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INTRODUCTION

In his paper [3], Jones introduced an index for a pair of type II; factors and showed
that the index value less than 4 is equal to 4 cos? (m/n) for some integer n > 3. Since
then the interests of study in the theory of operator algebras have been gradually
extended from a single factor to a pair of factors. Pimsner-Popa [6] showed for a
pair of factors N C M with finite index, the existence of a special orthonormal basis,
called Pimsner-Popa basis, of M as an N-module. Kosaki [4] extended index theory
to arbitary factors and gave the definition of an index depending on a conditional
expectation. In the case of C*-algebras, Watatani defined an index by using a quasi-
basis.

However it is not easy to calculate explicitly the index even for a pair of II; factors
from the definition itself or from such a basis. So many index formulas were given
by Pimsner-Popa [6], Wenzl [12], Ocneanu [5] and the present author [9] respectively.
In the preceding paper [9], we treat a pair of factors N C M generated by the
increasing sequences {M,, }neny and {N, }aen of finite direct sums of II; factors such

that the diagram

Mn C Mn+1
(A) U U
Nn C Nn—H

is a commuting square for any n € N, and obtained the following
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Theorem. Let {M,}neny and {N,}nen be increasing sequences of finite direct sums
of I, factors such that the diagram (A) is a commauting square for any n € N. Set
M = (UM,)" and N = (UN,)". If a certain periodicity condition (Condition I in
1.4 below) holds, then there exists ng € N such that

[M : N| = [M,: N,] for n > ny.

In this note we study commuting squares which generate increasing sequences
satisfying the above periodicity condition.

Let us explain more exactly, let a diagram

Ao C By
(©) N N
A C B

be a commuting square of finite direct sums of finite factors. By iterating the basic
construction, we get projections e,, = ep,_,,'and finite von Neumann algebras B, ; =

(Bn,en) and put A,.1 = (An U{en})” forn € N.

Definition 2.1. A comrmiting square (C) is periodic if, for any n € N,
(i) trace matrices Tf:“ and Tg:“ are periodic modulo 2, and

.. Anr B, ..
(ii) T ** and Tp"** are primitive.
We give a neccesary and sufficient condition for a commuting square to be periodic.

Theorem 2.1. A commuting square (C) is periodic if and only if there exists a
positive constant X such that F3} = X\, and F, 1133;1 = A, where n = dimg Z(Ag),
m = dimg Z(By) and I, is the identity matriz in M, (C).

Moreover increasing sequences constructed from a periodic commuting square sat-
isfy the periodicity condition.
Futhermore we consider a periodic commuting square, in which only one von Neu-

mann algebra among the four is not a factor, and show properties of such squares.
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Theorem 3.2. Let N C M C L be 1], factors such that [L: M| = [M : N] =2, and
K be a nonfactor intermediate von Neumann algebra for N C L. Suppose that the

diagram
N Cc M
N N
K c L
s a periodic commauting square. Then there exists an outer action o of Zy on N such

that

N c M N - N X4 Zy
N n = N N ,
K c L (NU{p})" C NxgZyx5Zs

where p 1s the implementing unitary for a.

1. PRELIMINARIES

1.1. Inclusions of von Neumann algebras. Let M = Jéj\/[j be a finite direct
sums of finite factors and {g;;j = 1,--- ,m} the corresponding minimal central pro-
jections. Since the normalized trace on a factor is unique, a trace tr on M is specified
by a column vector § = (tr(qy) - - - tr(gm))?, called the trace vactor.

Let N = ,éélNi C M be another finite direct sum of finite factors having the same
identity anozl_{pi;i =1,---,n} the corresponding minimal central projections. We
assume that the trace on N is the restriction of the trace tr and denote by T the
trace vector for N.

The inclusion N C M is represented by two matrices, one is the index matrix and
the other is the trace matrix. The index matrix A¥ = (\;;) is defined by

Aij = {[Mmqj :évmqj]l/z ?f Digj 75 0,

if pig; = 0,
and the trace matrix T% = (¢;;) is defined by tij = tra,(pig;), Where try, is the
normalized trace on M;. The following properties are easy consequences of the defi-

nitions.

(1.1) Aij € {0} U {2cos(m/n) ;n > 3} U (2, 0]



(1.2) The trace matrix T is column-stochastic, i.e., t;; > 0 and 231 tij=1
for all j.

(1.3) The equality £ = T4 5 holds.

(1.4) If N C M C L are finite direct sums of finite factors, then Th = TMTL.

1.2. Basic construction. Now we suppose that N is of finite index in M in the
sense of [2], i.e., there is a faithful representation @ of M on a Hilbert space such
that w(N)’ is finite. Then the algebra (M, ey) obtained by the basic construction for
N C M is a finite direct sum of finite factors and the corresponding minimal central
projections are JupiJm, -+, JmMpndum, Where Jyr is the canonical conjugation on
L?(M,tr). The following properties comes from the deﬁ_rﬁtions: |
(1.4) eyzeny = En(z)ey forz € M,
(1.5) enJmpidu = enp; for all i.
We now list up some of properties concerning the index matrix and the trace matrix

for M C (M, en):

(1.6) ASENT = (AM)E,
(1.7) T{Men) — TMEM.
~ “1\2 0 .
where (T});: = t”O/\” gl,gj, i 8’ Ff = diag(e1, -+ ,n), i = (TN )7
1Yy ) 3

(1.8) for any trace Tr on (M, en), Tr(en Jupidm) = @i Tr(Jupidur)-
The index [M : N] is defined as follows: '
(1.9) [M : N] = r(TMT¥), where r(T) is the spectral radius of 7.

1.3. Markov traces. A trace tr is called a Markov trace of modulus 8 for the pair
N C M, if there exists a trace Tr on (M, ey) such that tr is the restriction of Tr
and BTr(zey) = tr(z) for 2 € M. The following are important properties of Markov
traces.
(1.10) The trace tr is a Markov trace of modulus 3 if and only if TMTMg = 5.
(1.11) If inclusion N C M is connected, i.e., Z(N) N Z(M) = C, there exists a

unique normalized Markov trace for N C M. Moreover it is faithful and
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has modulus [M : NJ.

1.4. Index formula. We consider two increasing sequences {M,, }nen and { N, }rnen
of finite direct sums of finite factors. Assume that the traces on N, and M, ., are

restrictions of the one on M, ; and that the diagram

Mn C Mn+1
U U
Nn C Nn+1

is a commuting square, i.e., Ex" 11\\,,/1:“ = EII\\,TZ“EAA;I:;‘.

We deal with the following condition.

Condition I (Periodicity): There exist ng > 1 and p > 1 such that for any n > ny,
(1) T‘,}G:‘“, TAAZ’L‘“ and Faf* are periodic modulo p, and

Notp Mpip oo
(2) Ty,"® and T},"*" are primitive.

Now we put M = (UM,)" and N = (UN,)". If Condition I holds, then
(1.12) M and N are I, factors,
and for all n > ng
(1.13) [M: N|=[M,: N,
(1.14) (Mo U{en})" = (Mg, en,).

2. PERIODIC COMMUTING SQUARES

Let a diagram

Ay C By
©) N N
Al C Bl

be of finite direct sums of finite factors, and suppose that all indices of inclusions
are finite and that the diagram is a commuting square with respect to a Markov trace
tr on By for By C B;.

By iterating the basic construction, we get projections e, = ep,_, and finite von

Neumann algebras By, = (By, e,) and then put A, = (4, U{e,})" for n € N.
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Definition 2.1. A commuting square (C) is periodic if for any n € N

. . A B. . .
(i) trace matrices Ty"*' and Tz"*" are periodic modulo 2, and

. A B e
(ii) T4 ** and Ts"** are primitive.

Remark 2.1. If a commuting square (C) is periodic, then for any n € N a commuting

square
A, C B,
N N
Ani1 C Bpn
Ao C By
is periodic. Moreover by Theorem 2.3 of 7] we see that a commuting square N N
A, C B,

is periodic for any n € N.

Remark 2.2. If a commuting square (C) is periodic, then it holds that dime¢ Z(A4p) =

dime Z(Az). By [9], this is equivalent to Az & (A1, €4,), and the map 0: (A1, e4,) —

Ay, defined by H(Xn: TieaYi) = i ziepyy; for x;, y; € Aj, is a *-isomorphism. So it
=1 =1

follows that the central support of ep, in A, is equal to 1, and hence the commuting

Ay C By

square N N is nondegenerate, i.e., spA; By = B;, where spA denotes the linear
A C B

span of A.

Example 2.1. Let N C M be II; factors with finite index and L = (N U {enx})".
If [M : N] > 2, then L has a cannonical decomposition as a direct sum of two II;

factors. The diagram

N C M
N N
L C (1\/1, €N>

is a commuting square, and it is periodic if and only if [M : N] =1 or 2.

Lemma 2.1. Assume that trace matrices Tf:“ and T, 5:“ are periodic modulo 2 for

any n € N. Then the following are equivalent:

(i) Tf:“ and Tg:+2 are primitive for any n € N;
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(i) Z(Ag) NZ(A1) = Z(By) NZ(By) = C, i.e., inclusions Ay C A; and By C By

are connected.
In the following of this section, we assume that all inclusions are connected.

Lemma 2.2. Let tr be a normalized Markov trace on By for By C By, and {p;;i =
1,--+ ,n} minimal central projections of Ao, and set ¢; = (ng)ii fori=1,--- ,n.

Then the following are equivalent:

(i) Az = (A1, eq,);
(ii) [By : Bo) = z i 1t (p).

Proposition 2.1. Let Ay = (A1 Uep,)” and By = (B, ep,), and suppose that Ay 1is
x-isomorphic to (Ay,e4,). Then we have
(i) [A1: Ao] = [By : By,

(il) Tx2 = (Fa) ' T Fg,

(i) AZ2 = A%

Now we obtain a neccesary and sufficient condition for a commuting square to be
periodic
Theorem 2.1. A commuting square (C) is periodic if and only if there exists a pos-
itive constant A such that F Ifol = A, and Fgol = A, where n = dimg Z(Ay),
m = dimg Z(By) and I, is the identity matrix in M, (C). Moreover, in this case, the
constant X is equal to [By : By|™!.

Corollary 2.1. Let a diagram

Ay C By € Cy
N N N
A1 C B] C C1

consist of commauting squares. If the two small commuting squares are periodic, then

the big commuting square is periodic.

The following theorem is one of main results of this section.



Theorem 2.2. Let {e, = ep,_,; n € N} be projections and {B,.1 = (Bp,€,); n €
N} finite von Neumann algebras obtained by iterating the basic construction, and put
Api1 = (AU {en})” for n € N. If the commuting square (C) is periodic, then two
increasing sequences {An}n=012,... and {Bn}n=012,... satisfy Condition I.

Corollary 2.2. If a commauting square (C) is periodic, then [By : A1] = [Bo : Aol
Proposition 2.2. Set C; = (By,ea,) and Cy = (By U {ea, })". If the commuting
square (C) is periodic, then Cy = (Bg, ea,)-

The periodic commuting squares have the symmetry as below.

Theorem 2.3. Let

v Ao C Bo
(C) N N
A1 C Bl

be a diagram of finite direct sums of finite factors such that any inclusions are con-
nected and indices are finite. Assume that this diagram is a periodic commauting

square with respect to a Markov trace on By for By C By, then the commuting square

, - ‘ AQ - Al
() N N
BO C Bl

s pertodic.
- 3. EXAMPLES

In this section, we give some examples of periodic commuting squafes and the

classification of particular ones.

Proposition 3.1. Let N be a 1L, factor, G a finite abelian group of outer automor-
phism of N and NxG, NxG % G be crossed products. Further set K = (NU{u,;v €
C:’})” , where 1, is the implementing unitary for v € G. Then the diagram

N C NxG
N N

K C NxGxG
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s a periodic commuting square.

Let N € M C L be Il factors with finite indices and K a nonfactor intermediate

von Neumann algebra for N C L. Now suppose that the diagram

N c M
(D) N N
K c L

is a commuting square. Then a necessary and sufficient condition for the above

diagram to be periodic is given by the next proposition.

Proposition 3.2. Let {p;;i = 1,--- ,n} be minimal central projections of K and tr
a normalized trace on L. Then the commuting square (D) is periodic if and only if

for any ¢
[Kp; : Np;] = [L: Mtr(p;) and [Ly, : Kp,] = [M : Nitr(p:).

We see from the preceding theorem that trace matrices and index matrices for
inclusions in a periodic commuting square such as (D) are expressed by means of
indices [L : M], [M : N] and the vector £ = (tr(py),--- ,tr(ps)). In the following we
assume that tr(p;) < --- < tr(py).

Theorem 3.1. Let N C M C L be II; factors such that indices [L : M| and [M : N|
are less than 4, and K a nonfactor intermediate von Neumann algebra for N C L.

Suppose that a diagram

cC M
N
L

XD =

C
s a periodic commuting square. Then

(i) [M:N]=[L: M),

(ii) the pair ([M : N];1) is one of the following:

us
G D) 60 1), G 5 Y, (s (rrr 3 ))

10



Remark 3.1. The periodic commuting square in Proposition 3.1 corresponds to ([M :

V8 = (61 (- &),

In the rest of this section we consider the classification of periodic commuting

squares
N c M

(E) N N
- K c L

corresponding to ([M : NJ;t) = (2; (3:3))-

Since NNL D Z(K) 2 C®C and [L : N| = 4, there exist a II; factor P
and an automorphism a of P such that (N C L) = (P, C P ® M,(C)), where
P, = {(3 a?w)) ;z € P ). By Theorem 5.4 of [10], we may assume that a is outer
and a® = id. Moreover it follows that (N ¢ M C L) 2 (P, C Q C P ® M,(C)),

T Y |~ '
where ) = 1T,y € Py 2 PXZy. On the other hand, by Remark 5.5
2= e a(m)) y } 2 y

of [10] we have that

N c M P, C Q

N n =~ n n

K c L S C P® M(C)

P C P «, Zg
o N N
(PU{p})" C PXaZyxzZs

where S = :5 ¥ 2,y € P ) and p is the implementing unitary for & Therefore

the next theorem follows, which asserts that the periodic commuting square (E) is

written in the form of the one in Proposition 3.1.

- Theorem 3.2. Let N C M C L be I, factors such that [L : M] = [M : N] = 2,
and K a nonfactor intermediate von Neumann algebra for N C L. Suppose that the

diagram (E) is a periodic commuting square. Then there exists an outer action of Z,
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on N such that

N c M N - N Xo Zy
N n = N N
K c L (NU{p})" C N XoZy x5Z,,

where p is the implementing unitary for a.

8.
9.

10.
11.
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