let $q(z)\in \mathcal{H}_{u}(U)_{f}$ utth $q(\mathrm{O})=1$ and $q(U)=D$, whem $D$ is a convex
$d_{om,a};_{n}$, contain$r,d$ in, the ri.qht, half plane, $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0$ and $\lambda\geq 0$ . We say that a
fimction $f(z)\in A$ is in the class $SL_{\beta}^{*}(q)$ if

$\frac{D_{\lambda}^{\beta+1}f(z)}{D_{\lambda}^{\beta}f(z)}\prec q(z),$ $z\in U$ .

Remark 3.2 Geometric $interpoetat;_{on:}f(z)\in SL_{\beta}^{*}(q)$ if and only if $\frac{D_{\lambda}^{\beta+1}f(z)}{D_{\lambda}^{\beta}f(z)}$ take all

values in the convex domain $D$ contained in the right half-plane.

Remark 3.3 It is easy to observe that if we choose different hnction $q(z)$ we obtain
variously classe.$\mathrm{s}$ of starlike fln.r,tiolL$, .9ur,h as (for example), for $\beta=n\in \mathrm{N}$ the rlas.$\mathrm{s}$

$SL_{n}^{*}(q)(soe/ZJ)$, for $\lambda=1$ and $\beta=0$ , the class of starlike functions, the dass of starlike

functions of order $\gamma$ (see $[\theta J$), the dass of starlike functions with respect to a hyperbola
(see $[lSJ$), for $\beta=n\in \mathrm{N}$ and $\lambda=1$ , the class $ofn$-starlike functions (see $\mathit{1}\mathit{1}\mathit{2}J$), the
cla ss of $n$-starlike fimr.tions with respenrt to a hyperbola $($see $[\mathit{1}/)_{f}$ the class of n-uniformly
starlike $flnc\hslash\sigma ns$ of order 7 and type a(see $[7J$), and, for $\beta\in \mathrm{R}$ and $\lambda=1_{r}$ the dass
$S_{\beta}^{*}(q)$ of the $\beta- q$-starlike hnctions (see $[\mathit{3}J$).

Remark 3.4 For $q_{1}(z)\prec q_{2}(z)$ we have $SL_{\beta}^{l}(q_{1})\subset SL_{\beta}^{*}(q_{2})$ . Flrvm the above we obtain
$SL_{\beta}^{2}(q) \subset SL_{\dot{\beta}}(\frac{1+z}{1-z})$

Theorem 3.1 Let $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0$ and $\lambda>0$ . We have

$SL_{\beta+1}^{*}(q)\subset SL_{\dot{\beta}}(q)$ .
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Proof. Let $f(z)\in SL_{\beta+1}^{*}(q)$ .
With notation

$p(z)= \frac{D_{\lambda}^{\beta+1}f(z)}{D_{\lambda}^{\beta}f(z)},$ $p(0)=1$ ,

we obtain

(2) $\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta+1}f(z)}=\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta}f(z)}\cdot\frac{D_{\lambda}^{\beta}f(z)}{D_{\lambda}^{\beta+1}f(z)}=\frac{1}{p(z)}\cdot\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta}f(z)}$

For $f(z)=z+ \sum_{j=2}^{\infty}a_{j}z^{j}$ we have

$\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta}f(z)}=\frac{z+\sum_{j=2}^{\infty}(1+(j-1)\lambda)^{\beta+2}a_{j}z^{j}}{\infty}$

$z+ \sum_{j=2}(1+(j-1)\lambda)^{\beta}a_{j}z^{j}$

and

$zp’(z)= \frac{z(D_{\lambda}^{\beta+1}f(z))’}{D_{\lambda}^{\beta}f(z)}-\frac{D_{\lambda}^{\beta+1}f(z)}{D_{\lambda}^{\beta}f(z)}\cdot\frac{z(D_{\lambda}^{\beta}f(z))’}{D_{\lambda}^{\beta}f(z)}$

$= \frac{z(z+\sum_{j=2}^{\infty}(1+0-1)\lambda)^{\beta+1}a_{j}z^{j})’}{D_{\lambda}^{\beta}f(z)}-p(z)\cdot\frac{z(z+\sum_{j=2}^{\infty}(1+(j-1)\lambda)^{\beta}a_{j}z^{j})’}{D_{\lambda}^{\beta}f(z)}$

$= \frac{z(1+\sum_{j=2}^{\infty}(1+0-1)\lambda)^{\beta+1}ja_{j}z^{j-1})}{D_{\lambda}^{\beta}f(z)}-p(z)\cdot\frac{z(1+\sum_{j=2}^{\infty}(1+(j-1)\lambda)^{\beta}ja_{\mathrm{j}}i^{-1})}{D_{\lambda}^{\beta}f(z)}$

or

$z+ \sum j(1+(j-1)\lambda)^{\beta+1}a_{j}z^{j}\infty$ $z+ \sum j(1+(j-1)\lambda)^{\beta}a_{j}z^{j}\infty$

(3) $zp’(z)= \frac{j=2}{D_{\lambda}^{\beta}f(z)}-p(z)\cdot\frac{j=2}{D_{\lambda}^{\beta}f(z)}$

We have

$z+ \sum_{j=2}^{\infty}j(1+(j-1)\lambda)^{\beta+1}a_{j}z^{\dot{g}}=z+\sum_{j=2}^{\infty}((j-1)+1)(1+(j-1)\lambda)^{\beta+1}a_{j}z^{j}$

$=z+ \sum_{j\simeq 2}^{\infty}(1+(j-1)\lambda)^{\beta+1}a_{j}\dot{d}+\sum_{j\approx 2}^{\infty}(j-1)(1+(j-1)\lambda)^{\beta+1}a_{j}z^{j}$
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$=D_{\lambda}^{\beta+1}f(z)+ \sum_{j=2}^{\infty}(j-1)(1+(j-1)\lambda)^{\beta+1}a_{j}z^{j}$

$=D_{\lambda}^{\beta+1}f(z)+ \frac{1}{\lambda}\sum_{j=2}^{\infty}((j-1)\lambda)(1+(j-1)\lambda)^{\beta+1}a_{f}i$

$=D_{\lambda}^{\beta+1}f(z)+ \frac{1}{\lambda}\sum_{j=2}^{\infty}(1+[i-1)\lambda-1)(1+(j-1)\lambda)^{\beta+1}a_{j}z^{\dot{f}}$

$=D_{\lambda}^{\beta+1}f(z)- \frac{1}{\lambda}\sum_{j\simeq 2}^{\infty}(1+0-1)\lambda)^{\beta+1}a_{j}z^{j}+\frac{1}{\lambda}\sum_{j=2}^{\infty}(1+(j-1)\lambda)^{\beta+2}a_{\mathrm{j}}z^{j}$

$=D_{\lambda}^{\beta+1}f(z)- \frac{1}{\lambda}(D_{\lambda}^{\beta+1}f(z)-z)+\frac{1}{\lambda}(D_{\lambda}^{\beta+2}f(z)-z)$

$=D_{\lambda}^{\beta+1}f(z)- \frac{1}{\lambda}D_{\lambda}^{\beta+1}f(z)+\frac{z}{\lambda}+\frac{1}{\lambda}ffi_{\lambda^{+2}}f(z)-\frac{z}{\lambda}$

$= \frac{\lambda-1}{\lambda}D_{\lambda}^{\beta+1}f(z)+\frac{1}{\lambda}D_{\lambda}^{\beta+2}f(z)$

$= \frac{1}{\lambda}((\lambda-1)D_{\lambda}^{\beta+1}f(z)+D_{\lambda}^{\beta+2}f(z))$ .
Similarly we have

$z+ \sum_{j\Leftarrow 2}^{\infty}j(1+\mathrm{Q}-1\rangle\lambda)^{\beta}a_{\mathrm{j}}z^{j}=\frac{1}{\lambda}((\lambda-1)D_{\lambda}^{\beta}f(z)+D_{\lambda}^{\beta+1}f(z))$ .

Rom (3) we obtain

$zp’(z)= \frac{1}{\lambda}(\frac{(\lambda-1)D_{\lambda}^{\beta+1}f(z)+D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta}f(z)}-p(z)\frac{(\lambda-1)D_{\lambda}^{\beta}f(z)+D_{\lambda}^{\beta+1}f(z)}{D_{\lambda}^{\beta}f(z)})$

$= \frac{1}{\lambda}((\lambda-1)p(z)+\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta}f(z)}-p(z)((\lambda-1)+p(z)))$

$= \frac{1}{\lambda}(\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta}f(z)}-p(z)^{2})$

Thu\S

$\lambda zp’(z)=\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta}f(z)}-p(z)^{2}$

or
$\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta}f(z)}=p(z)^{2}+\lambda z\oint(z)$ .

Rom (2) we $\mathrm{o}\mathrm{b}\mathrm{t}\dot{\mathrm{u}}\mathrm{n}$

$\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta+1}f(z)}=\frac{1}{\mathrm{p}(z)}(p(z)^{2}+\lambda zp’(z))=p(z)+\lambda\frac{zp’(z)}{p(z)}$ ,
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where $\beta\geq 0$ and $\lambda>0$ .
From $f(z)\in SL_{\beta+1}^{*}(q)$ we have

$p(z)+ \lambda\frac{zp’(z)}{p(z)}\prec q(z)$ ,

with $p(\mathrm{O}\rangle$ $=q(0)=1,$ $\beta\geq 0$ and $\lambda>0$ . In this conditions kom Theorem 2.1, we obtain

$p(z)\prec q(z)$

or
$\frac{N_{\lambda}^{+1}f(z)}{D_{\lambda}^{\beta}f(z)}\prec q(z)$ .

This means $f(z)\in SL_{\beta}^{*}(q)$ .

CoroUary $\theta.1$ For every $\beta\in \mathrm{N}^{*}$ we have $SL_{\dot{\beta}}(q)\subset SL_{0}^{*}(q)\subset S^{*}$ .

Theorem 3.2 Let $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0$ and $\lambda\geq 1$ . If $F(z)\in SL_{\beta}^{*}(q)$ then $f(z)=L_{a}F(z)\in$

$SL_{\beta}^{*}(q)$ , where $L_{a}$ is the Libera-Pascu integral operator defined by (1).

Proof. From (1) we have

$(1+a)F(z)=af(z)+zf’(z)$

and, by using the linear operator $D_{\lambda}^{\beta+1},$
$\mathrm{b}\mathrm{r}f(z)=z+\sum_{j=2}^{\infty}a_{j}z^{j}$ we obtain

$(1+a)D_{\lambda}^{\beta+1}F(z)=a \theta_{\lambda}^{+1}f(z)+D_{\lambda}^{\beta+1}(z+\sum_{j\approx 2}^{\infty}ja_{j}z^{j})$

$=aD_{\lambda}^{\beta+1}f(z)+z+ \sum_{j=2}^{\infty}(1+(j-1)\lambda)^{\beta+1}ja_{j}z^{j}$

We have (see the proof of the above theorem)

$z+ \sum_{j=2}^{\infty}j(1+(j-1)\lambda)^{\beta+1}a_{j}z^{j}=\frac{1}{\lambda}((\lambda-1)D_{\lambda}^{\beta+1}f(z)+\theta_{\lambda}^{+2}f(z))$

Thus
$(1+a)D_{\lambda}^{\beta+1}F(z)=aN_{\lambda}^{+1}f(z)+ \frac{1}{\lambda}((\lambda-1)D_{\lambda}^{\beta+1}f(z)+D_{\lambda}^{\beta+2}f(z))$

$=(a+ \frac{\lambda-1}{\lambda})D_{\lambda}^{\beta+1}f(z)+\frac{1}{\lambda}D_{\lambda}^{\beta+2}f(z)$
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or
$\lambda(1+a)D_{\lambda}^{\beta+1}F(z)=((a+1)\lambda-1)D_{\lambda}^{\mathcal{B}+1}f(z)+D_{\lambda}^{\beta+2}f(z)$ .

Similarly, we obtain

$\lambda(1+a)D_{\lambda}^{\beta}F(z)=((a+1)\lambda-1)D_{\lambda}^{\beta}f(z)+D_{\lambda}^{\beta+1}f(z)$ .

Then

$\frac{D_{\lambda}^{\beta+1}F(z)}{D_{\lambda}^{\beta}F(z)}==\frac{\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta+1}f(z)}\cdot+((a+1)\lambda 1)\cdot\frac{D_{\lambda}^{\beta+1}f(z)}{D_{\lambda}^{\beta}f(z)}D_{\lambda}^{\beta+1}f(z)D_{\lambda}^{\beta}f(z)}{D_{\lambda}^{\beta+1}f(z),D_{\lambda}^{\beta}f(z)+((a+1)\lambda 1)}=$ .

With notation
$\frac{D_{\lambda}^{\beta+1}f(z)}{D_{\lambda}^{\beta}f(z)}=p(z),$ $p(0)=1$ ,

we obtain

(4)
$\frac{D_{\lambda}^{\beta+1}F(z)}{D_{\lambda}^{\beta}F(z)}=\frac{\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta+1}f(z)}\cdot p(z)+((a+1)\lambda-1)\cdot p(z)}{p(z)+((a+1)\lambda-1)}$

We have (see the proof of the above theorem)

$\lambda zp’(z)=\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta+1}f(z)}\cdot\frac{D_{\lambda}^{\beta+1}f(z)}{D_{\lambda}^{\beta}f(z)}-p(z)^{2}$

$= \frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta+1}f(z)}\cdot p(z)-p(z)^{2}$ .
Thus

$\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta+1}f(z)}=\frac{1}{p(z)}\cdot(\mathrm{p}(z)^{2}+\lambda zp’(z))$ .
Then, from (4), we obtain

$\frac{D_{\lambda}^{\beta+1}F(z)}{D_{\lambda}^{\beta}F(z)}=\frac{p(z)^{2}+\lambda zp’(z)+((a+1)\lambda-1)p(z)}{p(z)+((a+1)\lambda-1)}=p(z)+\lambda\frac{zt(z)}{p(z)+((a+1)\lambda-1)}$ ,

where $a\in \mathrm{C},$ $Rea\geq 0,$ $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0$ and $\lambda\geq 1$ . IFYom $F(z)\in SL_{\beta}^{*}(q)$ we have

$\mathrm{p}(z)+\frac{zp’(z)}{\frac{1}{\lambda}(p(z)+((a+1)\lambda-1))}\prec q(z)$ ,

where $a\in \mathrm{C},$ $Rea\geq 0,$ $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0,$ $\lambda\geq 1$ , and from her construction, we have
$Req(z)>0$ . In this conditions we have from Theorem 2.1 we obtain

$p(z)\prec q(z)$
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or
$\frac{D_{\lambda}^{\beta+1}f(z)}{D_{\lambda}^{\beta}f(z)}\prec q(z)$ .

This means $f(z)=L_{a}F(z)\in SL_{\beta}^{*}(q)$ .

For $\beta=n\in \mathrm{N}$ and $\lambda=1$ we obtain

CoroUary 3.2 If $F(z)\in S_{n}^{*}(q)$ then $f(z)=L_{a}F(z)\in S_{n}^{*}(q).,$ whete $L_{a}$ is the Libem-
Pascu $int\epsilon\ovalbox{\tt\small REJECT}\sigma\mu mtor$ and by $S_{n}^{*}(q)$ we dcnotc the dass $\sigma fn$-starlike functions $\mathrm{s}ubo\mathrm{r}di\mathscr{M}te$

to he fimction $q(z)$ (see $[\mathit{5}J$).

For $\beta=n\in \mathrm{N}$ we obtain

Corollary 3.3 [$\mathit{2}J$ Let $n\in \mathrm{N}$ and $\lambda\geq 1$ . If $F(z)\in SL_{n}(q)$ then $f(z)=L_{a}F(z)\in SL_{n}(q)$ ,
where $L_{a}$ is the Li&ra-Pascu integfd opemtor defined by (1).

For $\beta\in \mathrm{R}$ and $\lambda=1$ we obtain

Corollry 3.4 $/\cdot?J$ If $F(z)\in S_{\beta}^{l}(q)$ then $f(_{\sim}’)=L_{a}F(z)\in S_{\beta}^{*}(q),$ rvhere, $L_{a}i_{*}\mathrm{s}$ th$e$, Likm-
Pascu $inte_{\mathit{9}^{tdo\mu mtof}}$ defined by (1).
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