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Introduction

The aim of this note is to report a recent result on arithmetic deformation of
degenerate (algebraic) curves and its application to studying automorphic func-
tions on the Teichm\"uller space (which we call $Teichm\tau il,ler$ modnlar $f_{oml}S$ for
short). Arithmetic deformation theory is to give a higher genus version of Tate’s
elliptic curve over $\mathrm{Z}[[q]]$ , i.e. to construct a deformation of a given degenerate
curve as a stable curve over a certain “primitive” ring. The construction is done
by extending Mumford’s uniformization theory [M], so this $\mathrm{t}\mathrm{h}\mathrm{e}_{J}\mathrm{o}\mathrm{r}\mathrm{y}$ is also called
$ar\dot{\tau}thme\iota icunif_{orm}iZa,bion$ theory. In this note, we only treat a deformation of
a degenerate curve obtained by identifying points of the projective line in pairs.
And inspired by the result of Ihara-Nakamura [I-N] giving an arithmetic deforma-
tion of a maximally degenerate curve with smooth components, we could obtain
an arithmetic deformation of any degenerate curve, $\mathrm{w}1_{\dot{\mathrm{H}}}\mathrm{c}\mathrm{h}$ will be useful to stucly-
ing Teichm\"uller modular forms of higher level. The results in \S 2, 3 are mainly
extensions of results in [I2, 3] to Teichm\"uller modular forms over a ring, especially
over $\mathrm{Z}$ , which can be obtained using results in \S 1.

1 Arithmetic uniformization theory

Classical Schottky uniformization theory for Riemann surfaces had been con-
structed by Schottky [S] about 1 century ago. Modern Schottky type uniformiza-
tion theory for $p$-adic algebraic curves was constructed by Mumford [M] about 20

数理解析研究所講究録
942巻 1996年 172-182 172



years ago. Combining these theories, we obtain arithmetic unifomization theory.
This is needed to study automorphic functions on tlle Teichm\"uller space.

We review Schottky and Mumford uniformization theory. Let $K$ be $\mathrm{C}$ or a
nonarchimedean valuation field with multiplicative valuation $||$ . Let $PGL_{2}(K)$

(: the projective linear group of degree 2 over $K$ ) act on tlle projective line
$\mathrm{P}^{1}(K)=K\cup\{\infty\}$ over $K$ by the M\"obius transformation:

$PGL_{2}(K)\mathrm{x}\mathrm{P}^{1}(K)\ni(,$ $z) \mapsto\frac{az+b}{cz+d}\in \mathrm{P}^{1}(K)$ .

Let

$\{$

$D_{\pm 1},$
$\ldots,$

$D_{\pm g}$ : open domains in $\mathrm{P}^{1}(\mathrm{C})$ bounded by Jordan curves
open disks in $\mathrm{P}^{1}(K)$ if $K$ is nonarchimedean

$\gamma_{1},$ $\ldots,\gamma_{g}$
$\in$ $PGL_{2}(K)$

such that $\gamma_{k}(\mathrm{P}^{1}(K)-D-k)=\overline{D_{k}}$ (: the closure of $D_{k}$ ).

Then $\gamma_{k}(\partial D_{-k})=\partial D_{k}$ (: the boundary of $D_{k}$ ).
Let

$\Gamma \mathrm{d}\mathrm{e}\mathrm{f}=\langle\gamma_{1}, \ldots,\gamma_{g}\rangle$ : called a Schottky group over $K$ of rank $g$ .
Then $\Gamma$ is known to be a &ee group of rank $g$ consisting of hyperbolic elements
except 1. Hence each $\gamma_{k}$ has 2 fixed points $\alpha_{\pm k}\in D_{\pm k}$ and the multiplier $\beta_{k}\in K^{\cross}$

with $|\beta_{k}|<1$ , i.e.

$\frac{\gamma_{k}(_{Z})-\alpha_{k}}{\gamma_{k}(z)-\alpha_{-k}}=\beta_{k^{\frac{z-\alpha_{k}}{z-\alpha_{-k}}}}.(_{Z\in \mathrm{P}^{1}}(K))$

which is equivalent to

$\gamma_{k}=\mathrm{m}\mathrm{o}\mathrm{d} (K^{\cross})$ .

We call $(\alpha_{\pm k},\beta_{k})1\leq k\leq g$ the Koebe coordinates of a Schottky group $\Gamma$ with free
generators $\gamma_{1},$

$\ldots,$
$\gamma_{g}$ .

Let $C_{\Gamma}$ be the $K$-analytic space obtained from $\mathrm{P}^{1}(K)-\bigcup_{k=1}g(D_{k}\cup D_{-}k.)$ identifying
$\partial D_{k}$ and $\partial D_{-k}$ via $\gamma_{k}$ :

$C_{\Gamma} \mathrm{d}\mathrm{e}\mathrm{f}=(\mathrm{P}^{1}(K)-\cup(D_{k^{\cup}}.D-kk=g1)\mathrm{I}/\partial D_{k}\bigcup_{\gamma}k\partial D_{-k}$ .

Then $C_{\Gamma}$ is Schottky uniformized by $\Gamma$ , i.e. it becomes the quotient space by $\Gamma$ of
$\mathrm{P}^{1}(K)-$ { $\mathrm{l}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{t}$ points of $\Gamma$ }. When $K=\mathrm{C},$ $C_{\Gamma}$ is evidently a Riemann surface
of genus $g$ , and when $K$ is nonarchimedean, it is shown by Mumford [M] that $C_{\Gamma}$
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has a natural structure of a proper and smooth algebraic curve over $K$ which is
called a Mumford curve.

Arithmetic uniformization theory is to construct a family of stable curves over

A $\mathrm{d}\mathrm{e}\mathrm{f}=\mathrm{Z}[X_{\text{ノ}}\pm 1,$

$\ldots,$
$X \pm g’\prod_{i\neq j}\frac{1}{x_{i}-x_{j}}][[y_{1}, \ldots,.y_{g}]]$

( $x_{\pm 1},$
$\ldots,$ $x_{\pm}y_{1}g$” $\ldots,$ $yg$ : variables) which is a “universalization” of Schottky and

Mumford uniformized curves, i.e. becomes those curves under specializing $x_{\pm k},$ $y_{k}$

to the associated Koebe coordinates. For this purpose, we extend Mumford’s for-
mal analytic construction [M] of stable curves for Schottky groups over complete
local rings to the group generated by

over the nonlocal ring $A$ , and we have:

Theorem 1. There exists a stable curue $C$ over $A$ satisfying

(1) $C$ is smooth over $A[1/y](y:=y_{1}\cdots y_{g})$ ,

(2) $C|_{y_{1}=\cdots=y=0}$, becomes the degenerate curve over

$A_{0}=\mathrm{Z}[X\pm 1,$
$\ldots,$

$X \pm g’\prod_{i\neq j}\frac{1}{x_{i}-x_{j}}]$

obtained by identifying $x_{k}$ and $x_{-k}(k=1, \ldots,g)$ in $\mathrm{P}_{A_{0}}^{1}$ ,

(3) for $K$ as above and the Koebe coordinates $(\alpha_{\pm k},\beta_{k})1\leq k\leq g$ of a Schottky
group $\Gamma=\langle\gamma_{1}, \ldots,\gamma_{g}\rangle$ over $K$ with sufficiently small $|\beta_{k}.|$ ,

$C|_{x=\alpha}\pm k\pm k,y\mathrm{k}=\beta k=C_{\Gamma}$ .

2 Teichm\"uller modular forms

We define Teichm\"uller modular forms (denoted by TMFs for short) as global
sections of line bundles on the moduli space of algebraic curves, which are seen
to be, over $\mathrm{C}$ :

automorphic functions on the Teichm\"uller space,
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i.e. holomorphic functions on the Teichm\"uler space with automorphy condition
under the action of the mapping class group. This naming is an analogy of

Siegel modular forms (denoted by SMFs for short)
$L$

$=$ automorphic functions on the Siegel upper half space

Besides the analogy of the namings, TMFs and SMFs are connected by the period
map and the Torelli map. But there are TMFs not induced from SMFs. These
TMFs appear in string theory, conformal field theory and soliton theory. We will
study TMFs by constructing their arithmetic expansion. This is an analogy of
the theory on arithmetic Fourier expansion for Siegcl modular forms constructed
by Shimura (over fields of characteristic $0$ ) and by Chai and Faltings [F-C] (over
rings). And these 2 expansion theories are connected by the so called “universal
periods” :

{SMFs} $\mathrm{F}\circ \mathrm{u}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{e}-^{\mathrm{p}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}}\mathrm{x}\mathrm{a}$

{power series}
$\downarrow$

$\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{S}\mathrm{a}\mathrm{l}\downarrow \mathrm{p}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{o}c1\mathrm{s}$

{TMFs} $\mathrm{a}\mathrm{r}\mathrm{i}\iota \mathrm{h}\mathrm{m}\mathrm{e}\iota \mathrm{i}\mathrm{c}-^{\mathrm{e}}\mathrm{x}\mathrm{p}\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{i}_{\mathrm{o}}\mathrm{n}$

{power series}

In what follows, we fix a natural number $g$ . This means the genus of consid-
ering Riemann surfaces. Moreover, we assume:

$g\geq 3$ .

Because if the genus is equal to 1 or 2, then the moduli of Riemann surfaces is
an affine space, so some cusp condition is needed for the $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}_{1}\iota \mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of TMFs.
Let

$T_{g}$ : the Teichm\"uller.space of degree $g$

$\mathrm{d}\mathrm{e}\mathrm{f}=$ the moduli space of Riemann surfaces $C$ of genus $g$

with canonical generators of $\pi_{1}(C)$ modulo the conjugation.

Then by Teichm\"uller’s theory, $T_{g}$ is known to be diffeomorphic to $\mathrm{R}^{6g-6}$ , and $T_{g}$

has the natural complex structure corresponding to the deformation of Riemann
surfaces. In particular, $T_{g}$ becomes a simply connected complex manifold of
dimension $3g-3$ .
Let

$\Gamma_{g}$ : the mapping class group of degree $g$

$\mathrm{d}\mathrm{e}\mathrm{f}=$ the group of orientation $(H^{2}(\pi_{1}(c), \mathrm{z})\sim-\mathrm{z})$ preserving
automorphisms of $\pi_{1}(C)$ modulo inner $\mathrm{a}\mathrm{u}\mathrm{t}_{\mathrm{t}}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{S}\mathrm{m}\mathrm{s}$ .
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Then $\Gamma_{g}$ acts on canonical generators of $\pi_{1}(C)$ , so it acts on $T_{g}$ properly discon-
tinuously. The quotient space $T_{g}/\Gamma_{g}$ becomes the moduli space (as a complex
orbifold) of Riemann surfaces of genus $g$ . We denote this by $M_{g}$ :

$M_{g}\mathrm{d}\mathrm{e}\mathrm{f}=T_{g}/\Gamma_{g}$ : the moduli space (orbifold) of Riemann sllrfaces of genus $g$ .

By Riemann’s period relation, the $\mathrm{p}\mathrm{e}1^{\backslash }\mathrm{i}\mathrm{o}\mathrm{d}$ matrix of each element of $T_{g}$ belongs
to the Siegel upper half space $H_{\mathit{9}}$ of degree $g$ . Sending Riemann surfaces to their
Jacobian varieties with canonical polarization, we have the Torelli map $\tau$ from $M_{g}$

to the moduli space $A_{g}$ of principally polarized $g$-dimensional abelian varieties
over $\mathrm{C}$ , and $A_{g}$ is tlle quotient of $H_{g}$ by the integral symplectic group $S_{\mathrm{P}2g}(\mathrm{Z})$ of
degree $g$ . Hence we have the following commutative diagram:

$p:\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{o}arrow \mathrm{d}$
map

$H_{g}$

$T_{g}\downarrow$

$/\Gamma_{g}$ $\downarrow$ $/Sp_{2g}(\mathrm{Z})$

$M_{g}$

$\tau:\mathrm{T}\mathrm{o}\mathrm{r}\mathrm{e}arrow]\mathrm{l}\mathrm{i}$
map

$A_{g}$ .

Since every $\gamma\in\Gamma_{g}$ induces an $\mathrm{a}\mathrm{u}\mathrm{t}_{\mathrm{o}\mathrm{m}\mathrm{o}}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{S}\mathrm{m}\overline{\gamma}$ of $\pi_{1}(C)/[\pi_{1}, \pi_{1}]\cong H_{1}(C, \mathrm{Z})$ and
preserves the natural intersection form on $H^{1}(C, \mathrm{Z})$ :

$\Gamma_{g}\ni\gamma\mapsto\overline{\gamma}$ on $H_{1}(C, \mathrm{Z})=\in Sp_{2g}(\mathrm{z})$ .

Let

$\mu$ : the Hodge line bundle on $A_{g}$

$\mathrm{d}\mathrm{e}\mathrm{f}=$ the line bllndle on $A_{g}$ corresponding to the automorphic factor

$\det(c_{c}Z+D_{G})(G=\in S_{\mathrm{P}2g}(\mathrm{Z}),$ $Z\in H_{g})$ ,

$\lambda$ $\mathrm{d}\mathrm{e}\mathrm{f}=\tau^{*}(\mu)$ : the line bundle on $M_{g}$ corresponding to $\mathrm{d}\mathrm{c}\mathrm{t}(C_{\gamma}p(t)+D_{\gamma})$ .

Then

$\Gamma(A_{g}, \mu^{\otimes})h$ $=$ $\{\varphi : H_{g}arrow \mathrm{C} : \mathrm{h}\mathrm{o}1. |\varphi(G(Z))=\det(c_{c}Z+D_{G})^{h}\varphi(Z)\}$,
$\Gamma(M_{g}, \lambda\emptyset h)$ $=$ $\{f:T_{\mathit{9}}arrow \mathrm{C}:\mathrm{h}\mathrm{o}1. |f(\gamma(t))=\det(C_{\gamma}p(t)+D_{\gamma})^{h}f(t)\}$ .

We note that it is shown by Harer [H] that the line bundles on $M_{g}$ (modulo
isomorphism) form a free cyclic group generated by $\lambda$ . As is shown in [D-M],
there exist canonical models of $M_{g}$ and $A_{g}$ as moduli stacks (i.e. algebraically
defined orbifolds) over Z. We denote these by

$\mathcal{M}_{g}$ : the moduli $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{c}\mathrm{k}/\mathrm{Z}$ of (proper, smooth) algebraic curves of genus $g$ ,

$A_{g}$ : the moduli $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{c}\mathrm{k}/\mathrm{Z}$ of prin. polar. g-dim. abelian varieties.
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Since $\lambda$ and $\mu$ are defined over $\mathcal{M}_{g}$ and $A_{g}$ , for any $h\in \mathrm{Z}$ and $\mathrm{Z}$-algebra $R$ , we
can define

$T_{g,h}(R)$ $\mathrm{d}\mathrm{e}\mathrm{f}=\Gamma(\mathcal{M}_{\mathit{9}}, \lambda^{\otimes h}\otimes R)$ : $\mathrm{T}\mathrm{M}\mathrm{F}\mathrm{s}/R$ of degree $g$ and weight $h$

$\uparrow\tau^{*}$

$S_{g,h}(R)$ $\mathrm{d}\mathrm{e}\mathrm{f}=\Gamma(A_{g},\mu^{\otimes h}\otimes R)$ : $\mathrm{S}\mathrm{M}\mathrm{F}\mathrm{s}/R$ of degree $g$ and weight $h$ .

Then as in the Siegel modular case, using the Satake-type compactification of
$\mathcal{M}_{g}$ over fields and the principle of GAGA, we have

$T_{g,h}(R)=\{$
$R$ (if $h=0$ )
$\{0\}$ (if $h<0$ ),

and
$\Gamma(M_{g}, \lambda^{\emptyset h})=T_{g,h}(\mathrm{C})=T_{g,h}\langle \mathrm{Z})\otimes \mathrm{C}$ .

Let $K$ be $\mathrm{C}$ or a nonarchimedean complete valuation field, and let

$\tilde{S}_{g/K}$ : the space of Schottky groups over $K\mathrm{w}\mathrm{i}\dot{\mathrm{t}}\mathrm{h}\mathrm{f}\mathrm{r}\dot{\mathrm{e}}\mathrm{e}g$ generators
$\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{n}\S \mathrm{u}\mathrm{b}\S \mathrm{e}arrow \mathrm{t}(\mathrm{P}^{1}(K)\cross \mathrm{P}^{1}(K)\cross K^{\cross})^{g}$ by the Koebe coordinates,

$S_{g/K}$ $\mathrm{d}\mathrm{e}\mathrm{f}=\tilde{s}_{g/K}/$( $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}\mathrm{u}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ by $PGL_{2}(K)$ )

: called the Schottky space over $K$ of degree $g$ .

By $\Gammarightarrow C_{\Gamma},$ $S_{g/K}$ becomes a fiber space over the $K$-analytic orbispace $M_{g/K}$

associated with $\mathcal{M}_{g}\otimes K$ , and in the case where $K=\mathrm{C}$ , we have the following
commutative diagram $(S_{g}=^{\mathrm{e}\mathrm{f}}S_{g}\mathrm{d}/\mathrm{C})$ :

$T_{g}$

$p:\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{i}\circarrow \mathrm{d}$
map

$H_{g}$

$\downarrow$ $\downarrow\exp(2\pi\sqrt{-1}\cdot)$

$S_{g}\downarrow$

$arrow$
$H_{g}/\mathrm{Z}\downarrow g\mathrm{t}g+1)/2$

$M_{g}\tau:\mathrm{T}_{\mathrm{o}\mathrm{r}}\mathrm{e}\mathrm{u}\mathrm{i}arrow$

map
$A_{g}$ .

Then using results in [S], it is shown in [I1] that the middle rightarrow for suf-
ficiently small $|\beta_{k}|$ is expressed by the universal periods $p_{i\mathrm{j}}\in A(i,j=1, \ldots,g)$

which are seen to be the multiplicative periods of the Jacobian variety of $C$ (cf.
[M-D] $)$ . We note that $p_{ij_{arrow}}\mathrm{a}\mathrm{r}\mathrm{e}$ computable, for example,

$p_{ij}=c_{ij}(1+ \sum_{j|k|\neq}.\cdot,\cdot.\frac{(x_{i}-x-i)(_{X_{j}}-x-j)(xk-X_{-k})^{2}}{(x.-X_{k})(_{X}-\cdot-Xk)(x_{j}-x_{-k})(X-j-x_{-k})}.y_{11}k+\cdots)$ ,
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where

$c_{j}.\cdot=\{$

$. \frac{\mathrm{t}x:-x_{j})(x_{-i}-x_{-j})}{\mathrm{t}x_{1}-x_{-j})(x_{-\cdot-x)}j}$. (if $i\neq j$ )
$y$: (if $i=j$ ).

By the fibration $S_{g/K}arrow M_{g/K}$ , any TMF $f$ over $K$ gives a $K$-analytic function
on $S_{g/K}$ , so we obtain this expansion $\kappa(f)$ by the Koebe coordinates $(\alpha_{\pm k},\beta_{k})_{k}$ :

$f\in T_{g,h}(K)\Rightarrow\exists\kappa(f)\in A[1/y]\otimes\wedge K$ such that $\kappa(f)|_{x}\pm k=\alpha\pm k,yk=\beta_{k}=f$ .

Then using Theorem 1 and the irreducibility of $\mathcal{M}_{g}$ proved by Deligne-Mumford
[D-M], we have:

Theorem 2. For any $\mathrm{Z}$ -algebra $R$ , the evaluation of TMFs on the universal
curve $C$ in Theorem 1 gives a functorial $R$ -linear homom,orph,$ism$

$\kappa_{R}$ : $T_{g,h}(R)arrow A[1/y]\otimes R\wedge$

which satisfies the following:

(1) $\kappa_{K}=the$ above $\kappa$ ,

(2) $\kappa_{R}$ is injective,

(3) $f\in T_{g,h}(R),$ $\kappa_{R}(f)\in A\otimes R’\wedge(R’\subset R)\Rightarrow f\in T_{g,h}(R’)$,

(4) the following diagram is commutative:

$F:\mathrm{F}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{r}arrow$
expansion

$S_{g,h}(\downarrow\tau^{*}R)$ $R[q_{ij}, \Pi_{i\neq}j1/qij][\iota[q_{11}, \ldots, qgg]]$

$\ni$

$q\iota^{ij}$

$T_{g,h}(R)$
$arrow\kappa_{R}$ $A[1/y]\otimes R\wedge$ $\ni$

$p_{ij}$ .

By (2) and (4), we have a characterization of Siegel modular forms vanishing on
the Jacobian locus (cf. [I1]):

Corollary (Schottky Problem). For any $\varphi\in S_{g,h}(R)$ with $Fou$rier $expansi,on$,

$F( \varphi)=\sum_{T=(t_{j})}.\cdot aT\prod_{i,j}q:j^{t}.\cdot j(a_{T}\in R)$
,

$\tau^{*}(\varphi)=0\Leftrightarrow F(\varphi)|_{q_{j}}.\cdot=p:j=0$ in $A\otimes R\wedge$

$\Rightarrow$ $\{$

$t; \cdot=l\sum_{||}.a_{T}\prod i<j(\frac{(x_{i}-x_{j})(x_{-i}-x_{-j})}{(x_{i}-x_{-j})(x_{-}i-x_{j})})^{2t_{j}}.\cdot=0$

for any $s_{1},$
$\ldots,$

$s_{g}\geq 0$ with $\sum_{i=1}^{g}s_{i}=\min\{Tr(\tau)|aT\neq 0\}$ .

Brinkmann-Gerritzen [B-G] shows $(\Rightarrow)$ and checks this for Schottky’s relation in
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genus 4.
Studying the behavior of TMFs at the boundary of the $\mathrm{m}\mathrm{o}\mathrm{d}\tau 1\mathrm{l}\mathrm{i}$ space, we can
show that any element of $T_{g,h}(\mathrm{Z})$ is (uniquely) extended to a form on the Deligne-
Mumford compactification [D-M] of $\mathcal{M}_{g}$ , and hence we have:

Theorem 3. Each $T_{g,h}(\mathrm{Z})$ is a free $\mathrm{Z}$ -module of finite rank, and the ring

$T_{g}^{*}(\mathrm{Z})=\oplus_{h\geq 0g,h}T(\mathrm{Z})$ of Teichm\"uller modular forms over $\mathrm{Z}$ of degree $g$ is a
finitely generated Z-algebra.

3 Examples of TMFs

Let

$\theta_{g}(Z)\mathrm{d}\mathrm{e}\mathrm{f}=\sum_{n\in \mathrm{Z}^{g}}..$ ezxp $[\pi-\sqrt{-1}(n+a)z^{t}(n+a)+2\pi^{\sqrt{-1}b]}(n+a)t$

$(a, b \in(\frac{1}{2}\mathrm{Z})^{g}/\mathrm{Z}^{g},$ $Z\in H_{g})$

be the theta $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}\overline{\mathrm{a}}\mathrm{n}\mathrm{t}$ with characteristic $(a, b)$ , and let

$\theta_{g}(Z)=^{\mathrm{e}}\mathrm{d}\mathrm{f}4a^{t}b\cdot$

.
$\mathrm{e}\mathrm{e}\prod_{\mathrm{V}\mathrm{n}}\theta_{g}(Z)$

be the product of theta constants with even characteristic. It is well known (cf.
[Ig] $)$ that $\theta_{g}\in s_{g,2h(g)}(\mathrm{c})(h(g)^{\mathrm{d}}=2^{g-}\mathrm{e}\mathrm{f}3(2^{g}+1))$ , and $\theta_{g}$ is defined over $\mathrm{Z}\mathrm{b}\mathrm{e}\mathrm{C}\mathrm{a}\tau \mathrm{l}\mathrm{s}\mathrm{e}$

it has rational Fourier coefficients. Tsuyumine [T2, 3] shows that $\theta_{g}$ has a root
as a TMF over C. Calculating the expansion of $\theta_{g}$ by Koebe coordinates, we can
determine the number $N_{g}$ such that $\theta_{g}/N_{g}$ has a root as a TMF over $\mathrm{Z}$ which is
primitive, i.e. is not congruent to $0$ modulo any prime:

Theorem 4. $P\tau\iota t$

$N_{g}=\{$
$-2^{28}$ $(g=3)$
$2^{2^{g-1}}(2^{g}-1)$ $(g\geq 4)$ .

Then $\tau^{*}(\theta_{g})/N_{g}$ has a root as a primitive $Teichm\tau iller$ modular form over $\mathrm{Z}$ of
degree $g$ and weight $h,(g)$ .

When $g=3$ , using $f_{3}=\sqrt{\tau^{*}(\theta_{3})/N_{3}}\in\tau_{3,9}(\mathrm{Z})$ , we can reduce the structure of
$T_{3}^{*}(\mathrm{Z})$ to that of the ring $S_{3}^{*}(\mathrm{Z})=\oplus_{h\geq 0^{S_{3,h}}}(\mathrm{z})$ of Siegel modular forms over $\mathrm{Z}$

of degree 3 (generators of $S_{3}^{*}(\mathrm{Q})$ are obtained by Tsuyumine [T1]). $\mathrm{F}\mathrm{i}\mathrm{r}\mathrm{s}\mathrm{t}^{\tau}$ note

$S_{\mathrm{s}}^{*}(\mathrm{Z})^{\mathrm{i}}\mathrm{n}\mathrm{f}=\oplus h:\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}3,hS(\mathrm{a}\mathrm{c}\mathrm{t})\mathrm{z}$

$\downarrow\tau^{*}$ : injection
$T_{3}^{*}(Z)$ ,
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however, there exist TMFs of degree 3 with $\underline{\mathrm{o}\mathrm{d}\mathrm{d}}$ weight, for example $f_{3}$ , because
the Torelli map has degree 2 as a morphism between orbifol($\mathrm{l}\mathrm{s}$ . From a result of
Igusa [Ig] and Theorem 2, we have:

Theorem 5. The ring $T_{3}*(\mathrm{Z})$ is generated by $f_{3}$ over $S_{3}^{*}(Z)$ .

When $g=4,$ $\tau^{*}\mathrm{i}\mathrm{n}\mathrm{d}_{11}\mathrm{c}\mathrm{e}\mathrm{s}$ an injective homomorphism

$S_{4}^{*}(\mathrm{Z})/\langle \mathrm{S}\mathrm{c}\mathrm{h}_{0}\mathrm{t}\mathrm{t}\mathrm{k}\mathrm{y}_{\mathrm{S}}’ \mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\ranglearrow T_{4}^{*}(Z)$,

but the author does not know whether this map is surjective or not.

In what follows, we consider a kind of TMF on the moelllli space of marked
Riemann surfaces. The partition function in conformal field theory with abelian
gage is known to be (cf. [K-N-T-Y], [Kr]):

$\{$

regarded as a TMF on the moduli of marked Riemann surfaces
expressed by the theta functions of Riemann surfaces
satisfying the systeJm (hierarchy) of soliton $(\mathrm{K}\mathrm{P})$ equations

Using arithmetic uniformization theory for algebraic curves, we can give the p-
adic version of this result. Here we will construct $p$-adic solutions of soliton
equations.

First we treat the genus 1 case. Let $L$ be the lattice generated by $\pi$ and $\pi\tau$ ,
where $\tau$ is a complex number with positive imaginary part, and let

$\wp(z)\mathrm{d}\mathrm{e}\mathrm{f}=\frac{1}{z^{2}}+\sum_{u\in L-\{0\}}(\frac{1}{(z-u)^{2}}-\frac{1}{\tau\iota^{2}})$ $(z\in \mathrm{C})$

be the Weierstrass $\wp$-function for $L$ . Then by the theory of elliptic functions, one
can see that

$u(x, t)=\wp(x+3\mathrm{c}l+d)+c$ ( $c,$
$d$ : constants)

satisfies the $\mathrm{K}\mathrm{d}\mathrm{V}$ equation:

$(\mathrm{K}\mathrm{d}\mathrm{V})$
$\frac{\partial\tau\iota}{\partial t}-3u\frac{\partial u}{\partial x}-\frac{1}{4}\frac{\partial^{3}u}{\partial x^{3}}=0$

(and $u(x,$ $t)$ becomes the 1-soliton solution under ${\rm Im}(\tau)arrow+\infty$ ). By the ratio-
nality of $\zeta(2m)/\pi^{2m}$ ( $m$ : positive integers), $\wp(z)$ can be regarded as a Laurent
power series of $z$ and $q^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\exp(2\pi\sqrt{-1}\mathcal{T})$ with rational coefficients. So we have a
universal solution $u(x, t)$ of $(\mathrm{K}\mathrm{d}\mathrm{V})$ , and for any $p$-adic number $a$ with $|a|_{p}<1$ ,
$u(x, t)|_{q=}a$ is a formal solution of $(\mathrm{K}\mathrm{d}\mathrm{V})$ with coefficients in $p$-adic numbers.
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In the genus $\geq 2$ case, it is shown by Krichever [Kr] that the theta function
of any Riemann surface induces a quasi-periodic solution of the KP equation:

$(\mathrm{K}\mathrm{P})$ $\frac{3}{4}\frac{\partial^{2}u}{\partial s^{2}}-\frac{\partial}{\partial x}(\frac{\partial u}{\partial t}-3u\frac{\partial u}{\partial x}-\frac{1}{4}\frac{\partial^{3}\tau\iota}{\partial x^{3}})=0$

(and that of the KP hierarchy more generally). Hence using arithmetic uni-
formization theory, we obtain a universal power series for solutions of KP from
Riemann surfaces with square roots of canonical bundles. By specializing this
universal solution to the Koebe coordinates of Schottky groups over $p$-adic fields,

we have (cf. [I4]):

Theorem 6. The $p$ -adic theta function of any algebraic cnrve with splitting
reduction over a $p$ -adic field induces a solution of the $KPhierach,y$.

Finally we will mention “analytic curves of infinite $\mathrm{g}\mathrm{e}\mathrm{n}\tau \mathrm{l}\mathrm{S}$ ”. In string theory
and soliton theory, it is necessary to consider Riemann surfaces of infinite genus
and their theta functions. We can construct a theory on analytic curves (Riemann
surfaces and Mumford curves) of infinite genus which gives $p$-adic solutions of the
KP hierarchy as in the finite genus case.
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