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Radical Banach L'(G)-modules D
WKL & # B B (Sin-Ei Takahasi)

1, W[#t Banach 38 A k¢ Banach module X #% % 5. A @ carrier Z8ff] @,
BILQE DL M LT, M, EET 5 A DBAIER ideal & L.
X? = span{MyX + (1 —ex)X}
LEL, ZZTepldpleg)=1 BMWIETADITTHD. & 9EP, ML T,
Xo=X/X® LBE. 0, LD X, LHT DR bBOLEE [1X, TRDY. %
e @E P, x EXITHR LT,
Tx) = X(9) =x + X¥
LEBL. HiZn,=0(VoE DY) DBARMORIZVWEESZ LT, XYV
 THBLMEZ LT D, STRY bABoell X, 17 ROFFERZWICTER
B >0 MRHIET S L E BSE LIRS :
| & ccon[=5] 6m )

(V@1 ..., 92 € P4, Vi EX)*, ..., VHEX@)*, Vn=1,2,..)

FDX 57 BDOTRE |o|psg TRDOT. TDLE, BSEXT MiEDL2K
IlgseXy 15/ V& ||o|gsg @b & T, Banach A-module &785 Z L3534, -

T, AEX

I g fi(o(9;)) I <|lollsse " ig f; o T Ix'

(Vo1 ..., P € P, Vi EX ), .., Vi E(Xg)*, Vn=1,2, )
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% BSE-ARZER LIERT LI2T 5. Adb X~ A- B[FRE %% multiplier
LI T D2 E MA, X) TKbT, ZOLERTEMA, X LT,
(Ta)" @) = 9(a)T(@) (VaE A, V9 E Dy)
ERT RS MV T S—RICEES. &
M(A, X) = {T: TE M(A, X)}
L <. Bl BSE XY b AB0LEE [TogX, TRbT. TR b
i o [1 X, Wil Ch 2 Lid. ROBKTHS : MIHEHA LIEM 0y x X
BEZ.
(@, X) = (9, X(®)) (PE Py, x EX)
THRBEND OxX 25 L {0} xXo ~OFH 7 KT BRHIHE
@%J% {9} x.Xq, KEALLEE, O, D q}g%{q)} x Xo ~DE: ¢ — (¢, o(9)) A3
HiE T 5,

Bk DEBKIL M(A, X) = [T5seXo 2 DBAETH B, Z DL 572 Banach module
X % BSE LA THY. Zhid multiplier  Gelfand 2545 BSE-FFR TRAI
AT BB Z LB L TWD, Wi Banach BRiX £ H £ ® LD Banach
module ¥ BB Z LR TX 50, T BSE THD L&, BSEREFEE, FIRER.
N—F B BB, () C-B 2 LIXBSERORKRNZLDTH D (cf. [1,2).
¥ - fErh g C*-Bi1x# oty £ BSE Banach module T 5. EiZa /"7 bA]
P G IzR LT, C(G), LA(G) (1 =< p s ®), M(G) iX# BSE-Banach L'(G)-module T
BB (4. L LERNRE GH ar Ry hTRWEEIXIN S OEBEASR Y IL-2O%
¥ opRnTiRE, @ ONT, BEE LTRLTRW, 0% M@G) iREEN
W E (B L7(G) MR < B Y ORI L TIE. ROEEBEZOREEZF X

%
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EB, If G is non-conipact, then both Cy(G) and LP(G) (1 <p < «) are radical.

¥ ¥ . radical Banach module i32#%5 5 #IZ BSE TH2» 5. ZOHELHE
WA NLz. L L L9(G) ROWTIRER N TR, ZOEHEHEZE BRI
Bh &l o T RER :

[P (1< p<®) DET, BRENE R ERB V- BADERT SHE 2D

PXITCIENLS 2?2 ]

I LTHtRIZY 2 L EX TTE > ERETFAHBOBEHA=ZREEHORE

*I 5.

2. BB @I, Let G be a non-compact locally compact Abelian group and p

the Haar measure on G.

Lemma 1. Given a compact subset K of G, there exists a compact subset H of G

such that HNK =@ and pu(K) =< u(H).

Proof. Let K, =(K U {0})- (K U {0}) and then K, is a compact subset of G
containing K. Choose an element x of G which doesn't belong to K, andset H =

x + K, . Then H isadesiredset. Q.E.D.
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Lemma 2. Given a compact subset K of G and a positive integer n, there existsa

compact subset K, of G suchthat K, N K=& and nu(K) = n(K,).

Proof. By Lemma 1, we can find compact subsets Hj, ..., H, of G such that
H;N(KUH, U..UH;_;) =3, w(KUH,;U.. UH;_)) = WH)

foreach i =1, ..,n. Set K, =H; U..UH,. Then K, isadesired set. Q.E.D.
We identify the dual group G of G and the carrier space of L(G).

Lemma 3. Let X =Cy(G) or LG) (1<p<) andy€EG. Then

M,NXCM,* X+ (l-e)*X.

Proof. Since Cyy(G) is L'-densein LY(G), there is a function g € Cgo(G) with
g(y) =0. Set ey= -;g%—g . Then QY ()=1 and &', € Cy(G) CX. Moreover
f=f*e,+(1-eP*fEM*X+((1-¢'\)*X
forall f € M, N X. Hence
M,NXCM*X+(1-€e'P*X=M;*X+(1-e)*X.

Q.E.D.

(i) Let X=L*G) (1 <p<x) and ¥y €G. Thenweshow that X =XY. Let f€ X
be arbitrary nozero function and € > 0. Since Cyy(G) is LP-dense in LP(G), thereisa
function h € Cyy(G) with || f-hllp <e. Let K be the support of h and hence

uw(K) >0. For each positive integer n, there exists a compact subset K, of G such



that K, NK=@ and 0 < nu(K) = u(K,) by Lemma?2. Set
A

__h(_

1(Kn)

h(x), if x&K,.

Y (x), if xEK,
hy(x) =

Then h, € Co(G)C X and hn(y) A -4 (Y) [ TOY(x)du(x) = 0 . Therefore

h, EM,NX. We also have

T P
Iha=hlp= TRy 1] )
h(v) vp ___|hey)
WK P
|yl 1

UP—"O (as n >+ )

")

and hence [[f—hy|l,sllf-h], +]lh-hy ||, =< 2¢ for suffciéntly large number N.
Consequently, M, N X is LP—dense in X and hence X =X by Lemma 3.

(i) Let X =Co(G) and y € G. Then we show that X =X'. Denote by 1 a unit
element of G. We first show that X =X!. Let €>0 and g be any nozero positive
continuous functionon G with compact support K. By Lemma 2, there exists a

compact subset K, of G suchthat K, NK=2 and u(K,) z-%— fG g(x) du(x) . Set

=1 f g(x) du(x) and hence 0<d=e. Let {Ky}pea be the net of compact
wKe) Jo
neighbourhoods of K,. Foreach AE A, choose a continuous function h, on G
such that h, |K, =90, hy] G\ K) =0 and 0sh, <d. Then we have .
' forall A& A and Ty | = .
fG g(x)di(x) = fG ha(x)du(x) fora and ljm | hy()di(x) = | - g(x)di(x)

Moreover, choose a compact subset K, of G and a continuous function f, on G

such that 0=<f; =<9, 0< fK fp(x)du(x) and Ko N(KUK;)=D. Then there exists
0
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AoE€ A such that 0= fG hy (x)du(x) - fG g(x)di(x) < fKo fo(x)di(x) . Set

Jomgoan- [ swanco
[, fotx)dncx)
0

and

g(x), if x€EK

~-h)\ (%), if xEK,,
afy(x), if x EKy
0, otherwise .

h(x) =

Then h€Cy(G) and
fo = [ e = [ e + [ atonnco—[, waue) =0
hence h €M; N X, where M; = {fE€ L'(G) :'f(l) =0}. Also,
g - hllo=max(| hy| lofoll) <& =e.
Then g belongs to the L”—closure of M; N X. Since an arbitrary continuous function
on G with compact support is wrtten by the linear conbination of four positive
continuous functions on G with compact supports, it follows that M; N X is
L™-dense in X and hence X = X! by Lemma 3.
For the general case, let y € G énd (TyH)(x) =¥(x)f(x) (x EG, fEX). Then T, isa
linear isometry of X onto itself. By the simple computation, we see that
T,(M; N X) =M, N X. Butsince M; N X isL™-densein X, sois M, N X and hence

X =X' byLemma3. Q.E.D.
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