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Tarski-Seidenberg OFHIZHOWT

W B E (RIK)

ZHO/— M
[C] Paul L. Cohen; Decision Procedure of Real and p-adic

Fields, Communications on pure and applied Mathematics,
vol, XXII, pp. 131-151 (1969)

DOHFTEZBENTWS Tarski OFEHE | OfEZH (pp.132-134) . &, £h
ZTEMRLE

[B] G. W. Brumfiel; Partially ordered Rings and semi-
algebraic Geometriy, London Mathematical Society

Lecture Note Series 37 (1979)

O Appendix (pp.268-277) %, NINFIZHWEL, ELTHI5—EO2EaD

BELDTHD. WXXPREIZ>TLESTIRWED, FROTEHICHERTDD ME
JIBRATWEHRSBEERTWALOEALDSE S (FHIHM) .

8§ 1. TsEH@, ORE R % TEMfF1 (real closed field) &L, X =

(Xp,0005X)) 2 R LOEHET S, 2O E, FERX f(X) € RIX] ZonT

@ relation

n

f(Xlaxza""Xn) >0

WHERBREOD TV, A, ~(not)) 2LTHLNS T %2 TZ2HAOHSEMH, (of
degree n over R) ¢ BFW A(X) RETERITZILICLTS. FEHEMH AX) OF

e

S {x € R™| A(x) (is true)}

Wt R™ » semi-algebraic subset (= s.a.s.) EHFhTW3S, R™ »



s.a.s. EHOES
SA(R™)

& V(f) = {z € R™| f(x) > 0} (F(X) € R[Xy,-++,X, 1) TERIND

n

n

B(R") = Z(R ) ® TBool %) (i.e. closed under finite "U",
"N" and "C (= complement)") TH3.

it, ﬁl‘ﬁf@@%lﬁﬁ f‘i(xl"..’x'n) € R[Xls ""Xn] 8%7”/‘:%[[33—5 r

HHiA;, € {-1,0,+1} 2do TERSNBHRMAFK

(1.1) Sign[fi(xla"'axn)] = Ai

AE25. ChOBES S = (x € RY| Vi(signls,;(x)] = A;)} @H6MK

120 s.a.s. TH5. ZD&S% s.a.s. S 2THEFH ) s.a.5. LES. %
LToD S 2F&32 (1.1) 2EAR s.a.s. S O TEERFSKA) eBR, —

B s.a.s. S € SARY) RCOEAM s.a.s. OHEHTEDENS.
BLED#REDS LT, [Tarski OFE) FKROESICERBNS :

THEOREM 1.A. K%

n: RM™1 5 R™, m(x,y) =y, (x€R™ y €R)

i2onT,

s e saA(R"1)y — 7(s) e sa(rR").

§ 2. AMOBEE (F4747) BHKE S;, S, ¢ B 12onT, —#i
H(SIUSZ) = H(Sl)Uﬂ(Sz) THbMm6, THEOREM 1.A [ZHbh3B S € SA
(R™1) %BABERELTEW. 22T S OEHEFER%

fi(X;Y) = A‘i
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fi’(X;Y) € R[X,°°°,Xn;Y], A, € {-1,0,+1}
1 = 1,2,¢00,m

2345, 2nrE x € " 220t
(2.1) x € n(S)

= 3y € R s.t. V ¢ (sign[fi(x;y)] = Ai)

THB. ZOFREEDFTS
x € R" % fix ¥3. BLTHBER f,(x;Y) = 0 (i = 1,+-+,m) ® R
DHIH BBOTRTH—FITENREDD |

El(x) < §2(x) < eee < §N(x), N = N(x)

%z25%. 2Ok & Treal closed field FOZEKIZOWTOHHEOEHE 1 &
N, ED fi(x;Y) b, ZOMEEEHEME

Uk(x) = (gk(x)agk_*_l(x))a (0 £ & £ N+1)
(go(x) = =0, §N+1(x) = -w)

DETIRTERS I ThHa2ehbhrs,. 227 R LTEEIhZER

£;;(%)

signfi(x;gj(x))

§,,(x) = signf (x;n, (%))

1l ssism 1=<£ 4N, 0=%k<£N
EEL ‘ |
] §y(x)-1 k =0
ng(x) = %{§k(x)+€k+1(x)} 1 <k <N
l Ey(x)+1 k = N+1

AEZRBE, BRROFEH (2.1) &

(2.2) (2 4 s.t. ¥V ¢ (8ij(x) = Ai))
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or (I k s.t. V¥V 1 (6ik(x) = /\i))

(s) ﬁ ( ﬁ Lixu ﬁ (N 871(x,)
i.e. N(S) = g, (A, . ”
g=1 i=1 Y9 P g0 4=y PR

m

LEEXMAONSG. TOZEH,MH THEOREM 1.A ZEEMAT 320IIEKRO MEE H
bl Ewn

THEOREM 2.A. rREOESODHET

£75(1;) = {x € R™| signlsf;(x;§,(x))] = A},
87x(2;) = {z € R"| signlf (z3n,(=))] = A;)

Z3~T R" @ semi-algebraic subsets T#H53.

8§ 3. Semi-effective Functions THEOREM 2.A %:;R97ZDICROME
BT 5

DEFINITION 3.1. B 6 : R" — R B V S € SA(R) I29oWT

o~1(s) e sa(rR™)

AHEELTWABE X, 0 |3 semi—effective THBRLEDII&IZT S,
ZOEE

EXAMPLE 3.1. BEED 5B
PR R" —> R, nl(xl’“"xn) = X, (1 £ 1 n)

] 67)%: semi-effective ThH 3.

LEMMA 3.1. semi-effective function .6 : R" —5 R IZOoWT, #



O TFSHEK .
signeo : R" — R

% semi-effective THHb.

LMo T, THEOREM 2.A %RTADIZIFRO NEBE ) BhrhidLwn:

THEOREM 3.A. BAR f;(z;8,(x)), fi(xins(x)) (= € RY) @Eh¥
L semi-effective functions ThH5.
£ 3T THEOREM 3.A [2Bbh 3K fi(x;gj(x)),' filxing,(x)) 1384

pHR 1 e HER S (xY) = 0 O TEME. §,;(x) (x € RY) O T3EK
S TH3. LENST, DLRO2-50 TEiEy HELIFHE, THEOREM 3.A O
MNEXHE ) BREENSB :

CONJECTURE 3.B. B8O semi-effective functions

0, : R" — R (i = 1,+++,m)
8f£%0)§§ﬁ g(Zly"')Zm) € R[Zl,"‘szm] ‘:OQ\T; Egﬁ
gloy,cery0,) : R — R

HF 7~ semi-effective TH 3.

CONJECTURE 3.C. ERICER 6N AESER f(X5Y) € R[Xy, -+, X ;Y]

n;
IZonWT, &§(x) 2HER f(x;Y) = 0, (x € R") 120 NEMEKI LT3,
chtx & : R" — R |3 semi-effective TH 3.

[#FE] O TEME: &(x) I22oWTiE, ¥H5PLHEEBLDITELEE (F
i) PREICRB., ZhizOoWTid THEOREM 4.8 O statement %2R TIE
L.
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§ 4. Effective Functions  Fifii®® CONJECTURE 3.B 34U 3.C %
FTT DI, F2iBEbhE "semi-effective" OEZFH (&) (DEF. 3.
1) #%EHE - BELTBLDENRDS :

DEFINITION 4.1. E{£ 6 : D —> R™ (D c R™) %%#x3. 0 i

semi—effective &t
s e sA(R™) = 07 !(s) e sa(r™).

¥|ic D = @_1(Rm) (R™ € SA(R™)) TH2M5, semi-effective map

O OESZM DI s.a.s. THBZeMWbhs: D e SA(R").

DEFINITION 4.2. BEfg 0 : D — R™ (D c R") %£2%. FEOBER

B le NO = {Q’laza"’} LT, 5%

1

exll : R"XD —> Rlme

7 semi-effective (DEF.4.1) THZEE (ZIT 1, i& RY OEZEH)
Eff 0 1% effective (or universally semi-effective) LMIN3B.

[EE] Z@ DEF.4.2 {3 [C] (p. 132) %2FBHOBEIHKRLED
DTHBH (THE) "effective" HEFDEF) . BEAKZIZ (DD, HED
NMarski OFHE | (THEOREM 1.A) HEEHHXATLEZXIE) B 0 H»

"effective" THBZLiE, 0 ®¥>7 I'(0) ¢ DxR™ 3% s.a.s. TH
A2t (i.e. ® is a semi—algebraic map) LEIETHAZENDOMAS
(COROLLARY 7.1),

BeEMIZER 0 » effective 2 HIF ) 1z semi-effective THH D
(t = 0), LENM-T CONJECTURE 3.B, 3.C {I, #ZOFRICHDI 3
"semi-effective" %2FANRT "effective" TEEXMIEALOMNKILTL
hhid, TCOERELTETETHS.

CHDEDIICEELS CONJECTURE 3.B MOiFEiALIT® THEOREM 4.7 T
5 %2%. CONJECTURE 3.C OFF & L= statement |3 THEOREM 4.8



THEZ3. TORBHFERT Z2DEEToeikickrd (8 8).

LEMMA 4.1. R" ®» s.a.s. D, D, € SA(R™) ( = 1,..

T

S
D= UD,; (D;AD; = @, i # j)

(i.e. s.a.s. partition of D) ¢35, 2Ot % B 6 .

ROWTRDOEHFIZEET 3 :
(A) @ 1T (semi-)effective.

(B) @i = @IDi ¥ (semi-)effective (V t}).

',S) 220

[FE] @ LEMMA 4.1 OPAIRKROEN TH 5. 526N =5H§ 0
M (semi-)effective THBZ &% MM AR, TDEEM D OHFY
jz‘:c s.a.s. partition D = U,D; 25x% D, OLT#E®mINEL . Z

DEZFIZTHES ELTUTO NTarski OFEM | (THEOREM 1.A) OIFAH

DHRTHRBICEL .

LEMMA 4.2. (semi-)effective maps OERERITE A
effective TH5.

(semi-)

LEMMA 4.3. rE@E{§, &€ : D — R™ (D ¢ R™), ¥42bbzER

fo(X)1 fl(x)) crry fm(x) € R[xly"'axn]
fo(x) # O, V x € D,
I2&k-T

fq(x) f %) m
@(x):w’---,w GR, VIED,

TEZEXINBDEMSR 0 X effective TH3.
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LEMMA 4.4. LEFS T THARE® ) (diagonal map)
4 : R —> Rnx-c-an, 4(x) = (x,+++,x), x € R™,

2 T2HEAE]) THE»56 effective.

m. n.
PROPOSITION 4.5. effective maps 6, : D, —> R v (D, € R v

; 1= 1,2) O THEER)

m +m2

- . 1
6 = 6,x8, : DyxD, —> R ,

@(xlyxz) = (el(xl)sez(xz))’ iZF 7/~ effective Thd.

ot 1 Mty
Proof E{g 1lx€91x92 : R xDlxD2 —> R"XR 3
1 X0 1,xe,x1
l+n 2 n m 1 17 ™n m m
RlxDlxDz — 1 s Rl'xp Ixr 2 25 R'xR xR 2

EoaWEINB. JZT 6, N effective THBEPH, ThHD factors EEN

FN semi-effective T#HB (DEF.4.2), L7~=HM-T LEMMA 4.2 LDEE
1 elxez I effective THAB. o

LEMMA 4.6. m D effective functions 6, : D — R (D c R™
;1= 1,-c0ym) 2o THEH6NS THAGEER (NEH) 1

0 = (8;,00+,0,) : D —> R™,

9(x) = (8,(x),+++,0,(x)) € R™, (z € D)

¥ 75~ effective THB.

Proof Eif o X

il
v
B

4 : D — DX+ eXxXD



m
0 = Il : D™ ——> R™

(22
i=1

DEMEHTHD. LEN->T LEMMA 4.2, 4.4, PROP. 4.5 kD, Z®D 6 %
effective TH 5. o

¥klx CONJECTURE 3.B OBETH 5 :

THEOREM 4.7. 0 = (67,++,0,) : D — R™ % @ LEMMA 4.6

m
ThHz# effective map £33, ZD& X{FHED effective function
9 : E—> R, 6(D) ¢ Ec R™,jzdL T, SEE

£ = ‘P(61,~--,9m) : D — R

H%7 effective THB. LEMN-T, BIEEDOZERN 9(Z,,--,2,) €

R[Zli""zm] IZ2oWT, Eﬁﬁ g(el"“’em) HF /7 effective ThHh5.

Proof LEMMA 4.2, 4.6 oEBIZOMNS. o

[#8] o=@ THEOREM 4.7 }& [B] Lemma A.4 (p. 269) OIiE%
DUIENDIIELTWS.,

¥RIz CONJECTURE 3.C OFF &L~ statement ZFA2H5XTEL. iR
PIFoD 8§ e ¢

THEOREM 4.8. ff%ﬁﬂ:'a“—iBﬂt%IEiﬁ f(X;T) € R[Xls "'1Xm;T]a
n = degr[A(X;T)], IKHLT, (n+l) D effective functions T®RD

FhRBETOONVEET S ¢

§i:Rm——)R(1§i§n),

N : R™ — {0,1,2,+++,n} CR

EEL, 22T, 80 x € R™ LT
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§1(x) < §2(x) < e K §N(x)(x)

E f(x;T) = 0 D R OPIZHITIXRTDOETHS.

DEFINITION 4.3. D §1 < §2 < see K %'n  f(X;T) =0 @ THE

Bi%( 1 (the root functions), N 2D T{HEEMEK, (the number func-
tion of roots) LES.

[FE] THEOREM 4.7 %2%EiICAN3%E, 2@ THEOREM 4.8 %17
O ER F(X;T) M '

M n n—l e o
P (X5T) = XgT +XT" "4 e o4X

OBEIHBHERNE I WS eb»5 (cf. DEF.7.1),

EXAMPLES 4.1 n = 0 Q& : p,(X;T) = X,. ZOL&id root

function FHFEELZW (0 @) . ZFLTH¥I—B¥ N(x) = 0 (V x € R) %
Ez2REE W, '

n =1 OB&; ;bl(X;T) = XOT+X1.

& (xg,2y) = :
l 1, if z5 = 0
J 1, if x5 #0
N(xo,xl) = l
0, if x5 =0

8 5. HEMOfEix ¢ 23 Effective Functions ROBERIZLUTOHBOH
TIARBENI THS:



LEMMA 5.1. 6 : D —> R (D c R") ZAMMEDME {t;, -+, )} k&
KL E. COLEROFFIAMTS S -

(A) 6 i effective.

(B) 0 I3 semi-effective.

(c) D. = o1

; t,) € SA(R"), & = 1,+++,s.

Proof f{fE®D t € R L{EEMD S C R'xR lzonwT S(t) c R' %

SN(R'x{t}) = S(t)x{t}

i=

S
TEETS. COLE (1,x0)71(s) = ,ulsu,.)xe"l(ti) THB. LES

(1,x6)71(s) e sa(R'xR™)
s  s(txel(t,) e SA(R'XR™) (¥ i)

— e—l(ti) e SA(R™) - (Y i) O
LEMST, LEMMA 5.1 O T#) (BHZERL) LT

8
LEMMA 5.2. D = UD, (D, € SA(R")) % s.a.s D € SA(R™) o
1=1

finite s.a.s. partition 93 (cf. LEMMA 4.1), ZO& %, & Di

LT%&‘E%&%%& 0 : D — R g effective ThA.

§ 6. ZHEADI ST L ROZT

DEFINITION 6.1. ([IC]l, Def., $.133) real closed field R O

135



136

BERODF

TEH 2 6N 23X

Ipo= (tgatiy) (0

A
.
A
=
L 3
8
o~

= +oo)

EBEA p(T) € R[T] 2#%5X%. 22T, BHA »(T) ¥EERM I, O0LT
B (B 82) ThHseE, 20 {t <t

71 (a graph of P(T)) LW,
P(T) DIO2DTS70 THZ1EEE 2(T) O1O2DV5T7THAILIREERY
L.

2<o--<tM} 2 o(T) D150 TS

LEMMA 6.1. ZRK #(T) € RIT] 2L T, {t <ty<o<ty} MHER

T3(T) = p°(T) = 0 O R OHDFRTOBEZATNEEE, ThiZ »(T)
DLODTFTTHB.

DEFINITION 6.2.  {t;<t,<.--<t,} %ZHKX 2(T) € R[T] P120
757 (DEF.6.1) &95%. ZOLE, TH53,

[80’81)""8k18k+1] € {-1:0’+1}k+2

8i = sign[p(ti)], i = 0,1, +¢,M,M+1

2757 {t <ty<ee<ty} OTF—% 5 (the data of graph) &ES.

LEMMA 6.2. HERX 2(T) = 0 ® R Ohich 3ROEE (57) OREIZY
FIIDTF =D TFSEDNUE L HHHETES. T42bb, LOWESOH LT

(A) 8i =0 &qﬂi’ti

i 2(T) = 0 D1DOOWTH 3.

(B) (£,,€,,4) = (-1,+1) or (+1,-1) ZBIE, »(T) = 0 AXM
I, ekE LEORERD,

(C) ZNLUND TH/ARLICIE 2(T) = 0 OBITFELELRZL.



LEMMA 6.3. ZERX f(X;T) € RIX , -+, X 5iT] PFASRATNEDOL

4%, effective functions T; ¢ R™ — R, Ty < 'tz < see < Ty

T, TRTHO x € R™ 251

'Cl(x) < 'tz(x) < eee K 'CM(x)

W f(x;T) OTITTHATHIEIBHOPFEETIE, f(x;T) = 0 D R
OHOBOBY N(x) 25238% N : R™ — R {3 effective TH5.

Proof B% Si(x) = sign[f(x;"ci(x)] »%27%., THEOREM 4.7 11

“hid effective THB. —F F(x;T) = 0 O HBOBE N(x) 1 LEMMA
6.2 kD

N(z) = #{i| &,(x) = 0} + #{i] &,(x)-&, ,(x) = 2}
THExBNB. LENSTEED Ny € Ny LT
D(Ny) = {z € R™| N(x) = Ny} € SA(R™)

TH3. Wzlc LEMMA 5.2 kD% N |3 effective TH5. o

LEMMA 6.4.  {t <t,<.--<ty,} 2%EHKX #(T) € RIT] O120DF 57
(DEF.6.1), 2LT {§,<5,< <5} #FERX 2(T) = 0 OFXNTRDIE
T35, 20&&, i (053 2 M) zdLT & BEHOWR &, 2OWTOXMA

(1) t.<§k<t

1 141

(2) g, =t

1

ZEh¥Eh "effective" ThHb.

§ 7. THEOREM 4.8 = CONJECTURE 3.C OFHHOHEM ROEZEMSIED
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%
DEFINITION 7.1. ffB®O n € Ny IZDWTHEK

. - n n-1 .
pn(C,T) = COT +C1T +o +Cn

% genric polynomial (of degree n) &S5, ¥-2hdD T IcHT3ER
BREREE 2)(CiT) = 3%70,(C3T) = nC T Li(n-1)c, 7" 14 . 4c

TEDLY.

n

NOTATION 7.1. B 6 : D —> R (D ¢ R™) MEz6hTWBL S, {F
HD d € N, A € {-1,0,+1} 2L T

S(d;e51) = {(c,x) € R¥™!xD| signlp (c;0(x))] = 2}
LB,

RO PROP.T.1 & 8§ 8 TH5 %% I THEOREM 4.8 (CONJECTURE 3.C) ®
) ORTHRRNICEL | |

PROPOSITION 7.1. B% o6 : D — R (D c¢ R™) 1z L T, RO
FEMETH S :

(A) 6 | effective.

(B) S(d;e;1) € SA(R®*IxD), (V d € Nand V A € {-1,0,+1}).

Proof (A)=>(B): S = {(c,t) € R¥*Ixr| signlp (c;t)] = A}

eBE,

s e SA(R%*1xRr),

ZLT

S(d;0;%) = (1,,,x6) 1(s)



THEBME, 0 25 effective 26IF S(d;0;1) € SA(R™) TH3. o
(B)=>(A): i#ic o WEfE (B) #EELTWBLEEL, 5® (1,x06)

R'xD —> R'XR (U € Ny) #%x%. EHICEA5NESEK f(Z;Y) € RI

ZyyeeyZY] RS A€ {-1,0,41) ZHLT

F = {(z,y) € R'xR| sign[f(z;y)] = A}
L¥E. COEE{EED s.a.s. S € SA(R'XR) &, 2OE5% F @ [Bool
£6 ) TEbEIRE. £E (1,x0)7 1 @ TT—LREOEAREE,) THEM5,
(1lxe)‘1<si i (1,x0)"1(F) @ Bool #&1TH%. LEN-T o A

effective THBTEERTIIE (1,x0) 1(F) € SA(R'xD) #EWTHIEL

WwWZekicizsd. 22T

d .
£z;Y) = 3 e (2)YH, o (2) e RIZ]
1=0
rEDT. COLE, SEAFR
r 2 RN — R, v(2) = (eg(z),ri0y(2))

ikoT F = (rx1) M {(c,t)| signlpyle;t)] = A}] THB. LEN-
T BB ER

: Tx1
RLxR ———1—> Rd+1xR

0 (1,xe) L(F) = (rx1p)TlIS(ds050)] AfEERE. ZTT X1, 3%

EREMTH 2,5 effective TH% (LEMMA 4.3). LEMH>TRE (B) &
)
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(rx1p)"1s(d;050)]1 € SA(R'xD)

. (llxe)_l(F‘) € SA(R'xD)

5. u|

[E] PROP. 7.1 (B) ##R$2M& 6 : D — R (D c R™)
% [B] Tlx psemi—algebraic HEATWS ([B], Def. A.3,
p. 269). 2B PROP. 7.1 DF3RiIE [C] Lemma 1.1 (p. 133) %
DOHOTHDH. FELUEZOIEH (KB ?) &, RBICIXHEBTERWL.

§ 8. THEOREM 4.8 (= CONJECTURE 3.C) @ifHi THEOREM 4.8 O
[FEE] &0, £A(X5T) = ¢, (X;T) OBERERETRIEIEN. n 2O TORER

RETERTS.n = 0, 1 2oWTld EXAMPLES 4.1 & hH THEOREM 4.8
WML L TW3. 22T THEOREM 4.8 DOFiRIE n-1 FTIZOWTIESTTIZRRILL
TWB3HDLRET S,

[EB] D= {z € R™!| z, = 0} (= ") e sa(rR™!) otT
X deglp, (z;T)] < n-1 THE26, RWEORELD D OLETIX
effective root functions OFEREEINTWE. LENST

Rn+1 = {x € Rn+1| x

0 = # 0}

0
352, LEMMA 4.1 kD RITF R’O”l FTEEINRTNWS "effective
root functions”" &, : Rn+1 —> R BXU "effective root

i 0

number function" N : R8+1,H R OFE#MBEITRIFE W,

(1) [N : R}*Y — R of]  Chid LEMMA 6.3 OMEZBRETS



5. BWEORELD Pr’z(x;T) = 0 ® root functions

T, < 7T < 00 £ T

1 2 n-1

5 g (nxo,(n—l)xl,-o-,xn_l) € Rg' I2oWT®H effective functions

THB. COZERE, FER b (x;T) = 0 O TBOEKEH, N(=), (x €

R"™1) 13 LEMMA 6.3 &1 effective THBIENHNZ.
0

(IX) [root functionS § = Ek M effective THZ ¢ ] B £

5 PROP. 7.1 OFH
(B): S(d;&;2) € SA(Rd+1xR8+1),

(V d € N vV x e {-1,0+1})

0’
EHETILRTREIN. BL d 2 n 251F, 2,(C;T) % p,(XT) TH»
T

p4(C3T) = a(C,X;T)p, (X;T)+7(C,X;T)

L 3T,

q(C,X;T), r(C,X;T) € R[C)X77(—),

degT[T(C,X;T)] < n,

k95, ZDOEE

(*) S(d;&;1)

= {(c,x) € Rd”ngH; sign[r(c,x;8(x))] = A}

THD., FREHEOREELD, v(c,x;T) = 0 ® root functions

2( ..-(o’m

1% Rd"'lxRB”l DOLrLD effective functions THB. £ZT

MoroMy S My S -ee S Uy, M= min-l
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% effective functions 7., Gj D1oHD INEFAY | (permitation type

d+

) e¥he, 20 1 #ERTS RN onsxe

E(n) = {(c,x) € R 0

XR n(c,x)}

d+1_pn+l

3OO0 s.a.s. TH3. TUTCTEFE L 7 2HnTILT R xRy O

finite s.a.s. partition

d+1_pn+l1 _
R xRO = UﬂE(ﬂ)

MHESRSE., LEMN-ST LEMMA 4.1 kD& i E(n) ET effective THBZ
EEREIE LW,
22T (c,x) € E(n) %@ETDE, nlc,z) & ¢, ,(x;T) DLDO2DTFTT

$»% (LEMMA 6.1). LEAMOTH ¢ (0 s i s M) ZEL vy = -o, u,

= +®, ZOWT 2,(x;T) = 0 © k HEOW &(x) = & (x) »

uyle,x) < &(x) < uyy(e,z),

or §(x) = u,(c,x)
L% BEMIE "effective” TH5 (LEMMA 6.4). LZEa>T RYIR(M o
S.a.8.
a;(m) = {(e,x) € B(M)] u;(e,z) < &(x) < uy, (c,x))
By(n) = {(c,z) € E(M)| &(x) = u;(c,x))

243 s.a.s. E(n) ® partition

M
E(n) = U {4;(m)UB(m)
i=

NEohsd. —HHEE

sign[r(c,x;8(x))1, (c,x) € Rd+1xR8+l

ikZhThd parts A;(n), B,(n) QLT "constant" THHM5, BE



(*¥) S(d;8;1) & A;(n), B, (n) OFRMTERDbES. $4bb S(d;§;52)

€ SA(Rd+1xR8+1) enE (1) . O

COROLLARY 8.1. ([B], Prop. A.6, p. 272) E{& ® : D —> R™

IZOWTRIZFETS 5 : -

(A) O T effective.

(B) O ®”357 r(@®) c DxR™ |3 semi-algebraic.

Proof (A)=>(B): R™R™ pifgEs 4 = {(v,y)| v € R™} 12x
LT .

(6x1_)"1(4) = {(z,v) € DxR™| y = 6(x)} = I'(0)

Thd. LEN-T O 35 effective THNIE, 4 € SA(R™R™) THENH

r(@®) € SA(DxR™). o
(B)=>(A): I(0) € SA(R™R') v{ExE¥T5%. cOt & S € SA(R"R")
LT ' '

(F(O)xRY)N(R™xS) € SA(R™<R™xR')

THD. FLTHE 1 @ R™R™R' —> R™RY, 7(x,y,z) = (x,z) %%zx
5

(0x1,)"1(s) = n(r(@)xR*)N(R"xS) ]
2B, LEN-T NTarski DM ) (THEOREM 1.A) XD
(6x1_)71(s) e sa(R™RrY)

eizn O iF effective, o
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