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We propose a unified view of several topics on singularity,

local rings and function theory and point out some relations
among them. They are all expressed by 1 inear compl ementa$ry$

$\mathrm{i}$ nequal $i\mathrm{t}i$ es between some ki nd of orders.

I ntroduct $\mathrm{i}\mathrm{o}\mathrm{n}_{-}$

The order $\mathrm{v}$ $(\mathrm{f})=\nu\xi(\mathrm{f})$ of an analytic function germ $\mathrm{f}$ at
$\xi$ $\in \mathrm{C}^{\mathrm{n}}$ $\mathrm{i}\mathrm{s}$ def $\mathrm{i}$ ned as the degree of the lead $\mathrm{i}$ ng homogeneous term
of the $\mathrm{T}\mathrm{a}_{\vee}-\mathrm{Y}1\mathrm{o}\mathrm{r}$ expansion of $\mathrm{f}$ at 8 We can generalize this to
analyt $\mathrm{i}\mathrm{c}\mathrm{f}$ unct $\mathrm{i}$ on germs $\mathrm{f}$ at a $\mathrm{s}\mathrm{i}$ ngular $\mathrm{i}$ ty (X, $\xi$ ). Some standard

operations $-\vee \mathrm{v}\mathrm{i}\mathrm{e}\mathrm{l}\mathrm{d}$ trivial inequalities for orders. For $\mathrm{e}\mathrm{x}\mathrm{a}\mathrm{m}_{\mathrm{P}}1\mathrm{e}_{\mathrm{s}}$

the order of a product fg $\mathrm{i}\mathrm{s}$ not less than the sum of the orders

of $\mathrm{f}$ and $\mathrm{g}$ . I $\mathrm{f}$ (X, $\xi_{\vee}$ ) $\mathrm{i}\mathrm{s}$ $\mathrm{i}$ ntegral ( $=\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{C}\mathrm{e}\mathrm{d}$ and $\mathrm{i}$ rreduci $\mathrm{b}\mathrm{l}\mathrm{e}$ ) ,

the $\mathrm{i}$ nequal $\mathrm{i}$ ty has 1 inear compl ementary inequal $\mathrm{i}\mathrm{t}\mathrm{y}$ (LC I : I $\mathrm{f}$ an
inequal $\mathrm{i}$ ty $\mathrm{P}\leqq \mathrm{Q}$ $\mathrm{i}\mathrm{s}$ gi $\mathrm{v}\mathrm{e}\mathrm{n}$ , by 1 $\mathrm{i}\mathrm{n}e$ar complementary $\mathrm{i}$ nequal $\mathrm{i}\mathrm{t}y$ we
mean an $\mathrm{i}$ nequal $\mathrm{i}$ ty of $\mathrm{t}\mathrm{l}$)$\mathrm{e}$ form $\mathrm{Q}\leqq \mathrm{a}\mathrm{P}+\mathrm{b}$). The $\mathrm{i}$ nf $\mathrm{i}$ mums of

coefficients of the LCIs are invariants that measure the badness

of the operation applied.

Through blowings up, such a result about singularities are
related to the geometry around the exceptional sets or Moi shezon

subspaces and further the analy$s\mathrm{i}\mathrm{s}$ of $\mathrm{o}\mathrm{o}\mathrm{l}\mathrm{v}\mathrm{n}\wedge\sim \mathrm{o}\mathrm{m}\mathrm{i}\mathrm{a}\mathrm{l}$ functions on
affine varieties.

It is an elementary fact that the absolute value of an
analyt $\mathrm{i}\mathrm{c}$ funct $\mathrm{i}$ on $\mathrm{i}\mathrm{s}$ locally est $\mathrm{i}$ mated $\mathrm{f}$ rom above by a mult $\mathrm{i}$ ple

of a $\wedge \mathrm{o}\mathrm{o}\mathrm{w}\mathrm{e}\mathrm{r}$ of the distance from its zero-locus. Its
complementary inequa 1 $\mathrm{i}$ ty always holds and $\mathrm{i}\mathrm{s}$ called Lojasi $ewiCZ$

inequali ty. If we take $\grave{\perp}\mathrm{o}\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{n}\mathrm{m}j$ it is an LCI.

There is its ultrametric analogue by Greenberg, namely, the

coef $\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}$ent $\mathrm{f}\mathrm{i}$ eld $\mathrm{R}$ can be repl aced by an excell ent Hensel $\mathrm{i}$ an
di screte valuati on ring. Arti $\mathrm{n}$ has general $\mathrm{i}$ zed Greenberg $\mathrm{s}$
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theorem to a certain kind of rings. Such a property of a ring is

cal l $e\mathrm{d}$ the $\epsilon \mathrm{t}$rong approxima $\mathrm{t}i$ on $\wedge\sim orooef\cdot \mathrm{t}Y$ (SAP). Art $\mathrm{i}\mathrm{n}\mathrm{s}$ resul $\mathrm{t}$

is a complementary inequali ty without linearity. Recently

1 $\mathrm{i}$ near $\mathrm{i}$ zat $\mathrm{i}$ on of SAP $\mathrm{i}\mathrm{s}$ attempted by a $\mathrm{f}e\mathrm{w}$ mathemat $\mathrm{i}$ cian.

I $\mathrm{n}$ tbe last part we $\mathrm{i}$ ntroduce a 1 $\mathrm{i}$ ttle different kind of

inequalities. It is concerned with the exteri or derivati on in

the de Rham complex of a contractible analytic algebra.

It has been a convince of the author $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}_{P}$ if we are given an
order function, the first thing is to take up a most ovbious

$\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{o}_{\wedge}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\wedge \mathrm{y}$ and seek for its LCI.

1. Order

Let $\mathrm{k}$ denote the field $\mathrm{C}$ or R. The order $\mathrm{v}\xi(\mathrm{f}$ } of
$\mathrm{f}=\Sigma$

$\mathrm{c}_{\alpha}$ $(\mathrm{x}-\xi )$ $\mathrm{a}\in \mathrm{k}\{\mathrm{x}-\xi \}$ $(\mathrm{x}=(\mathrm{X}_{1}, . . . , \mathrm{x}_{\mathrm{n}}\rangle)$

at $\xi=$ $(\xi 1$ . . . . , $\xi \mathrm{n})$ $\mathrm{i}\mathrm{s}$ def ined $\mathrm{b}_{-}\mathrm{y}$

$\nu\xi(\mathrm{f}^{\sim})\equiv\min\{|\alpha| : \mathrm{c}_{\alpha}\neq 0\}$

( $\alpha\equiv$ (a 1 , :. $\ldots\alpha \mathrm{n}$ ), $\alpha\overline{=}|\alpha 1|+$ . $*\cdot+|\alpha \mathrm{n}|$ ).

I $\mathrm{f}\mathrm{X}_{\xi}=$ $(\mathrm{X}, \xi )$ $\mathrm{i}\mathrm{s}$ the germ at $\xi$ of a $\mathrm{k}$-analytic subspace (or

a $\mathrm{k}$-analytic subset} of $\mathrm{k}^{\mathrm{n}}$ , $\alpha_{\wedge-}$ . $\epsilon$ denotes the $\mathrm{k}$-algebra of germs
at $\xi$ of analytic functions on X (restrictions of analytic

functions in a neighborhood of $\xi$ in $\mathrm{k}^{\mathrm{n}}$ ). Let I $\subset \mathrm{k}\{\mathrm{x}-\xi \}$ denote

the $\mathrm{i}$ deal of all $\mathrm{f}^{\sim}\in \mathrm{k}\{\mathrm{x}-\xi \}$ whose restr $\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{i}$ ons to X vani sh $\mathrm{i}\mathrm{n}$

neighborhoods of 8 Then we have $\alpha,$ $\xi\equiv \mathrm{k}\{\mathrm{x}-\xi- \}/\mathrm{I}$ . An algebra
$\mathrm{i}$ somorphi $\mathrm{c}$ to $O_{\mathrm{x}},$

$\xi$

$\mathrm{i}\mathrm{s}$ called an analyti $\mathrm{c}$ 1 ocal algebra. We put
$\mathrm{A}\equiv \mathrm{a}_{\wedge}$ . $\xi$ , $\mathrm{I}\mathrm{n}\equiv(\mathrm{x}_{1}-\xi\vee$

$1$ , . . . , $\mathrm{x},$ . $-\xi\vee \mathrm{z}\iota\backslash f$ A (the uni que maxi mal ideal of
A). We $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}$ ne the order of $\mathrm{f}\in$ A by

$\mathrm{v}\epsilon(\mathrm{f}$ } $\equiv \mathrm{v}$ $( \mathrm{f})\equiv\sup\{\mathrm{p}$ : $\mathrm{f}\in \mathrm{m}^{\mathrm{p}}1$

$\equiv\sup$ { $\nu\xi(\mathrm{f}^{\sim})$ : $\mathrm{f}^{\sim}\in \mathrm{k}\{\mathrm{x}-\xi$ } $\mathrm{i}\mathrm{s}$ a representative of $\mathrm{f}$ }

and reduced order b-y
$\overline{\nu}(\mathrm{f})\equiv 1\mathrm{i}\mathrm{m}_{\mathrm{D}^{arrow\infty}}$

$\mathrm{v}$ $(\mathrm{f}^{\mathrm{D}})/\mathrm{p}$ .

Example 1. 1. Let us put $\mathrm{X}=\{\mathrm{y}^{2}-\mathrm{x}^{3}=0\}\subset \mathrm{k}^{2}$ , $\mathrm{f}\equiv(\mathrm{y}^{3})_{0}$ (the suff ix

$0$ indicate the germ at $\circ$ ). Since $-\vee \mathrm{Y}^{3}=\mathrm{x}^{3}\mathrm{y}+(_{-}\mathrm{v}^{\mathrm{z}}\vee-\mathrm{x}^{3})\mathrm{y}$, $\nu$ $(\mathrm{f}_{0})=4$ .
Since $\nu$ $(\mathrm{f}_{0}2\mathrm{n})=9\mathrm{n}$ and $\nu$ ( $\mathrm{f}_{0}2\mathrm{n}+1\}=9\mathrm{n}+4$, we have $\overline{\mathrm{v}}(\mathrm{f}_{0})=(9/2)$ .

These definitions of $\mathrm{v}$ and $\overline{\nu}$ are applicable to any local ring

$(\mathrm{A}, \mathrm{n}1)$ . Our $\mathrm{f}\mathrm{i}$ rst LCI $\mathrm{i}s$ the following.
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(Rees [Rll) A local ring A is analytically
$\mathrm{u}\mathrm{n}\mathrm{r}\mathrm{a}\mathrm{m}\overline{\mathrm{l}}\mathrm{f}\overline{1}\mathrm{e}\mathrm{d}$ ( $\check{1}$ . $\mathrm{e}$ . the complet $\mathrm{i}$ on $\mathrm{i}\mathrm{s}$ reduced) , $\mathrm{i}\mathrm{f}$ and only $\mathrm{i}\mathrm{f}$

$(\mathrm{C}\mathrm{I}_{0})$ $\exists \mathrm{b}\geqq 0$ $(\nu (\mathrm{f})\leqq)$ $\overline{\mathrm{v}}(\mathrm{f})\leqq \mathrm{v}$ $(\mathrm{f})+- \mathrm{b}$ $(\mathrm{f}\in \mathrm{A})$ .
(Hereafter parenthesi zed inequali ty means a trivial one, to

which the word *complementary* refers. )

2. LCI for orders at a point

Fol 1 owi ng Gabr $\mathrm{i}$ elov f-G1, let us def $\mathrm{i}$ ne the $\mathrm{g}e$ner $\mathrm{i}\mathrm{c}$ rank of a
germ of analytic map $\Phi:\mathrm{Y}arrow$ X at $\eta$ by

$\mathrm{g}\mathrm{r}\mathrm{k}_{l\}}\Phi\equiv \mathrm{i}\mathrm{n}\mathrm{f}$ {topological di mensi on of

the $\mathrm{i}$ mages of ne $\mathrm{i}$ ghborhoods of $\eta\in \mathrm{Y}$ } $/\epsilon$

( $\epsilon=1$ $\mathrm{i}\mathrm{n}$ the real case, $\epsilon=2$ $\mathrm{i}\mathrm{n}$ the complex case).

We could have defined the generic rank using only algebraic

terms (those of universal $\mathrm{f}\mathrm{i}$ ni te $\mathrm{d}\mathrm{i}\mathrm{f}$ferent $\mathrm{i}$ al modules).

Theorem 2. 1. (cf. [I2], [I3]) Suppose that $\mathrm{X}_{\xi}$ $\mathrm{i}s$ a germ of a
analytic space over C. Then the condition that $\mathrm{X}_{\xi}$ is integral

$\mathrm{i}\mathrm{s}$ equi valent to any one of the followi $\mathrm{n}\mathrm{g}$ .
(CI 1) $\exists \mathrm{a},$ $\mathrm{b}\in \mathrm{R}$ , $\forall \mathrm{f},$ $\mathrm{g}\in$ A $(\equiv \mathrm{O}_{\mathrm{x}}. \xi)$ :

$(\nu (\mathrm{f})+_{\mathcal{V}} (\mathrm{g})\leqq)$ $\nu$ $(\mathrm{f}\mathrm{g})\leqq$ a $\{\mathcal{V} (\mathrm{f})+\nu (\mathrm{g})\}+\mathrm{b}$.
$(\mathrm{C}\mathrm{I}_{2})$ For any germ $\Phi\eta’$. $\mathrm{Y}_{\mathrm{n},}arrow \mathrm{X}_{\xi}$ of analytic map wi th

$\mathrm{g}\mathrm{r}\mathrm{k}_{\eta}\Phi=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{X}_{\xi}$ , we have
$\exists \mathrm{a},\cdot \mathrm{b}\in \mathrm{R}$, V $\mathrm{f}\in \mathrm{A}$ : $(\mathrm{v} \mathrm{t}\mathrm{f})\leqq)$ $\nu$ $(\mathrm{f}\cdot\Phi)=\backslash ’$ a $\nu$ $(\mathrm{f})+\mathrm{b}$ .

(CI 3) For any subanalytic set $(1\mathrm{H}\mathrm{i}])$ SC X wi th di $\mathrm{m}\mathrm{S}_{\xi}=\epsilon$ di $\mathrm{m}\mathrm{X}_{\xi}$

we have
$\exists \mathrm{a},$ $\mathrm{b}\in \mathrm{R}$ , $\forall \mathrm{f}\in \mathrm{A}$ : $(\mathcal{V} (\mathrm{f})\leqq’)$ $\mu \mathrm{s}(\mathrm{f})\leqq$ a $\mathrm{v}$ $(\mathrm{f})+\mathrm{b}$ ,

where $\mu \mathrm{s}(\mathrm{f})$ denote the order of $\mathrm{f}|\mathrm{S}$ wi th respect to the

Euclidean distance.

Here the regular cases of ( $\mathrm{C}$ I 1) $\mathrm{i}\mathrm{s}$ trivi al
$(\nu (\mathrm{f}\mathrm{g})=\nu (\mathrm{f})+\mathrm{v} (\mathrm{g}))$ and that of (CI 3) follows from a more
preci se result [Spl of Spallek. The inequal ity in $(\mathrm{C}\mathrm{I}_{2})$ implies
$\mathrm{g}\mathrm{r}\mathrm{k}_{\eta}\Phi$ $=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{X}_{0}$ conversely $(1 \mathrm{I}4 ])$ . Moreovert thi $\mathrm{s}$

$\mathrm{i}$ nequal $\mathrm{i}$ ty $\mathrm{i}\mathrm{s}$

equivalent to the conditi on that the homomorphi sm $\varphi$ between

local rings induced by $\Phi$ has a closed image with respect to the

Krull topology ( $1\mathrm{B}\mathrm{Z}]$ cf. [I51). Tougeron [Tol] obtained an
interesting proof of $(\mathrm{C}\mathrm{I}_{2})$ , using a nice supplement to
Gabr $\mathrm{i}\mathrm{e}\mathrm{l}\mathrm{o}\mathrm{V}\mathrm{S}$ theorem on convergence of $\mathrm{f}$ormal $\mathrm{f}$ unct $\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ . As $\mathrm{f}$or
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$(\mathrm{C}\mathrm{I}_{1})$ , Rees ha$\mathrm{s}$ obtai ned the following general $\mathrm{i}$ zat $\mathrm{i}$ on.

Theorem 2. 2. $([\mathrm{R}2])$ Let A be a local ring. Then the complet $\mathrm{i}$ on A
$\mathrm{i}s$ $\mathrm{i}$ ntegral $\mathrm{i}\mathrm{f}$ and only $\mathrm{i}\mathrm{f}$ ( $\mathrm{C}$ It) hold $\mathrm{s}$ .

(I I6]) Suppose that $\mathrm{X}_{\xi}$ $\mathrm{i}s$ an $\mathrm{i}$ ntegral germ of a
compl ex space. I $\mathrm{f}$ $C\mathrm{i}s$ *a non-negl $\mathrm{i}$ gi $\mathrm{b}1\mathrm{e}$ fami $1\mathrm{y}^{*}$ of curve$\mathrm{s}$ on X

through $\xi$ . Then
$\exists \mathrm{a},$ $\mathrm{b}\in \mathrm{R}$ , $\forall \mathrm{f}\in \mathrm{O}_{\mathrm{x}}$

,$\cdot$ $\xi$ : $(\mathrm{v} (\mathrm{f})\leqq)$ $\mathrm{i}\mathrm{n}\mathrm{f}_{\Gamma\in_{\mathrm{C}}}v$ $(\mathrm{f}\mathrm{o}\Gamma)\leqq$ a $\nu$
$\mathrm{t}\mathrm{f}$ ) $+\mathrm{b}$ .

3.

Let $\mathrm{t}\mathrm{X}_{j}\mathrm{C}\lambda_{r}\wedge\sim$ ) be a complex $\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{C}\mathrm{e}_{j}$ 1 a coherent $\mathrm{i}$ dea $\mathrm{J}|$. sheaf and $\mathrm{f}$

a sect $\mathrm{i}$ on of $O_{\mathrm{x}}$ . We put
$\nu \mathrm{f}$ . $\xi(\mathrm{f})\equiv\sup\{\mathrm{p}$ : $\mathrm{f}_{\xi}\in I_{\xi}\mathrm{r}1,$ , $\overline{\nu}\mathit{1}$ . $\epsilon(\mathrm{f})\equiv 1\mathrm{i}\mathrm{m}_{\mathrm{p}arrow\infty}\nu \mathit{1}$ . $\xi(\mathrm{f}^{\mathrm{D}})/0\wedge\cdot$

$([\mathrm{I}7])$ Let SC X be a compl ex $\mathrm{s}$ubspace def $\mathrm{i}$ ned by a
coherent $\overline{1}$ deal sheaf $I\subset\alpha$ . Suppose that $\mathrm{S}$ $\mathrm{i}\mathrm{s}$ a Moi shezon space
$\mathrm{a}\mathrm{n}_{\wedge}\mathrm{d}\mathrm{X}$

$\mathrm{i}\mathrm{s}$ $\mathrm{i}$ ntegral along S. Then, $\mathrm{i}\mathrm{f}$ $\mathrm{f}\in\Gamma(\mathrm{S}, \mathrm{O}_{\mathrm{x}})$ vani $\mathrm{s}$hes at a
point of $\mathrm{S}$ wi th hi gh order wi th respect the maxi mal $\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{a}\mathrm{l}_{j}$ so is
$\mathrm{f}\mathrm{a}\mathrm{l}$ ong ent $\mathrm{i}$ re $\mathrm{S}$ , $\mathrm{i}$ . $\mathrm{e}$ .

$\backslash \nabla’\xi\in \mathrm{S},\cdot$ $\exists \mathrm{a}_{j}$ $\mathrm{b}\in \mathrm{R}$ :
$[ \mathrm{f}\in\Gamma(\mathrm{S}, \mathrm{O}_{\mathrm{X}}), \nu (\mathrm{f}_{\xi})\geqq \mathrm{a}\mathrm{p}+\mathrm{b}, \eta\in \mathrm{S}]\Rightarrow\overline{\nu}1$ . $\mathrm{n}(\mathrm{f})\geqq \mathrm{p}$ .

The following $\mathrm{i}s$ the general $\mathrm{i}$ zat $\mathrm{i}$ on of the tri vi al fact that,

if $0$ $\mathrm{i}\mathrm{s}$ a $\mathrm{d}^{-\mathrm{P}}1\mathrm{e}$ root of $\mathrm{f}\in \mathrm{C}\mathrm{l}\mathrm{x}$ ], then $\deg \mathrm{f}\geqq \mathrm{d}$ .

$(1 \mathrm{I}7])$ Let $\mathrm{S}$ be an $\mathrm{i}$ ntegral Moi $\mathrm{s}$hezon space, $\mathrm{D}$ a
$\mathrm{c}\mathrm{a}\mathrm{r}\mathrm{t}_{\check{1}\mathrm{e}}\mathrm{r}\mathrm{Q}_{\overline{1}\mathrm{V}\overline{1}S}\mathrm{o}\mathrm{r}$ and $\mathrm{L}(\mathrm{D})$ the space of meromorphic functions on $\mathrm{S}$

whose pol $e\mathrm{d}\mathrm{i}$ vi sor $\mathrm{i}\mathrm{s}$ at most D. Then $\mathrm{f}$or any $\xi\in \mathrm{S}$ and $\mathrm{f}$ or any
$\mathrm{i}$ rreduc $\mathrm{i}$ ble component $\mathrm{Y}_{\xi}\subset \mathrm{X}_{\xi}$ ,

$\exists \mathrm{a}\in \mathrm{R}$ : $\mathrm{f}\in \mathrm{L}(\mathrm{d}\mathrm{D})\backslash \{\mathrm{O}\}\Rightarrow\overline{\nu}(\mathrm{f}_{\xi}|\mathrm{Y}_{\xi})\leqq \mathrm{a}\mathrm{d}$ .

(3. 1) and (3. 2) are mutually equivalent and they are al so
equivalent to (CI $()$ of (2. 1). (3. 2) yields the following

characterization of algebraic set germ.

$([\mathrm{I}8])$ Let $\mathrm{S}_{\epsilon}$ be an irreducible germ of analytic
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subset at $\xi$ $\in \mathrm{R}^{\mathrm{n}}$ (or $\mathrm{C}^{\cap}$ ). Then the $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}$ owing cond $\mathrm{i}\mathrm{t}\mathrm{i}$ on$\mathrm{s}$ are
equival $e\mathrm{n}\mathrm{t}$ .
(i) $\mathrm{S}_{\epsilon}$ is an analytic irreducible component of an algebraic set.
$(\mathrm{i}\mathrm{i})$ $\exists \mathrm{a}\in \mathrm{R}$ : $\mathrm{f}\in \mathrm{C}$ [xl . $\deg \mathrm{f}=\mathrm{d}\Rightarrow\overline{\mathrm{v}}(\mathrm{f}|\mathrm{S}_{\xi})\leqq \mathrm{a}\mathrm{d}$ .

By this we may say that
$\mathrm{s}$ up $\{\mathrm{l}\mathrm{o}\mathrm{g} \mathrm{v} (\mathrm{f}|\mathrm{S}_{\xi})/\mathrm{l}\mathrm{o}\mathrm{g}\deg \mathrm{f}: \mathrm{f}\in \mathrm{C}[\mathrm{x}]\}$

measures the transcendence of the embedded $\mathrm{s}$ ingulari ty $\mathrm{S}_{\xi}\subset \mathrm{C}^{\cap}$

Let $\mathrm{f}$ be an analytic function on an open subset $\mathrm{U}$ of $\mathrm{C}^{\mathrm{n}}$ or
$\mathrm{R}^{\mathrm{n}}$ and $\mathrm{K}\subset \mathrm{U}$ a compact subset. Then $\mathrm{i}\mathrm{t}$ $\mathrm{i}\mathrm{s}$ easy to see that

$(*)$ $\exists \mathrm{a}’,$ $\mathrm{b}’\in \mathrm{R}$ , $\forall \mathrm{x}\mathrm{C}-\mathrm{K}$ : $|\mathrm{f}(\mathrm{x})|\leqq \mathrm{b}’$ di st $(\mathrm{X}, \mathrm{f}^{-}1(0))^{\mathrm{a}}$

Lejeune-Jalabert – Tessier [LT] characterized $\sup \mathrm{a}^{l}$ using

integral dependence to an ideal sheaf. Bochnak-Risler [BR],

Ri sler [Ri 1 and Fekak [Fll treated the real case. These papers
veri $\mathrm{f}\mathrm{i}$ ed rational $\mathrm{i}$ ty of $\mathrm{s}\mathrm{u}_{-}\mathrm{o}\mathrm{a}’$ . Thi $\mathrm{s}$

$\mathrm{i}\mathrm{s}$ reiated to rational $\mathrm{i}$ ty

of the reduced order $\overline{\nu}$ (see $1\mathrm{L}\mathrm{T}]$ ), which is asked by Samuel and

settled by Rees and Nagata independently.

The complementary $\mathrm{i}$ nequal $\mathrm{i}$ ty to $(*)$ $\mathrm{i}s$ needed $\mathrm{i}\mathrm{n}$ the theory of

Schwartz di $\mathrm{s}$ tr $\mathrm{i}$ but $\mathrm{i}$ on. The statement is the following.

Theorem 4. 1. (1H\"o], [Zoj]) Let $\mathrm{f}$ be an anal yt ic $\mathrm{f}$ unct $\mathrm{i}$ on on an
open subset $\mathrm{U}$ of $\mathrm{C}^{\mathrm{n}}$ or $\mathrm{R}^{\mathrm{n}}$ $\grave{\mathrm{o}}\mathrm{n}\prime \mathrm{d}\mathrm{K}\subset \mathrm{U}$ a compact subset. Then
$(**)$ $\exists \mathrm{a},$ $\mathrm{b}\in \mathrm{R}$ , $\forall \mathrm{x}\in \mathrm{K}$ : $|\mathrm{f}(\mathrm{x})|\geqq \mathrm{b}$ . di st $(\mathrm{x}, \mathrm{f}^{-1}(0))^{\mathrm{a}}$

The logari thm of $(**)$ $\mathrm{i}\mathrm{s}$ an LCI of that of $(*)$ . I $\mathrm{t}$ $\mathrm{i}\mathrm{s}$

confus $\mathrm{i}$ ng $\mathrm{t}\mathrm{l}\tau \mathrm{a}\mathrm{t}$ the term Lojasi cwi cz exponen $t$ of $\mathrm{f}$ $\mathrm{i}$ mpl $\mathrm{i}$ es both
$\sup \mathrm{a}^{t}$ $\mathrm{i}\mathrm{n}$ $(*)$ and $\mathrm{i}$ nf a $\mathrm{i}\mathrm{n}$ $(**)$ . (I $\mathrm{f}$ we consi der $\mathrm{f}$ and the

di stance $\mathrm{f}$ unct $\mathrm{i}$ on on the same level, they are merel $\mathrm{y}$ mutual

inverse (cf. [F21). )

The pol ynom $\mathrm{i}$ al case of (4. 1) was proved by [l\"ormander and the

general case by Zojasiewi $\mathrm{c}\mathrm{z}$ . I $\mathrm{t}\mathrm{i}$ mplies that $\mathrm{i}\mathrm{f}$ $|\mathrm{f}(\mathrm{X}’)|$ $\mathrm{i}\mathrm{s}$

small, there exi $\mathrm{s}\mathrm{t}s$ a solut $\mathrm{i}$ on $\mathrm{x}$ of $\mathrm{f}(\mathrm{X})=0$ near $\mathrm{x}’$ or that

an approxima $te$ $\mathrm{s}oluti$ on $\mathrm{x}’$ $\mathrm{i}\epsilon$ near to an act $ual$ one $\mathrm{x}$.

There exi st many versions of $(**)$ . I $\mathrm{n}$ hi $\mathrm{s}$ course of study of
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determinacy of function germs, Kuo [Kl obtained an effective

result on inf a for plane curves, using Newton diagram.

Schappacher [Scl obtained LCI for rigid analytic equations with

unknown$\mathrm{s}$ sought in the val uat $\mathrm{i}$ on ring of a complete field wi th

non-archmedean valuation. Bollaerts [B] obtained an effective

local result $\mathrm{f}$ or almost all algebrai $\mathrm{c}$ equat $\mathrm{i}$ ons wi th unknowns

sought in $\mathrm{R}$ and $\mathrm{O}_{\mathrm{p}}$ also using Newton diagram.

In the polynomial case, global $\mathrm{Z}\mathrm{o}.\mathrm{i}\mathrm{a}\mathrm{S}\mathrm{i}\mathrm{e}\mathrm{w}\mathrm{i}\mathrm{C}\mathrm{Z}\vee$ inequali $\mathrm{t}_{-}- \mathrm{v}$ attracts
many experts in transcendence theory, complex analysis and

algebrai $\mathrm{c}\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}_{-,\vee}\mathrm{V}$ . For example, pol ynomial $\mathrm{s}$ wi th coeff $\mathrm{i}$ ci ents
$\mathrm{i}\mathrm{n}\mathrm{Z}$ are treated by Brownawe 11 [Br] and those $\mathrm{w}\mathrm{i}$ th coef $\mathrm{f}\mathrm{i}$ cients
$\mathrm{i}\mathrm{n}\mathrm{C}$ are treated $\mathrm{b}.\mathrm{v}\mathrm{J}\mathrm{i}-$ Koll\’a $\mathrm{r}$-Shi $\mathrm{f}\mathrm{f}$ man [JKS I. They are seeking

for sharp effect $\mathrm{i}$ ve bounds of exponents etc. $\mathrm{S}\mathrm{i}$ mi lar topics are
effective Nullstellensatz and effective bound for divi sion
probl em (cf. [BY 1 for 1 $\mathrm{i}$ terature). Te$s\mathrm{s}\mathrm{i}$er ha$\mathrm{s}$ wri tten a
thoughtful surve-y $1\mathrm{T}$ ]

$-$
on these topi $\mathrm{c}\mathrm{s}$ .

Bier $s\mathrm{t}\mathrm{o}\mathrm{n}\mathrm{e}^{-}\mathrm{M}\mathrm{i}$ lman exhi bi $\mathrm{t}$ a very $\mathrm{s}\mathrm{i}$ mple proof of Lojas $\mathrm{i}$ ewicz
$\mathrm{i}\mathrm{n}e\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}-\vee \mathrm{v}$ for $s\mathrm{u}\mathrm{b}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{l}_{-,\vee}\mathrm{Y}\mathrm{t}\mathrm{i}\mathrm{C}$ functions. Fekak [F2] treated

semialgebraic case and obtained rationality of the exponent for

global Zojas $\mathrm{i}$ ewi cz $\mathrm{i}$ nequal $\mathrm{i}$ ty and a nice $\mathrm{P}^{\mathrm{r}\mathrm{o}_{-}\mathrm{o}e}\mathrm{r}\mathrm{t}_{-}\mathrm{y}$ of

Parametri $\mathrm{z}e\mathrm{d}$ fami 1 $\mathrm{i}$ es. Tougeron [To21, [To31 treated wider

classes of functions. The classes include the exponential

extension of polynomial rings, which is studied by van den Dries

and Wi $\mathrm{l}\mathrm{k}\mathrm{i}\mathrm{e}$ . Loi [Lo] announced $\mathrm{s}\mathrm{i}$ mi lar results.

A weaker condi $\mathrm{t}\mathrm{i}$ on than Zo.ias $\mathrm{i}$ ewicz $\mathrm{i}$ nequal $\mathrm{i}$ ty $\mathrm{i}\mathrm{s}$ $\mathrm{i}$ ntroduced

by Lengyel [Le] and used to state the condition for

different $\mathrm{i}$ abi 1 $\mathrm{i}$ ty of power roots of non-negat $\mathrm{i}$ ve $\mathrm{s}\mathrm{m}\mathrm{o}\mathrm{o}\sim$ th

functi ons.

We need not restrlct ourselves zo rne equations wi th unknowns

sought in number fields.

Theorem 5. 1. (Greenberg [Gr ]) Let $\mathrm{R}$ be an excellent Hensel $\mathrm{i}$ an
discrete val uation ring (DVR) wi th the maximal ideal $\mathrm{p}$ . If
$\mathrm{f}\equiv$ $(\mathrm{f}_{1}$ , . $\cdot$ . . $\mathrm{f}_{\mathrm{m}})\in \mathrm{R}[\mathrm{X}_{1},$

$\ldots,$
$\mathrm{x}_{\mathrm{n}}1^{\mathrm{m}}$ , then $\exists \mathrm{a},$ $\mathrm{b}\in \mathrm{R}$ :

$\mathrm{X}_{1},$

$\ldots,$
$\mathrm{X}^{f},:$

$\Rightarrow$ $\exists \mathrm{X}_{1}$ , . . . , $\mathrm{X}_{\mathrm{n}}\in \mathrm{R}$ , $\mathrm{f}$ $(\mathrm{X}_{1}$ , . . . , $\mathrm{X}_{\mathrm{n}})=\mathrm{O}$ , $\mathrm{X}_{\mathrm{i}}’\equiv \mathrm{X}_{\mathrm{i}}$ mod $\mathrm{p}^{\mathrm{k}}$ .
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This implies also that an approxi mate soluti on is near to an
actual one. (5. 1) $\mathrm{i}\mathrm{s}$ the or $\mathrm{i}$ gi $\mathrm{n}$ of the $\mathrm{f}$ amous strong
approxi mat $\mathrm{i}$ on theorem (SAP) of Art in $\mathrm{i}\mathrm{A}$ ] on pol ynomi al equat $\mathrm{i}$ ons
wi th unknowns sought $\mathrm{i}\mathrm{n}$ the Hensel $\mathrm{i}$ zat $\mathrm{i}$ on at a point of a
pol ynomi al $\mathrm{r}\mathrm{i}$ ng over a $\mathrm{f}\mathrm{i}\mathrm{e}\mathrm{l}\mathrm{d}$ . The $\mathrm{f}$ ollowing $\mathrm{i}\mathrm{s}$ a $\mathrm{g}e$neral $\mathrm{i}$ zat $\mathrm{i}$ on
of Artin $\mathrm{s}$ SAP. (Artin $\mathrm{S}$ SAP $\mathrm{i}s$ the case when $\mathrm{f}$ $\mathrm{i}s$ a system of
$\mathfrak{v}\wedge$olynomi als. )

(Wavri $\mathrm{k}$ [W1]) Suppose that $\mathrm{k}$ $\mathrm{i}\mathrm{s}$ a $\mathrm{f}\mathrm{i}$ eld of
$\mathrm{c}\mathrm{n}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{r}\check{\mathrm{l}}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{C}$ $0$ complete with respect to a valuation and
$\mathrm{f}\equiv$ $(\mathrm{f}_{1}$ , . . . $\mathrm{f}_{\mathrm{m}})\in \mathrm{k}\{\mathrm{x}, \mathrm{y}\}[_{\mathrm{Z}3^{\mathrm{m}}},$ $(\mathrm{X}\equiv(\mathrm{X}_{1}, \ldots, \mathrm{X}_{\mathrm{n}}),$ $\mathrm{y}\equiv(\mathrm{y}_{1}, \ldots, \mathrm{y}_{\mathrm{p}})$ , $\mathrm{z}\equiv$

$(\mathrm{z}_{1}$ , . . . , $\mathrm{z}_{\mathrm{r}}))$ . Then, for any $\mathrm{t}\in \mathrm{N}$ , there exi $\mathrm{s}\mathrm{t}s$ 6 ( $\mathrm{t}\}\in \mathrm{N}$ such
that, $\mathrm{i}\mathrm{f}$ $\mathrm{Y}’\in \mathrm{k}[\mathrm{X}\mathrm{l}\mathrm{p}$ wi th $\mathrm{Y}’(0)=0$ and $\mathrm{Z}’\in \mathrm{k}[\mathrm{X}\mathrm{I}\mathrm{r}$ sati $s\mathrm{f}\mathrm{y}$

$\mathrm{f}(\mathrm{X}, \mathrm{Y}^{J}, \mathrm{Z}’)\equiv 0$ mod $\mathrm{x}^{\beta}(i)$ , there exi st $\mathrm{Y}\in \mathrm{k}\{\mathrm{x}\}^{\mathrm{p}}$ wi th $\mathrm{Y}(0)=0$ and
$\mathrm{Z}\in \mathrm{k}\{\mathrm{x}\}^{\mathrm{r}}$ which sati sfy $\mathrm{f}(\mathrm{x}, \mathrm{Y}, \mathrm{Z})=0$ and $\mathrm{Y}’\equiv \mathrm{Y}$, $\mathrm{Z}’\equiv \mathrm{Z}$ mod $\mathrm{x}^{\alpha}$

The least functi on $\beta$ (t) that sati sfies the conditi on as above
$\mathrm{i}\mathrm{s}$ called the $Ar$tin $f$uncti on for analytic equati on $\mathrm{f}(\mathrm{X}, \mathrm{Y}, \mathrm{Z})=0$ .
By the work of $\mathrm{p}\mathrm{f}\mathrm{i}s\mathrm{t}\mathrm{e}\mathrm{r}-\mathrm{p}\mathrm{o}\mathrm{P}^{\mathrm{e}s}\mathrm{c}\mathrm{u}$ [PP] it is known that SAP holds
for equations with unknowns sought in complete local rings also
(cf. [DL], [N]). These treat very $\mathrm{g}e$neral equat $\mathrm{i}$ on$\mathrm{s}$ but lack

1 $\mathrm{i}$ neari $\mathrm{t}\mathrm{y}^{*}$ except (5. 1). Lascar [L] has shown that $\beta$ (t) $\mathrm{i}\mathrm{n}$

original Artin $\mathrm{s}$ SAP is recursive.
An important kind of analytic equati on ari ses as the conditi on

constraining curves to an analytic singulari ty. Then the
unknowns are sought $\mathrm{i}\mathrm{n}$ $\mathrm{C}\{\mathrm{t}\}$ or $\mathrm{C}[\mathrm{t}\mathrm{I}$ . (Thi $\mathrm{s}$

$\mathrm{i}\mathrm{s}$ related to
Nash $\mathrm{s}$ theory on $s\mathrm{i}$ ngular $\mathrm{i}\mathrm{t}\mathrm{i}$ es. He began to study a $\mathrm{s}\mathrm{i}$ ngular $\mathrm{i}$ ty
through the set $H$ of formal curves constrained to $\mathrm{i}\mathrm{t}$ . $H$ $\mathrm{i}s$

considered as the inverse limit of the algebraic varieties which
cons $\mathrm{i}\mathrm{s}\mathrm{t}s$ of truncated curves $([\mathrm{G}\mathrm{L}])$ . ) Wavr $\mathrm{i}\mathrm{k}$ [W2],
$\mathrm{L}e\mathrm{j}\mathrm{e}\mathrm{a}\mathrm{n}\mathrm{e}^{-}\mathrm{J}\mathrm{a}\mathrm{l}\mathrm{a}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{t}$ [Ll, Ellias [El, Hickel [Hl and
Gonzalez-Sprinberg – Lejeane-Jalabert [GL] obtained $\beta$ (t) for
such analytic equations. Their results are effective and often
best.

As for LCI for the equation with unknowns sought in a higher

dimens $\mathrm{i}$ onal loca $\mathrm{i}$ ring, we know 1 $\mathrm{i}$ ttle. The most simple

nontrivi al example $\mathrm{i}\mathrm{s}$ (CI 1) of (2. 2). To see thi $\mathrm{s}$ suppose that
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$(\mathrm{A}, \mathrm{m})$ $\mathrm{i}\mathrm{s}$ a local ri ng wi th a $\mathrm{i}$ ntegral complet $\mathrm{i}$ on arld cons $\mathrm{i}$ der

the equat $\mathrm{i}$ on $\mathrm{X}\mathrm{Y}=\mathrm{O}$ over A. Then (2. 2) $\mathrm{i}$ mpl $\mathrm{i}$ es that
$(\mathrm{S}’ , \mathrm{t}’)\in \mathrm{A}\cross \mathrm{A}$ , $\mathrm{s}’\mathrm{t}’\equiv 0$ mod $\mathrm{m}^{2_{1}\mathrm{t}}-\urcorner \mathrm{b}$

$\Rightarrow$ $\lrcorner--(\mathrm{S},\cdot \mathrm{t})\in \mathrm{A}\cross \mathrm{A}$ : $\mathrm{s}^{l}\equiv \mathrm{s}$, $\mathrm{t}’\equiv \mathrm{t}$ mod $\mathrm{m}^{\mathrm{k}}$ , $\mathrm{s}\mathrm{t}=0$ .
Here $(\mathrm{s}’ . \mathrm{t}^{l})$ $\mathrm{i}\mathrm{s}$ an approxi mate solution and $(\mathrm{S}, \mathrm{t})$ an actual

solution and they are near. We show $\mathrm{a}\mathrm{n}\mathrm{o}\mathrm{t}\mathrm{r}_{1e}\mathrm{r}$ example.

Exampl $\mathrm{e}5.3$ . $([\mathrm{I}31, (5. 1))$ Take a prime number $\mathrm{p}$ and suppose

that $\mathrm{u}\in \mathrm{C}\{\mathrm{x}\}$ $(\mathrm{X}=(\mathrm{x}_{\underline{1}}$ , . . . . $\mathrm{x}_{\mathrm{n}}$ ) $)$ $\mathrm{i}\mathrm{s}$ not a $0\wedge$-th power in $\mathrm{C}\{\mathrm{x}\}$ .
Then the equation $\mathrm{S}^{1)}-\mathrm{u}\mathrm{T}^{\mathrm{p}}=0$ over $\mathrm{C}\{\mathrm{x}\}$ admits an LCI. Indeed,

thi $\mathrm{s}$ equat $\mathrm{i}$ on ha $\mathrm{s}$ a uni que solut $\mathrm{i}$ on $(0,0)$ and
$\exists \mathrm{a},$ $\mathrm{b}\in \mathrm{R}$ : $\mathrm{f}^{\mathrm{p}}-\mathrm{u}\mathrm{g}^{\mathrm{p}}\equiv 0$ mod $\mathrm{m}^{\mathrm{a}\mathrm{k}+\mathrm{b}}\Rightarrow \mathrm{f}\equiv 0$, $\mathrm{g}\equiv 0$ mod $\mathrm{m}^{\mathrm{k}}$

As an answer to $\mathrm{p}\mathrm{O}\mathrm{P}^{\mathrm{e}\mathrm{s}\mathrm{c}}\mathrm{u}\mathrm{S}$ problem, Spi vakovsky [Spv] $\mathrm{h}\mathrm{a}s$ shown

an exampl $\mathrm{e}$ of a Hensel $\mathrm{i}$ an pai $\mathrm{r}$
$\mathrm{f}$or whi ch an anal ogue of the

strong approximati on theorem fai $1\mathrm{s}$ , $\mathrm{i}$ . $\mathrm{e}$ . even a nonl $\mathrm{i}$ near $\beta$ (t)

does not exi sts.

$\underline{6.}$ LCI for exteri or derivation

Let A be a ring, I $\subset$ A an ideal and

$[eggH]$
. $\equiv\{[eggH]-1_{arrow}\mathrm{d} [eggH] 0_{arrow}\mathrm{d} [eggH] 1arrow \mathrm{d} [eggH] 2_{arrow}\mathrm{d} \ldots\}$

a complex of A-modules. We can define the order of $\omega\in[eggH] \mathrm{p}$

$\mathrm{t}\mathrm{p}\geqq 0)$ using the $\mathrm{f}\mathrm{i}$ ltration $\{\mathrm{I} \mathrm{k}[eggH] \mathrm{p}\}_{\mathrm{t}\geqq 0}.$. :
$\mathrm{v}1(\omega)=\sup$ { $\mathrm{k}$ : $\omega\in$ I $\mathrm{k}[eggH]$

. }.

Cons $\mathrm{i}$ der the $\mathrm{f}$ollowing cond $\mathrm{i}\mathrm{t}\mathrm{i}$ ons for $\mathrm{a}_{j}$
$\mathrm{b}\in \mathrm{R}$ (cf. $\mathrm{f}\mathrm{F}]$ ) :

(O1) p $\omega\in$ O- $\mathrm{p}\cap \mathrm{d}^{-1}(0)$

$\Rightarrow$ $\exists\neg\theta\in \mathrm{O}\aleph \mathrm{p}-1$ . $\omega=\mathrm{d}\theta$ , $\nu 1(\omega)\leqq$ a $\nu 1(\theta)+\mathrm{b}_{j}$
.

(O2) p $\omega\in[eggH] \mathrm{p}$ $\Rightarrow$ $\exists\xi\in[eggH] \mathrm{p}-1$ , $\mathrm{v}1(\mathrm{d}\omega)\leqq$ a $\mathrm{v}1(\omega-\mathrm{d}\xi)+\mathrm{b}$ .

The latter is in an LCI modulo the space of exact forms. It
$\mathrm{f}$ollows that exterior der $\mathrm{i}$ vat $\mathrm{i}$ on $\mathrm{i}\mathrm{s}$ an open mappi ng onto the

$\mathrm{i}$ mage $\mathrm{t}=\mathrm{t}\mathrm{h}\mathrm{e}$ space of exact forms). The following $\mathrm{i}s$ easy to

see.

For $\mathrm{p}^{=}\mathrm{O},$ $1,2,$ . . . , we have the following.
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(i) (O1) p
$\Rightarrow$ $\mathrm{H}^{\mathrm{p}}([eggH]$

. $)=0$ .
$(\mathrm{i}\mathrm{i})$ (O2) p and ( $\cap$ I $\mathrm{k}O\ltimes \mathrm{p}=\mathrm{O}$ ) $\Rightarrow$ $\mathrm{H}^{\mathrm{p}}([eggH] )=0$ .
$(\mathrm{i}\mathrm{i}\mathrm{i})$ (O1) $\mathrm{p}+1$ and $\mathrm{H}^{\mathrm{p}}([eggH] )=0$ $\Leftrightarrow$ (O2) p and $\mathrm{H}^{\mathrm{p}}\vdash 1([eggH] )=\mathrm{O}$ .

Let
$\Omega^{\cdot}$ $(\mathrm{A})\equiv\{\mathrm{C}arrow \mathrm{A}arrow \Omega 1(\mathrm{A})arrow \Omega 2(\mathrm{A})arrow \cdots\}$

be the analytic de Rham complex (the complex of Pfaffian forms
on A) ( $[\mathrm{G}\mathrm{R}1$ , [Rei 1) , where $\mathrm{C}-arrow$ A denotes the canonical
injection. The condi tion $\cap \mathrm{k}\in \mathrm{N}$ I $\mathrm{k}\Omega \mathrm{n}_{=0}$ $\mathrm{i}\mathrm{s}$ sati $s\mathrm{f}$ ied by thi $\mathrm{s}$

complex. I $\mathrm{t}$ $\mathrm{i}\mathrm{s}$ obvi $\mathrm{o}\mathrm{u}s$ that $\mathrm{v}1(\omega)\leqq\nu 1(\mathrm{d}\omega)$ +1. Sasakura found
the following.

Theorem 6. 2. ( $\mathrm{l}\mathrm{S}\mathrm{a}\mathrm{s}]$ , cf. [Fu]) I $\mathrm{f}\mathrm{A}\equiv \mathrm{C}\{\mathrm{X}\}$ $(\mathrm{X}=(\mathrm{X}_{1}, \ldots, \mathrm{x}_{\mathrm{n}}))$ , the

cond $\mathrm{i}\mathrm{t}\mathrm{i}$ on$\mathrm{s}$ $(\mathrm{O}1)^{\mathrm{p}}$ and (O2) p
$\mathrm{h}\mathrm{o}\mathrm{l}\mathrm{d}\mathrm{f}$or

$[eggH] \mathrm{p}\equiv\Omega \mathrm{p}(\mathrm{A})$ , $(\exists \mathrm{a}, \mathrm{b}\in \mathrm{R}_{i} \mathrm{p}^{=}\mathrm{O}, 1 , 2, . . . )$ .

Their results are stronger than stated here in that they treat
Pfaffian forms on a neighborhood.

Anyone who learned the elementary calculus understands that
$\nu 0$ $(\mathrm{f} -- \mathrm{f}(\mathrm{O}))=\mathrm{i}\mathrm{n}\mathrm{f}\{\mathrm{v}0(\partial \mathrm{f}/\partial \mathrm{x}_{1}), . . . , \mathrm{v}0(\partial \mathrm{f}/\partial \mathrm{x}_{\mathrm{n}})\}+1$

for $\mathrm{f}\in \mathrm{C}\{\mathrm{X}\}$ . Thi $\mathrm{s}$ can be general $\mathrm{i}$ zed as follow$\mathrm{s}$ .

(1 I 11) I $\mathrm{f}$ A $\mathrm{i}\mathrm{s}$ holomorphi cally contract $\mathrm{i}$ ble into an
analytic local algebra with embedding dimension $\mathrm{n}$ (in the sense
of $\mathrm{R}\mathrm{e}\mathrm{i}\mathrm{f}$ fen $[\mathrm{R}\mathrm{e}\mathrm{i}])$ , then the cond $\mathrm{i}\mathrm{t}\mathrm{i}$ on$\mathrm{s}$ (O1) p and (O2) p , wi th
$*\leqq*$ replaced by $**=,\cdot$ hold $\mathrm{f}$or

$[eggH] \mathrm{p}\equiv\Omega \mathrm{p}(\mathrm{A})$ , $\mathrm{p}^{=}\mathrm{n},$ $\mathrm{n}+1,$ $\mathrm{n}+2,$ $\ldots$ ,

$\mathrm{a}=1$ , $\mathrm{b}^{----}1$ , $\mathrm{I}=$ (the maxi mal $\mathrm{i}$ deal).

(6. 2) and (6. 3) are sharper than the Poincar\’e lemma. The same
asserti on as (6. 3) holds for $\mathrm{A}\mathrm{C}$-contracti ble formal algebras
( $\mathrm{A}\mathrm{C}$ : absolutely cont $\mathrm{i}$ nuous, cf. [I 1]).
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