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ON MEROMORPHICALLY MULTIVALENT FUNCTIONS
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Abstract. The purpose of this paper is to derive some properties of certain

meromorphical ly multivalent vfunctions in annulus.
1. Introduction

et X, be the class of functions of the form
a.n f(z) = 1/z° +ag /2" ' 4 coeeeeene Fawieaz® + o,

which are analytic in the annulus D = { Z : 1z1 < 1}, where

peN={1,2,3, - }. For £(z) € ¥, , we define the operator D *'" 'f(z) by
(1.2) Dnirtf(z) = (z 20 ' i)/ (ntp-1D) 1) @D Jgw
=1/z " + (ntplao /z * ' + (nip)(ntptDa, /( 21z " 2 ) ¢ -
+otp) (ntptl) - (tki2p-Da wie 1 2 * /Gip) |+ o,
where n is an integer and n > - p.
Recently, Cho and Nunokawa [1] proved that
Re{z *''(D ***f(z)) " } < -a (0 Za<p; lzl< 1)
implies Re{z "''(D "'" '"f(z)’ } < -8 (1lz1 < 1)

where

B = (p +2a (ntp))/(1+2(ntp)).
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In the present paper, we show another properties of functions f(z)e ¥,

concerning with the operator D*'" ! f(z).
2. Main results

¥e need the following lemma due to Jack [2] ( or, due to Miller and Mocanu[3]).
Lemma, Let w(z) be non-constant analytic in U = { Z: 1z1 < 1} with w(Q)=1.
If lw(z)1 attains its maximum value at a point z, on the circle lzl=r<l,

_then we have
zZo W' (2o ) = kw(zo )
where k is real and k = 1.

Theorem 1. If f(z) € ¥, satisfies

@1 Re{ z""' "' f(2)) " }> -a (zel)
for some a (a>p), then

2.2 RBe{ z""" """ ' £ ) }> -8B (zel),
where

B = (0 +2amip)/( +2(ntp)).

Proof. Define the function w(z) by

2.3 z2" 0 £(@2) 7 = (b -28)w(2) -p)/ (4w (z)),
w(z)#-1, with
B = (p +2a (tp))/(A +2(nip)).
Then w(z) is analytic in U and w(0)=0. Note that
Q.0 z(D*£(2)) 7 = (nip)D' £(z) -(ni2p) D' £(2).
It follows from (2.3) that
2.9 (ntp) z° D*'" £(z) ~(n#2p) z" D"'*' £(z)

= ((p-2B8)w(z)-p)/(1+wu(z)).

Taking the differentiations in both sides of (2.5), we have



(2.6 z o' £(2) 1 = (0 ~28)w(@)-p)/(Hw(z)

+2(p-Bzw * (2)/((ntp) (MHw(z))? ).

Suppose that there exists a point z, €U such that

max 1w(z)1 = 1 w(zo )1 (w(zo ) # -1),

1zl £ 1 7‘0[

then, by Lemma, we have
Zo W ’ (Z() ) = kW(Zo ) ( k = ])

Therefore, letting w(zo )=e ' (0£0< 27), we see that

@.n Re{ zo "' (D" f(z)) } + a
=a + Re{((p -28J)e 7 -p)/( 1 +e 7 )}+2(p- Bk (n-Pp$‘Re{e 0 (1te 10 ) Y
=a ~-B + (p-B)k/((ntp)(1 + cos )
sa -8+ (p-B)/2nip) =0
for a>pand B= (p +2a (p)/(1+2(ip)).
This contradicts our condition (2.1). Therefore, lw(2)1< 1 for all z&l, or

Re{z ="' " f(z)) "'} > -8B (zel).

Next, we prove

Theorem 2. Let

Fc (Z) - Cva:' tvg t(:!p 1 f(t)dt (C > 0)

0

2.9
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for f(z) e X, . If f(z) satisfies

2.9 Re{z"'' @'~ ' f(z)) "} > -a (zel)

for some a (a > p), then

(2.10) Re{z"'' @"'" ' F. ()" } > -B. (zeuw

where B = (p +2ac)/(1+2c).
Proof. We define the function w(z) by

2.1D zo'h @ Fe (@) = (0 -28w@-p) /(L + w(@) (W@ #-1).
Then w(z) is analytic in U and w(0)=0. Noting that

(2.12) zD0"'" ' Fo () =cD*'" ! f(z) - (ctp) D*'" ' F. (2),

therefore we have
(2.13) zP @t f(2))

= (0 -28)w@-p/A+w (@) + 200-8) zv' (2)/c( 1w(z))? ).

Therefore, if we assume that there exists a point zo €U such that

max Iw(z)1 = 1W(Z, )1 = 1 (w(zo ) # -1)
lzlglz'l
then Lemma gives us that
(2.]4) Re{ ZO PpHT (Dnlr’ ! f(Zn ))’ } + a

= a -B+thm- Bk
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which contradicts our condition (2.9)ﬂ This completes the proof of Theorem 2.
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