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For each k € IV, let us consider the following matrix A, and its characteristic polyno-
mial ®x(z) of A in this talk: ' '
Ak = ( ) ’

Op(z) = 2° — kz? - 1.
The positive solution A of ®;(x) = 0 has the following properties:

o =R
= OO
oo

and

(1) X is a complex Pisot number, that is,
A>1> N=|N|
where X', X" are algebraic conjugates of A and moreover the number ) satisfies

k+1>A>k,

(2) put @ = }, then the column eigen vector of Ay is given by

1 1
Ar| o | =2] a |,
o? a?

< l,a,a? > is a basis of the cubic field Q(@) and discriminant of « is given by
dyp = —4k% — 27,

(3) the pair of rational numbers (;L:, %) given by

n Qn—2 Qqan—1
AZ = Dn Pn-2 DPp-1
Tn Tp—2. Tnp-1

give a simultaneous approximation of (a,a?). Moreover, there exists C; > 0 such
that the inequality

max (
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)

Cr—e¢
)> ks foranye>0
qn?
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holds for any n. (We know that the point (a, a?) is a purely per10d1c pomt with
period 1 by Modified Jacobi-Perron algorithm [2]. )

The aim of this talk is to claim the following theorem.
Theorem 1 For each k € N, put the sets of points Jy and Ly:

Jr = {(\/q_n-(Qna '_pn)’ \/q_ﬂ(qna‘2 """n)) | n= ]v 2, } )
Ly := {(ﬁ(qa —p),/a(ga® — r)) | (g,p,7) ‘E Z3q> 0}.

Then there exists a domain Dy ezactly, which is the interior of an ellipse (the explicit
form of the ellipse is found in [1]), such that

(1) the limit set of Ji is equal to the ellipse 8Dy,

(2) the limit set of Li\Jy is included in the complement of Ds,

(8) the volume of Dy is equal to ﬁ’ where dj is the discriminant of o given by dy =
—4k% — 27.

As a collorary, we have

Corollary 1 For each k € N, let Cy be the infimum of C > 0 such that

maz /g (| ge—pl, |ga’—7])<C
has infinitely sulutions (q,p,v). Then C is given explicitly by
(kX2 + 3) + k)
(*+ K3+ 5k + 4k + 3)A2 + (kK2 + k+ 6)A + (K + k2 + 5k +3)’

Cil =
re | = 22
where | = 355

We note that the constant C} satisfies the relation:
1

||

The proof of the theorem is obtained by using the substitution like as the Diophantine
approximation algorithm. In fact, for each k € IV let us introduce the substitution o} on
W* = U=, {1,2,3}™

Ck2 <

Z—L
1 —- 1--+12
or: 2 — 3 ’
3 —- 1

Then the abelianization of o} is given by A, that is, the following commutative relation
holds:

w* i) w*

1 f 7

Z3 _ﬂ_) Z3
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where f : W* — W* be the canonical homomorphism.
Let us denote the fixed point of o} by

wy = (w(1), w(2),- -+, w(l), )
and consider the lattice points:
1
Sk = {wa(:) | I= 1727”'} .
i=1

Then we can see that the set of the lattice points Sy is enough to consider the appoximation
points of (@, a?), that is, we have the following key lemma (See figure).

Lemma 1 Let  be the projection to y-z plane along (1,,a?). Then the domain X), with
fractal boundary given by

satisfies the following property:

(1) 0 € interior of X}

(2) For any lattice point (q,p,r) the projection point (pa.— g, pa® —r) (= 7r(p, q,7)) is the
outside of Xy if (q,p,v) & Sk.
We see also that the points \/gn(¢a0t — Pn,qn0® — 1r,), n =1,2,3,--- are the nearest

points in (\/E(qa - p),/a(ga? — p)) , (¢,p,7) € S from the origin point. Therefore we
have the theorem.
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