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1 Introduction

Motivation Extensive study has recently been made for bifurcations occurring
in a neighborhood of a codimension two homoclinic orbit in a three-dimensional
vector field, and in particular, it became known that some types of codimension
two homoclinic orbits which are $\mathrm{b}\mathrm{i}$-asymptotic to hyperbolic equilibria with real
principal eigenvalues can give rise to multiple homoclinic orbits; an N-times
rounding homoclinic orbit arises under perturbation in a tubular neighborhood
of the unperturbed orbit where $N$ being an integer ([27], [1], [11, 12], [25], [7]).
Such a homoclinic orbit is referred to as an $N$-homoclinic orbit with respect to
the original unperturbed one. The bifurcation of such multiple homoclinic orbits
are, however, still far from being understood. For instance, when one varies the
eigenvalues of the equilibria it has been observed by a numerical simulation a
very complicated bifurcation involving many such multiple homoclinic orbits.
See, for instance, Figure 4.1 and [10].

The purpose of this and forthcoming papers is to obtain a better under-
standing of such complicated bifurcations for multiple homoclinic orbits by
combining results from homoclinic bifurcation analyses with those from nu-
merical experiments. To be more precise, we shall take one particular type of
codimension two homoclinic orbits with real eigenvalues in $\mathrm{I}\mathrm{R}^{3}$ , called orbit-fiip,
and study its bifurcation of multiple homoclinic orbits appearing in a tubular
neighborhood of the original orbit-flip. The main interest of the present pa-
per lies in the occurrence of successive homoclinic doubling bifurcations under
an appropriate condition, which is a part of the total bifurcations for multiple
homoclinic orbits. Here the homoclinic doubling bifurcation refers to the bifur-
cation of a homoclinic orbit changing into a twice rounding homoclinic orbit in
a tubular neighborhood of the original one. The homoclinic doubling bifurca-
tion associated to real principal eigenvalues was first studied by $\mathrm{Y}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{g}\mathrm{i}\mathrm{d}\mathrm{a}[27]$

where he asserted that there are three kinds of codimension two homoclinic
orbits that can undergo the homoclinic doubling bifurcations: these are now
called (i) a homoclinic orbit with resonances, (ii) that of inclination-flip type,
and (iii) that of orbit-flip type. See [1], $[11, 12]$ and [25] for efforts toward justi-
fying and generalizing Yanagida’s original ideas concerning these three types of
homoclinic doubling bifurcations. In this paper, we shall show the existence of
cascade of homoclinic bifurcations starting from a homoclinic orbit of orbit-flip
type followed by those of inclination-flip type. Relation between such a global
bifurcation and a local bifurcation from orbit-flip will also be discussed in the
last section.
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Continuous piecewise-linear vector fields Since the cascade of homoclinic
doublings is a totally global bifurcation, we need an aid of numerical experi-
ments in which we must choose a concrete set of ordinary differential equations
that exhibits the desired bifurcation. In this paper we employ a family of con-
tinuous piecewise-linear vector fields for such a model equation. The advantage
of using such continuous piecewise-linear vector fields is that, firstly it is eas-
ier to analyze dynamics and bifurcations of the vector fields because of their
piecewise-linearity, and secondly, according to a general theory established by
the second author of this paper ([14]), we can obtain a kind of normal forms
for generic continuous piecewise-linear vector fields if one specifies the number
of regions on which the vector field is linear, and the normal form is completely
characterized in the sense of linear conjugacy in terms of the eigenvalues at
equilibria in each of these linear regions. This means that these eigenvalues
are considered to be the bifurcation parameters of the normal form equations,
which is suitable for our purpose of this and subsequent papers. In our case, we
use the normal form of piecewise-linear vector fields with two linear regions in
$1\mathrm{R}^{3}$ , and hence it possesses six parameters in total. Moreover it is easy to derive
an explicit condition in terms of the eigenvalue parameters for the existence of
orbit-flip homoclinic orbits. Using this information, we can set up the model
problem in a tractable way and perform very precise numerical experiments
based on explicitly computed analytic formulas. The results obtained by such
analyses and experiments will also be valid for general smooth vector fields, be-
cause the homoclinic bifurcation theory only uses information from the return
map along the original homoclinic orbit and hence the piecewise-linearity does
not lose essential information for it is constructed in the same way as in the
smooth case.

Main results Using such a family of continuous piecewise-linear vector fields,
we shall demonstrate the presence of the following global bifurcations in this
paper: Since the original homoclinic orbit is assumed to be of orbit-flip type,
it undergoes the first homoclinic doubling bifurcation and gives rise to a 2-
homoclinic orbit. It then turns to be a homoclinic orbit of inclination-flip type
after a slight change of parameters and thus undergoes the second doubling bi-
furcation creating a 4-homoclinic orbit. This 4-homoclinic orbit becomes again
that of inclination-flip type for a further variation of parameters and we find
8-homoclinic orbit through the third homoclinic doubling bifurcation. By nu-
merical experiments for our family of continuous piecewise-linear vector fields we
can similarly see that each $2^{k}$-homoclinic orbit becomes that of inclination-flip
type and gives rise to a $2^{k+1}$-homoclinic orbit through the homoclinic doubling
bifurcation. In fact we have observed up to $2^{6}=64$-homoclinic orbits through
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these doubling bifurcations. Such precise numerical experiments could only be
done by using piecewise-linear vector fields, since it is in general hard to find
a homoclinic orbit as an intersection of the stable and unstable manifolds, but
for piecewise-linear vector fields, those manifolds are locally given by a straight
line or a plane and hence it is quite easy to find a parameter value where an
orbit precisely lies on these manifolds.

In order to explain this bifurcation more theoretically, we derive a two-
parameter family of unimodal maps as singular limit of the Poincar\’e maps along
homoclinic orbits. We locate bifurcation curves for this family of unimodal maps
in the two-dimensional parameter space and these curves basically agree with
those for the piecewise-linear vector fields. In particular, we show, using a stan-
dard technique from the theory of unimodal maps (see e.g. [2], [18], [19]), that
there exists an infinite cascade of doubling bifurcations which corresponds to
the sequence of homoclinic doubling bifurcations for the piecewise-linear vector
fields described above. Since our unimodal map has a singularity at a boundary
point of its domain of definition, the doubling bifurcation is slightly different
from that for standard quadratic unimodal maps, for instance the Feigenbaum
constant associated to accumulation of the doubling bifurcations is different
from the standard value 4.6692.... Basic qualitative similarity between the bi-
furcations of our unimodal map family and the piecewise-linear vector fields
strongly suggest that there does also exist a cascade of homoclinic doubling
bifurcations in our family of continuous piecewise-linear vector fields in a way
described by their singular limit unimodal maps.

Acknowledgement. We are grateful to T. Matsumoto, K. Iori, Y. Kurimoto
for stimulating discussions.

2 Preliminaries

Consider a family of vector fields $X_{\eta}$ on $1\mathrm{R}^{3}$ with a hyperbolic equilibrium
point $O$ and suppose that it admits a homoclinic orbit $\Gamma$ to the equilibrium
point for $\eta=0$ where the linearization matrix possesses eigenvalues $\lambda_{u}$ and
$-\lambda_{ss},$ $-\lambda_{s}$ with $-\lambda_{ss}<-\lambda_{s}<0<\lambda_{u}$ . The eigenvalues $\lambda_{u}$ and $-\lambda_{s}$ are
called principal. Then for sufficiently small $\eta,$ $X_{\eta}$ may possess a homoclinic
orbit rounding twice in a small tubular neighborhood of the original homoclinic
orbit. Such a bifurcation is referred to as homoclinic doubling bifurcation and
the bifurcating homoclinic orbit is called a doubled homoclinic orbit or a 2-
homoclinic orbit with respect to the original one which is called the primary or
1-homoclinic orbit.
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For the homoclinic orbit, we can generically expect the following two con-
ditions to be satisfied:

(Ev) $\lambda_{u}\neq\lambda_{s}$ ;

(Asy) $\Gamma$ is tangent at $O$ to the eigendirection associated to $-\lambda_{s}$ as $t$ tends to
$+\infty$ .

Besides the stable manifold denoted by $W^{s}(O)$ , we can consider another invari-
ant manifold which is tangent to the eigendirections associated with $\lambda_{u}$ and
$-\lambda_{S}$ . In this paper we call it an extended unstable manifold which we denote by
$W^{\mathrm{e}u}(O)$ . Notice that the homoclinic orbit $\Gamma$ is contained in $W^{eu}(O)\cap W^{s}(O)$ .
Generically we have

(Tr) $W^{\mathrm{e}u}(O)$ and $W^{s}(O)$ intersect transversely along $\Gamma$ .

A degenerate homoclinic orbit arises by breaking one of these genericity
conditions, as in the following way.

Definition 2.1. Let $\Gamma$ be a homoclinic orbit of the vector field $X=X_{0}$ .

(Inc) $\Gamma$ is called a homoclinic orbit of inclination-fiip type, if (Ev) and (Asy)
hold, but (Tr) does not, namely, $W^{s}(O)$ and $W^{\mathrm{e}u}(O)$ are tangent along $\Gamma$ ;

(Orb) $\Gamma$ is called a homoclinic orbit of orbit-fiip type, if (Tr) and (Ev) hold, but
(Asy) does not, namely, $\Gamma$ lies in the strong stable manifold $W^{ss}(O)$ ;

$({\rm Res})\Gamma$ is called a homoclinic orbit with resonance, if (Tr) and (Asy) hold, but
(Ev) does not, namely, the resonance condition $\lambda_{u}=\lambda_{s}$ is satisfied.

Remark 2.2. The proof of the center manifold theorem works as well for the
existence of the extended unstable manifold $W^{eu}(O)$ . See [8] for the proof. This
invariant manifold is not unique, but has the unique tangent space along the
homoclinic orbit, and hence the condition (Inc), which is sometimes referred
to as the strong inclination property ([3]), is independent of the choice of the
extended unstable manifold.

Bifurcations to doubled homoclinic orbits were first studied in [5] in the
case of the Shil’nikov-type homoclinic orbit, together with the non-existence
of the homoclinic doubling bifurcation for homoclinic orbits with real principal
eigenvalues under the generic conditions (Asy), (Tr) and (Ev). Yanagida [27]
then claimed that there are the above three possibilities of more degenerate
homoclinic orbits with real principal eigenvalues that can generate a doubled
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homoclinic orbit under perturbation. Since [27], a lot of work has been carried
out toward completing and generalizing Yanagida’s original ideas.

It was shown in [1] that the period-doubling bifurcation or the saddle-node
bifurcation for a periodic orbit occurs in a generic two-parameter unfolding of
a homoclinic orbit with resonant eigenvalues, depending whether the homo-
clinic orbit is twisted or non-twisted. Similar bifurcations are also shown for
inclination-flip homoclinic orbits ([11, 12]) with the ratio $\nu=\frac{}{\lambda}\lambda\perp_{u}$ of the princi-
pal eigenvalues $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{S}}\mathrm{f}\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}\frac{1}{2}<\nu<1$ . On the other hand, if the ratio $\nu$ is smaller
than $\frac{1}{2}$ , more complicated dynamics such as the shift dynamics accompanied
by rich bifurcation phenomena in their creation possibly appear ([4], [7]). In
particular, Homburg, Kokubu and Krupa [7] proved the existence of suspension
of the Smale’s horseshoe in unfoldings of an inclination-flip homoclinic orbit
with $\nu<\frac{1}{2},2\nu<\mu=\frac{\lambda}{\lambda}\mathrm{A}\mathrm{a}u$ and described how $N$-homoclinic orbits are cre-
ated and destroyed in the unfolding. Sandstede [26] showed the existence of
a shift dynamics in the unfolding of an inclination-flip homoclinic orbit with
$\mu<1,$ $\mu<2\nu$ using Lin’s methods [16]. Recently, the existence of H\’enon-like

strange attractors was proved in [22], using a result of Mora and Viana [20], in
the case where $1<\mu+\nu,$ $\nu<\frac{1}{2},$ $\mu>K\nu$ with some large enough $K$ . See also
[21] and [13] for relevant results.

With regards to the orbit-flip homoclinic orbits, Sandstede [25] has proven
that homoclinic doubling and homoclinic $N$-tupling bifurcations $(N\geq 3)$ as
well as the shift dynamics do occur in its unfolding. There is also a numerical
simulation done by [10] for piecewise-linear vector fields involving an orbit-flip
homoclinic orbit which shows interesting bifurcation curves for N-homoclinic
orbits with $2\leq N\leq 11$ . Our work was inspired by this last result.

Here we state a theorem concerning the homoclinic doubling bifurcations
for homoclinic orbits of inclination-flip or orbit-flip type. Consider the family of
vector fields $X_{\eta}$ with a hyperbolic equilibrium point $O$ . This theorem summa-
rizes some results from [12] and [25].

Theorem 2.3. Let $X_{\eta}$ be a generic two-parameter family of vector fields which
has either an orbit-fiip or an inclination-fiip homoclinic orbit $\Gamma$ at $\eta=0$ . Then
the following holds:

(1) If $1<\nu=arrow\lambda_{u^{f}}\lambda$ the homoclinic doubling bifurcation does not occur.

(2) If $\frac{1}{2}<\nu<1$ and $\mu=\underline{\lambda}\lambda_{u}^{\Delta \mathrm{A}}>1$ , the homoclinic doubling bifurcation occurs.
More precisely, there exists a local change of parameters at $\eta=0$

$\epsilon=(\epsilon_{1},\mathcal{E}_{2})=\epsilon(\eta)$ ,

and curves of the form
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$\epsilon_{2}$ $=$ $\kappa_{2H}(\epsilon_{1})$ $(\epsilon_{1}\geq 0)$ ,

$\epsilon_{2}$ $=$ $\kappa_{PD}(\mathcal{E}_{1})$ $(\epsilon_{1}\geq 0)$ ,

$\epsilon_{2}$ $=$ $\kappa_{SN}(\epsilon_{1})$ $(\epsilon_{1}\leq 0)$ ,

in the parameter space such that a $p_{\dot{\mathcal{H}}m}ary$ homoclinic orbit persists along
$\epsilon_{2}=0$ whereas a doubled homoclinic orbit bifurcates along $\epsilon_{2}=\kappa_{2H}(\epsilon_{1})$ ,
a $pe7\dot{\tau}odiC$ orbit undergoes the period doubling bifurcation along $\epsilon_{2}=$

$\kappa_{PD}(\epsilon_{1})$ , and the saddle-node bifurcation occurs for $pe\gamma\dot{\eta}odiCorbit_{\mathit{8}}$ along
$\epsilon_{2}=\kappa_{SN}(\epsilon 1)$ . Moreover,

$\kappa_{2H}(\epsilon_{1})$
$\approx\epsilon_{1}\frac{1}{1-\nu}$ ,

$\kappa_{PD}(\epsilon_{1})$
$\approx c\epsilon_{1}\frac{1}{1-\nu}$ for some $0<c<1$ ,

$\kappa_{SN}(\epsilon_{1})$ $\approx$
$c’| \epsilon_{1}|\frac{1}{1-\nu}$ for some $c’<0$ .

See also [17] and references therein for more information.
Next we shall derive a two-parameter family of one-dimensional maps in

order to study the dynamics and bifurcations that occur in an unfolding of
orbit-flip homoclinic orbits. This family is obtained by taking the singular limit
of the two-dimensional return maps along the homoclinic orbit as the strong
stable eigenvalue going $\mathrm{t}\mathrm{o}-\infty$ .

Let $X_{\eta}$ be the generic two-parameter unfolding as ab $o\mathrm{v}\mathrm{e}$ which possesses an
orbit-flip homoclinic orbit $\Gamma$ to a hyperbolic equilibrium point $O$ at $\eta=0$ . $\Gamma$ lies
in the intersection of the unstable and strong stable manifolds $W^{u}(O)\cap W^{s}s(o)$ .
We choose the $(x, y, z)$ -coordinates in such a way that the local stable, unstable
and strong stable manifolds are given by

$W_{l_{oC}}^{u}(O)=\{x=y=0\}$ , $W_{l_{\mathit{0}}c}^{s}(o)=\{Z=0\}$ , $W_{l\circ}^{ss}(\mathrm{C}O)=\mathrm{t}X=Z=0\}$

in a neighborhood of $O$ . We assume for simplicity that the vector fields $X_{\eta}$

are unifornly smoothly linearizable in a neighborhood of $O$ containing the unit
cube $[$ -1, $1]^{3}$ , and take the two cross sections

$\Sigma^{0}=\{y=1\}$ , $\Sigma^{1}=\{Z=1\}$

which are transverse to the homoclinic orbit F. Then the Poincar\’e map for $X_{\eta}$

along $\Gamma$ will be given by composition of the following two mappings:
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the local map: $\Sigma^{0}arrow\Sigma^{1}$ ; $\mapsto$ ,

the global map: $\Sigma^{1}arrow\Sigma^{0}$ ; $-\rangle$

where $\mu$ – $\underline{\lambda}_{\mathrm{B}}\lambda_{u}$ and $\nu=\frac{\lambda}{\lambda}\mathrm{A}u$ . Note that the constants, in particular, $p$ and $q$

may depend on the unfolding parameter $\eta$ . Since the orbit-flip homoclinic orbit
exists when $(1, 0,0)$ is mapped to $(0,1,0)$ under the global map, we have

$p(\eta)=q(\eta)=0$ .

Therefore the parameter $\eta$ should be taken in such a way that

$\frac{\partial(p,q)}{\partial(\eta 1,\eta_{2})}|_{\eta=0}\neq 0$ .

In other words, $(p, q)$ can be thought of as unfolding parameters, and conse-
quently, the return map $h$ takes the form

$(x, z)\mapsto++$ .

Here we consider the case that the strong stable eigenvalue has a very large
modulus so that we can neglect the term involving $z^{\mu}$ . Then the most dominant
terms in the return map reduce to give a one-dimensional map

$z \mapsto\alpha(z-q+\frac{\gamma p}{\alpha})z^{\nu}+q$ ,

or, by rescaling the variable and parameters,

$f(x)=(x-a-b)x^{\nu}+b$.

Note that here we have assumed $\alpha>0$ for simplicity, since the other case can be
treated similarly. In the next section we fix $\nu$ as being $\frac{1}{2}<\nu<1$ and consider
the bifurcation of this two-parameter family of one-dimensional maps that are
related to the dynamics of original vector fields.
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3 Analysis of reduced one-dimensional maps

In this section we shall show that the two-parameter family of maps

$f(x;a, b)=(x-a-b)x^{\nu}+b$ $( \frac{1}{2}<\nu<1)$

possesses an infinite sequence of special doubling bifurcations that can be inter-
preted as homoclinic doubling bifurcations of corresponding vector fields. First
we note that the orbit of $0$ for the one-dimensional map corresponds to the
unstable manifold of the equilibrium point for the vector field, and therefore we
only consider the maps on the interval $[0, f(\mathrm{o})]=[0, b]$ and trace the orbit of $0$

as long as it stays in this interval. This map is in general a unimodal map with
a minimum which can be either positive or negative depending on the param-
eters. In particular, the map with the parameters $(a, b)=(\mathrm{O}, 0)$ corresponds to
the vector field with an orbit-flip. The curve which can be interpreted as the
persistence curve for 1-homoclinic orbit coming out from the orbit-flip point is
given by the condition that $0$ is a fixed point, namely $f(\mathrm{O})=b=0$ , whereas
the bifurcation curve for 2-homoclinic orbit is given by $f^{2}(0)=f(b)=0$ , hence
$a=b^{1-\nu}$ . These two bifurcation curves nicely fit with the bifurcation diagram
for the vector fields that unfold an orbit-flip.

In general homoclinic orbits for vector fields correspond to periodic or-
bits through $0$ for these one-dimensional maps, which is given by the equation
$f^{N}(0)=0$ . Inclination-flip homoclinic orbits are interpreted as such periodic
orbits that pass through $0$ and the minimum point, and hence given by the
equations $f^{N}(0)=0,$ $f’(f^{N-1}(\mathrm{o}))=0$ . In particular the inclination-flip 2-
homoclinic orbit is given by the equations $f^{2}(0)=0$ and $f’(f(\mathrm{O}))=0$ , or
equivalently, $(a, b)=(\nu^{\frac{1-\nu}{\nu}}, \nu^{\frac{1}{\nu}})$ . It is hard to obtain explicit analytic expres-
sions for the $N$-homoclinic bifurcation curves with $N>2$ , and hence, we use
the following color diagram in order to visualize these curves.

We compute the number

$m= \min\{n\geq 1|f^{n}(0;a, b)\leq 0\}$

and assign a color code for each number $m$ . Then we can draw bifurcation sets
with those assigned colors at each parameter value $(a, b)$ . Figure $3.1(\mathrm{a})$ is one
example of such color diagrams. Each color code (except black) stands for a
rounding number $m$ , for instance, $m=1$ (blue), 2 (yellowish green), 3 (sky
blue), 4 (red), 5 (purple), 6 (yellow) and 7 (white). Higher rounding numbers
$m$ not larger than a number called Maxcount are coded as $(m-1)\mathrm{m}\mathrm{o}\mathrm{d} (7)+1$ .
If $m>\mathrm{M}\mathrm{a}\mathrm{x}\mathrm{c}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{t}$ or $m=\infty$ , then black is assigned. By definition, each point
of the boundary of a region with a specific color satisfies $f^{m}(0)=0$ for certain
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Figure 3.1: Color-coded homoclinic bifurcation diagram for one-dimensional
map $f(x)=(x-a-b)x^{\nu}+b$ where $\nu=0.8$ . (a) $(a, b)$-parameter space:
$0.0\leq a\leq 2.0,0.0\leq b\leq 5.0$ , Maxcount $=30$ . (b) $(y_{*}, x_{*})$-parameter space:
$0.0\geq y_{*}\geq-0.1,0.0\leq x_{*}\leq 2.0$ , Maxcount $=30$ . (c) Successive homoclinic
doubling bifurcations. Horizontal axis: $-9.5\leq\log_{1}\mathrm{o}y_{*}\leq 0.0$ , Vertical axis:
$\log_{\mathrm{l}0^{b}0}\geq\log_{10}(b_{0}-x_{*})\geq-8.0$, where $b_{0}=1.151739$ and $\log_{\mathrm{l}0^{b}0}=0.061354$ ,
Maxcount $=1024$ .

number $m$ , and hence it corresponds to a homoclinic bifurcation point for m-
homoclinic orbit. For example, the boundary $H_{4}$ of a red region with $m=4$
exhibits a 4-homoclinic bifurcation curve. In this way, it is quite easy to see the
bifurcation curves for $N$-homoclinic orbits with various $N$ .

It can be seen that there is a curve at the envelop of all colored regions.
This is given by the condition that the minimum value of $f$ is equal to $0$ , since
if the minimum value is positive, then the orbit of $0$ never becomes negative
and hence, by the rule of color assignment, such a parameter value is colored
in black. This condition of the envelop is given by $f’(x_{*})=0,$ $f(x_{*})=0$ , or
equivalently,

$a+b= \frac{1+\nu}{\nu}(\nu b)\frac{1}{1+\nu}$ .

Using this expression of the envelop, we make the change of parameters from
$(a, b)$ to

$x_{*}= \frac{\nu}{1+\nu}(a+b)$ , $y_{*}=f(x_{*})=b- \frac{1}{\nu}(\frac{\nu}{1+\nu}(a+b))^{1+\nu}$

in such a way that the envelop is mapped to the $x_{*}$-axis. Figure 3.1 (b) exhibits
the color diagram with these new parameters, where we can more easily see the
bifurcations, in particular several successive homoclinic doubling bifurcations.
This situation can be seen in more detail by taking $(\log x_{*}, \log y_{*})$ as new pa-
rameters. See Figure $3.1(\mathrm{c})$ . Observe that the homoclinic doubling bifurcations
successively occur from 2-homoclinic orbit to $2^{10}=1024$-homoclinic orbit.

Since the homoclinic doubling bifurcation in vector fields corresponds to $0$

being a periodic orbit that passes through the minimum of the unimodal map $f$ ,
we shall rigorously show that there exists an infinite sequence of such successive
doubling bifurcations in the family of unimodal maps.
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Table 3.1: Successive homoclinic doublings and the Feigenbaum constant. For
each value of $\nu$ , the parameter values $x_{*}$ for inclination-flip $2^{k}$ -homoclinic orbits
are shown, together with approximate values of the corresponding Feigenbaum
constant $\delta$ computed from those data.

Theorem 3.1. The two-parameter family of one-dimensional unimodal $map_{\mathit{8}}$

$f_{a,b}$ has a cascade of doubling bifurcations that can be interpreted $a\mathit{8}$ cascade of
homoclinic doublings in the above $\mathit{8}ense$ .

Proof. We have only to consider the case where the minimum value of the
unimodal nap is $0$ . This will reduce the two-parameter family of unimodal
maps to that with only one parameter:

$\tilde{f}_{b}=\{x-\frac{1+\nu}{\nu}(\nu b)\frac{1}{1+\nu}\}x+\nu b$ ,

since the condition that the minimum is equal to $0$ is given by

$y_{*}=b- \frac{1}{\nu}(\frac{\nu}{1+\nu}(a+b))1+\nu=^{0}$ .

The family $\tilde{f}_{b}$ is a $C^{1}$ -family of unimodal maps that are continuous and onto
over the interval $[0, b]$ and of $C^{1}$ on $(0, b]$ . Therefore this is almost what is called
the full family in the sense of Collet-Eckmann, for which the intermediate value
theorem for kneading sequences holds. See [2], in particular Theorem III. 1.1 for
the detail. We can apply this theorem to our family by modifying the proof of
Theorem III.1.1 in [2], or more simply by looking at the second iterate $\tilde{f}_{b}^{l}$ as
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follows: Since we assume the exponent $\nu$ satisfying $\frac{1}{2}<\nu<1$ , it is easy to see
that $\tilde{f}_{b}^{2}$ restricted to $[x_{0}, b]$ is exactly a full family of $C^{1}$ -unimodal maps without
any singularity, where $x_{0}$ stands for the unique fixed point for $\tilde{f}_{b}$ . Since we have
computed the existence of the first doubling bifurcation point, we conclude that
the cascade of doubling bifurcations occurring in $\tilde{f}_{b}^{2}$ gives the desired sequence.

We have numerically computed the Feigenbaum constants for the doubling
bifurcations in the family $\tilde{f}_{b}$ with various exponent $\nu$ . It should be noted that
when $\nu=1$ , the Feigenbaum constant is close to the standard value 4.6692...,
but it is not, when $\frac{1}{2}<\nu<1$ . Our data for the Feigenbaum constants resemble
to similar data for the unimodal maps $x\vdasharrow 1-a|x|$

( with $1<\zeta<12$ computed
in [9] where the exponent (corresponds to $2\nu$ in our case.

4 Successive homoclinic doublings in PL vector fields

4.1 Normal forms of three-dimensional two-region proper piecewise-
linear vector fields

We shall first summarize results for normal forms of three-dimensional proper
two-region piecewise-linear vector fields. Since the proper condition which will
be defined later is generic, they form an important class in the study of bifurca-
tions for continuous piecewise-linear vector fields. In particular it can be shown
that normal forms of proper systems are determined by elementary symmetric
polynomial of eigenvalues in each linear region as described below.

Given a non-zero vector $\alpha\in 1\mathrm{R}^{3}$ , define a plane

$V=\{_{X}\in \mathrm{R}^{3}|\langle\alpha,x)=1\}$

(where $\langle\cdot,$ $\cdot\rangle$ denotes the usual inner product) and half spaces

$R_{\pm}=\{_{X\in]}\mathrm{R}3|\pm(\langle\alpha, x\rangle-1)>0\}$.

Consider a vector field defined by an ordinary differential equation

$\frac{dx}{dt}=X(X)=\{$
$Ax$ , $(x\in R_{-})$

(4.1)
Bx-p, $(_{X\in}R_{+})$ ,

where $A$ and $B$ are $3\cross 3$ matrices, and $p\in \mathrm{R}^{3}$ (all elements of $\mathrm{R}^{3}$ are column
vectors, unless otherwise stated). We call the vector field a three-dimensional
two-region piecewise-linear vector field, and the plane $V$ the boundary of the
vector field. This vector field is continuous on the boundary $V$ if and only if

97



$B=A+p\alpha^{\tau}$ .
See [17, Lemma 2.5.1].

Definition 4.1. Two vector fields $X$ and $X’$ on $\mathrm{R}^{3}$ are linearly conjugate if
there is a non-singular matrix $H\in GL(3, \mathrm{R})$ such that

$HX(x)=X’(H_{X})$ for all $x\in 1\mathrm{R}^{3}$ .

Definition 4.2. A vector field $X$ defined by (4.1) is proper if any A-invariant
proper linear subspace $E\subset \mathrm{R}^{3}$ intersects with the boundary $V$ , i.e.,

$A(E)\subset E$ and $0<\dim(E)<3\Rightarrow E\cap V\neq\phi$ . (4.2)

Theorem 4.3.
Any proper $Continuou\mathit{8}$ three-dimensional two-region piecewise-linear vector

field given by

$X’(x)$ $=A’x+ \frac{1}{2}p’\{|\langle\alpha’, X\rangle-1|+((\alpha’, x\rangle-1)\}$

$=$ $\{$

$A’x$ , $(\langle\alpha’, x\rangle-1\leq 0)$

$B’x-p’$ , $(\langle\alpha’, X\rangle-1\geq 0)$ ,
$i_{\mathit{8}}$ linearly conjugate to the vector field defined by

$X(x)$ $=$ $Ax+ \frac{1}{2}p\{|\langle\alpha, x)-1|+(\langle\alpha, x\rangle-1)\}$,

$=$ $\{$

$Ax$ , $(\langle\alpha, x)-1\leq 0)$

Bx-p, $(\langle\alpha, x\rangle-1\geq 0)$ ,

whe re

$\alpha=(1,0,0)^{T}$ , $p=(C_{1},c2, C3)^{\tau}$ ,

$A=$ , $B==A+p\alpha^{\tau}$

$a_{1}=\lambda_{1}+\lambda_{2}+\lambda 3,$ $a_{2}=-(\lambda_{1}\lambda_{2}+\lambda 2\lambda 3+\lambda_{3}\lambda_{1}),$ $a_{3}=\lambda_{1}\lambda 2\lambda 3$ ,

$b_{1}=\nu_{1}+\nu_{2}+\nu_{3},$ $b_{2}=-(\nu_{1}\nu_{2}+\nu_{2}\nu 3+\nu 3\nu_{1}),$ $b_{3}=\nu_{1}\nu_{2}\nu_{3}$ ,

$c_{1}=b_{1}-a_{1},$ $c_{2}=b_{2}-a_{2}+c_{1}a_{1},$ $c_{3}=b_{3}-a_{3}+a_{2}c_{1}+a_{1}c_{2}$ ,
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$\lambda_{1},$ $\lambda_{2},$ $\lambda_{3}$ being the $eigenvalue\mathit{8}$ of $A$ and $\nu_{1},$ $\nu_{2},$ $\nu_{3}$ being those of $B$ .
Moreover, when $\det(B)=b_{3}\neq 0$ , we can write

$X(x)=\{$
$Ax$ , $(\langle\alpha,x\rangle-1\leq 0)$

$B(x-P)$ , $(\langle\alpha, x\rangle-1\geq 0)$ ,
where

$P=(1- \frac{a_{3}}{b_{3}},$ $\frac{c_{1}a_{3}}{b_{3}},$ $\frac{c_{2}a_{3}}{b_{3}})$ .

See [17, Subsection 2.5.1] for the proof of this theorem.
The vector field $X$ is determined by $\rho=(a_{1}, a_{2}, a_{3}, b_{1}, b_{2}, b_{3})\in \mathrm{R}^{6}$, which

will be called the eigenvalue parameters. Define the boundary $V$ by
$V=\{_{X}\in \mathrm{R}^{3}|\langle\alpha, x\rangle=1\}$ ,

and set
$V_{\pm}=\{x\in V|\pm\langle\alpha,Ax\rangle>0\}$ .

If $\lambda.\cdot(i=1,2,3)$ is real, then the vector $oC_{i}arrow$ gives an eigenvector of $A$

associated with $\lambda_{i}$ , where
$C_{i}=(1, \lambda_{i}, \lambda_{i}^{2})T\in V$. (4.3)

Assume $\lambda_{1}$ and $\lambda_{2}$ are negative real and $\lambda_{3}$ is positive real, whereas $\nu_{1}$ and
$\nu_{2}$ are a pair of complex-conjugate numbers and $\nu_{3}$ is real. Denote

$\nu_{1},$
$\nu_{2}=\sigma\pm\omega\sqrt{-1}$ , $\nu_{3}=\gamma$ .

Since an eigenvector for $\lambda_{i}$ is given by (4.3), the one-dimensional unsta-
ble eigenspace $E^{u}(O)$ and the two-dimensional stable eigenspace $E^{s}(O)$ for
$O=(\mathrm{O},0,0)^{T}$ are given by

$E^{u}(O)=\{x\in 1\mathrm{R}^{3}|x=r(1, \lambda_{3}, \lambda_{3}^{2})^{T}, \langle\alpha, x\rangle-1\leq 0, r\in \mathrm{R}\}$,
$E^{s}(O)=\{x\in \mathrm{R}^{3}|\langle u,x\rangle=0, \langle\alpha,x)-1\leq 0\}$ ,

where $u=$ $(-1, \frac{\lambda+\lambda}{\lambda_{1}\lambda_{2}}, -\frac{1}{\lambda_{1}\lambda_{2}})$ . The intersection $E^{s}(O)\cap V$ is thus given by

$E^{s}(O)\cap V=\{x=(x^{1},x^{2}, x^{3})\in 1\mathrm{R}^{3}|\langle u,x\rangle=0, x^{1}=1\}$ . (4.4)

If $\lambda_{2}<\lambda_{1}<0$ , the strong stable eigenspace $E^{ss}(O)$ is given by
$E^{ss}(O)=\{x\in \mathrm{R}^{3}|x=r(1, \lambda_{2,2}\lambda^{2})^{T}, \langle\alpha, x\rangle-1\leq 0, r\in 1\mathrm{R}\}$ .

Take a point $C_{3}=(1, \lambda_{3,3}\lambda^{2})^{T}\in V_{+}$ on the local unstable manifold of $O$

and consider its entire orbit $\mathcal{O}(C_{3})$ . The integer $m>0$ is called the rounding
number of the orbit if

$m= \frac{1}{2}\#(\mathcal{O}(C3)\cap V)$ .
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Figure 4.1: Color-coded homoclinic bifurcation diagram for three-dimensional
continuous piecewise-linear vector field with $\lambda_{1}=-0.2,$ $\lambda_{2}=-0.4,$ $\lambda_{3}=$

$0.3,\omega=1.0$ . $(\mathrm{a})$ Horizontal axis: $0.0\geq\gamma\geq-0.26$ , Vertical axis: $0.0\leq\sigma\leq 0.3$ ,
Maxcount $=20$ . (b) Enlargement of (a). Horizontal axis: $0.0\geq\gamma\geq-0.26$ ,
Vertical axis: $0.1\geq H_{1}(\gamma)-\sigma\geq 0.0$ , where $\sigma=H_{1}(\gamma)$ is a function which gives
the 1-homoclinic bifurcation curve $H_{1}$ in (a). Maxcount $=20$ . (c) Enlargement
of (b). Horizontal axis: $0.0\geq\gamma\geq-0.16$ , Vertical axis: $0.01\geq H_{2}(\gamma)-\sigma\geq 0.0$ ,
where $\sigma=H_{2}(\gamma)$ is a function which gives the 2-homoclinic bifurcation curve
$H_{2}$ in (b). Maxcount $=20$ . (d) Enlargement of (c). Horizontal axis: $0.0\geq$

$\gamma\geq-0.08$ , Vertical axis: $0.001\geq H_{4}(\gamma)-\sigma\geq 0.0$ , where $\sigma=H_{4}(\gamma)$ is a func-
tion which gives the 4-homoclinic bifurcation curve $H_{4}$ in (c). Maxcount $=20$ .
(e) Successive enlargements of a line segment in (d) with $\gamma=$ -0.074 fixed,
Maxcount $=128$ . Left: 0.1537311 $\leq\sigma\leq$ 0.1537811, that corresponds to
0. $00010\geq H_{4}(\gamma)-\sigma\geq$ 0.00015. Middle: 0.1537433 $\leq\sigma\leq$ 0.1537437.
$\mathrm{R}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}:0.1537433998075\leq\sigma\leq 0.1537433998125$.

4.2 Successive homoclinic doublings in piecewise-linear vector fields

We take a piecewise-linear vector field with an orbit-flip, put it into the normal
form using Theorem 4.3 and regard the eigenvalues as parameters that unfold
the orbit-flip homoclinic obit. Figure 4.1 $(\mathrm{a})$ exhibits bifurcations in the normal
form family. This figure is produced as a color diagram, namely we start the
point $C_{3}$ in one branch of the local unstable manifold and count the rounding
number $m$ defined in the previous subsection. Each color code (except black)
stands for a rounding number $m$ in the same way as before, namely, $m=1$
(blue), 2 (yellowish green), 3 (sky blue), 4 (red), 5 (purple), 6 (yellow) and
7 (white) and higher rounding numbers $m\leq$ Maxcount are coded as $(m-$
$1)\mathrm{m}\mathrm{o}\mathrm{d} (7)+1$ . If $m>\mathrm{M}\mathrm{a}\mathrm{x}\mathrm{c}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{t}$ or $m=\infty$ , black is assigned. The assignment
of color codes changes only when either the orbit hits the stable manifold or it
becomes tangent to the boundary of the linear region, the latter case of which
is not observed in our numerical experiments. Therefore the boundary of a
colored region corresponds to a bifurcation curve for some homoclinic orbits.
In this figure, we can see, among other things, the boundary $H_{1}$ of blue region
with $m=1$ which corresponds to the 1-homoclinic bifurcation curve.

Figures $4.1(\mathrm{b})- 4.1(\mathrm{d})$ are successive enlargements of Figure 4.1 (a). In Fig-
ure $4.1(\mathrm{b})$ , we can see a 2-homoclinic bifurcation curve as the boundary $H_{2}$ of
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yellowish green region with $m=2$ , and in Figure 4.1(c), a 4-homoclinic bi-
furcation curve as the boundary $H_{4}$ of red region with $m=4$. Figure $4.1(\mathrm{d})$

is yet another enlargement where a 8-homoclinic bifurcation curve can be ob-
served. These homoclinic bifurcation curves are computed by using the bifur-
cation equation given in [17, Subsection 2.5.4]. Moreover, it is also possible to
compute the inclination-flip bifurcation points from these bifurcation equations.
Since it is not easy to keep following such homoclinic bifurcations curves by en-
largements of two-dimensional parameter space, we instead fix a line segment in
the parameter space that cuts through the region where successive homoclinic
doubling bifurcations are expected to occur. Enlargements of the bifurcation
diagram along the line segment is much easier to carry out, as seen in Figure
$4.1(\mathrm{e})$ , where successive homoclinic doubling bifurcation sets for up to $2^{6}=64-$

homoclinic orbits are observed. A $2^{N}$-homoclinic bifurcation set with higher $N$

is not seen, because the width of the corresponding colored region shrinks ex-
tremely fast so that it quickly exceeds the computational limit. However, this
kind of computational difficulty on a fixed line segment is also observed in the
similar computation for one-dimensional maps done in Section 3, and since we
found successive homoclinic doublings for one-dimensional maps along the spe-
cial curve given as the envelop of the colored region, we can similarly expect
that cascade of homoclinic doubling bifurcations do occur for this family of
piecewise-linear vector fields as well.
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