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Yoccoz puzzle @ combinatorics (X DVNT

HITKETHH #F K42 ( Hironori Sakakihara )
1 Notations

V, WCCo 2 LT ,dVC intWHERY D EEVCCWEEX,
orbn(z0) = {f™(20) Yme1.0rb(20) = {f™(20) }52, EFE <

2 Polynomials

f:polynomial , degf = d>2 & X %,
D(co) 1, basin of infinity, DF Y. {z € Cr : fM(z) — o0o(n = 0)} &L L. K(f) =

Coo\D(00) I, filled Juliaset &35, E<HMOLNTND L IIT. J(f) = 0D(x0) =
OK(f) TH %,

L. J(f) L8R L RET 5,

FIZxt LT, Béttcher coodinate &IN5 U136 {z : |z| > 1 > 1} ~D conformal
mapB; TEFE L C, By (f(2)) = (Bs(2))?, Bs(2) = 2z + o(1)(z — 00) BSEILT D, Z I T,
UsrtZ oo DIEFFTH D,

L. JHITERE LTWENG, r=1 LEhD,

0% b external ray%_"{rei” irp<r< 00}0) B;—preimage. level h M equipotential
%{hew :0<0<2n }0) B;— preimage TENENEERT D,

0% b external ray% Ry FKT L. f(B] '(2)) = Bf (%) TH2H 5., f(Rs) = Rap

- e RBZEBDND,

¥7-., equipotential &, BV UL, oo ZRRIZEH D D(00) LD Green BHED level
curve ThH 5,
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Theorem. 1
a % repelling periodic point & §5&. all OV TV D external rays HFFEL.,
2N 1 ATRE TH 5. ;

bhAA, a € J(f)=0K(f) ThHDH., ThabrPLELIADLLE,

Theorem. 2

fEREE 2 EDpolynomial & L, K(f)iLBER LT 5,

ZD L&, Th1THLNI external rays TXERICEHRSND,

DFEY, glZON T D external rays & Ry, (0<t(0) < <tln—1)<1) &45L,
HEEHE mBPFEL T, fIXRyy % Rl BT, 22T, i'=itm(modn) THY, &
Hi) 122 7 B4 LT external rays DRAEELTHIHELL,

ZDEE, & rotation number £ V> 9,
rotation number &%, FPDLARIDWEY . rotation DEIGEE LTV B, FhaH %
MZTHORKRDOERETH D,

Theorem. 3 ‘
2% flz0) =25 72D parabolic fixed point L35 L, zpThDrotation number
it = ThB, |
n

parabolic fixed point D& XiZ|f(n)|=1 7255 f(z) = €™, 0 € [0,1] L&,
attracting petals #E XU, HHBOEMRICR > TWV5 2 LITEAR LT,

L. [f(20)] >1 & 725 repelling fixed foint ® & X (¥, Th3D L 5TV
720,

repelling fixed point ® & X DZ DI TOMEE L rotation number DBELRZTR
L7=DHRD Yoccoz inequality THD,

Yoccoz inequality
% repelling fixed point &5 &,

Reg(z) mq
- >
lg(z) —2 miq/pl — 2logd
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ZIT, o m=g.ed(p q) g(z)iXlog f'(z) Dbranch TH D,

ZOTRERNS, g(z) 2 7 igfﬁ%(:#ﬁféﬂi@rggpclosed disk NICHH Z &3
Hhnd,

SFY, repelling fixed point DHETHEDHDIR7IFE L rotation number &
X7 HBEKRT BV EB-oTHY,

¥rioiz, REEXEATD,

R(a) := {a {22V TV 5 external rays D union}

R@) = U R @) (p: B

k=1
3 Quadratic family -
ZITH T f(z) = P(s) =P iKONTERD,

Proposition .4

d = {ax}2_,} # repelling periodic cycle & L. % aglZ-D\ TV 5 external rays
b Eb2o0H5LT5,

FOLE, RO EMBRYILD,
(1) critical value ¢ #&%¢Co\R(d) 9 component S;1F 2 D0 external rays I &
S>TERSH - secter TH D,

(2) critical point 0 #EErCy\f~ (R(@)) ? component Soid 4 DD external rays
WX > TERSTOLNS,

FNHD 2D ar. HD 2 DE— a2 T 5,

4 Douady — Hubbard polynomial — like map

U’, U% topological disk, 72bb, HEf2E®RT, UccULT 5,

f: U —UHd —fold branched covering D& &, fZ&KEd D DH polynomial — like
map £V,

BEIZ, RE 20D L x. DH quadratic like map &£\ ),
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polynomial like map fIZxf LT, filled Juliaset. julia set WD L D IEDHIILL
WZ EAbnd,

K(f)={z:/"(z)e U,n=12,..}

J(f) = 0K(f)

Z DD Y T, polynomial like maps DHEE %< DhnhR5,

polynomial like map(XEDARDEY ., polynomial 5LELDTH B, HLHAA,
polynomials{dpolynomial like maps T 5, FEFR, oo /¥ superattracting fixed point
THDO1D, HHBEITHIBIIITIN,

polynomials (2% L Tid & < O TVBEOED T L 23, polynomial like maps (ZXf
LTHEY LD,

K(f),J(f)DPEFETH D Z & LHRR critical points BT _RTK(f)IZEEN B

ZELITEE 7 TH D,

250 polynomial like mapsf. giZ¥t LT, h3 f& gD quasiconformal conjugacy
ThD&IE, hITK(f) DEFE»S K(g) DEFE~DEHL T, ho f=goh PRV MNDE %
AN

& g3 hybrid equivalent TH B L1, K(f) DIFEAEEL L ZAGh=0L72 B L X
29,

Straightening Theorem

(1) %% d D polynomial like mapfid, ¥ d D&% polynomial iz hybrid equivalent
Thd,

(2) (M ITBNTK(f) EFED & &, f& hybrid equivalent 72 polynomial {taffine
conjugacy ZFRWT—ERIZRE 5, | |

(3) 1EHE72 Juliaset & b-Dquadratic like mapidz2+c DD polynomial & hybrid
equivalent T, EDMIGCIEI—EHITH D,

5 DH renormalization

ZIOITkEE 21ICBR>TE X, critical pointid0 &9 3,
[%* quadratic like map & L. d% dividing repelling cycle &7 3,
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dividing point &, K(f)\a23dividing L7225 L &%\, boblWif, D&
122 DLl ED external rays BWFEETDHEXTH D,

R = R(a) £3%, RE symmetric Z2rays % R’ = — RT&RL, E%{EE D equipotential
&35,

Q% critical point #E%eCq\(EURUR') D component &5, ZDQULTh.3(2) iZ
LoTHELNDZ LD TH D,

S HIZ, pidrays DE#E L. QT fP(Q) DalZ DTV component &5, =2
T, a€aThb,

o300 LE, fP: QY — Qlddouble covering map 2725,

quadratic like mapf#’ DH renormalizable(< ViAZFIEE) THDH LiL. ED L DIz,
repelling cycle asfFEL T, 0 € X THHoT, fFR0) e VW ,n=1,2,... 725t %%
V9,

S bIZ, fAimmediately DH renormalizable T2 &1, DH renormalizable T -
T, a? fDdividing fixed point & LT B L &%V, |

6 Yoccoz puzzle

f%* quadratic polynomial & L. 2-D®Dfixed points a. Bifrepelling &3 3,

SHIZ, alfdividing fixed point T, rotation numberid I(p>1) &% 2,

E%x K(f) (Z+iTv Yequipotential &35 &, K(f) &t EICHEN-HERIZalzD
VTV 5 external rays (2L - CTpEOERIZHEIZN B,

FOHENCE-TTESpENEREY,Y (i =0,.,p— 1) &IV Tdepth zero®
puzzle pieces VN9,

depth n O puzzle pieces Y™ % f~ (V") ® connected component &3 2,

Z Z T, critical point ® iterates (¥, altRBRVET B,

FDL %, critical point & {eME— DD puzzle piece BENBDT, #D puzzle
piece # Y™ = Y™ Li&, critical &V9,

% L, {RIC. critical point D iterates Ball/g->72& T 5 &, critically finite
225,

Z D& % Juliaset T locally connected (2725 Z L3 - T3,
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M(f) = { TTDlevel D puzzle pieces} & §5 &, Markov property Zi#7=7
CEL/N

(1) =B D 2 2D puzzle piecesid, XY D2V \NEE 05>, depth DK X piece
73depth /N XV piece ICEFNTNDEINTH D, '

(2) fEE D puzzle pieceY™ITH LT, HABKENEELT, f: Y™ sy U
bhd, ZOBEBILY, MM critical 22E 9 2T L 5T double covering 2. conformal
TR o T3,

‘Theorem.5
fi¥quadratic polynomial & L. 2D fixed pointsidrepelling &7 5,
f75 DH non — renormalizable THH72 5,

3" mod(YM\Y ) = o0

n=0
DT MG,

diam¥Y ™ — 0(n — oo)

Corollary.6 »
Th5HMRV DL &, J(f)Elocally connected & 725,

Cor6 D" ThEVBERY DL E” LD Db LR, EERDIXY ™ O diameter
0TV Z ETH D,
F7-. critical puzzle piece THBYMENLERNH B,

7 Principal nest

ZZThH. fidquadratic polynomial &L, D2 SO tixed points X repelling
ELTHL,

WEBEAL L, DR LT () e WL T3,

orby(z) 1218 YWD pull back Wy, Wy, ... WD L HIZEET D,
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Wo = WW_, 3> f71(2),..Wo; 3 20 & W_ [ i3 flF) 280 T (Woikr ) D
component ? closure & ¢ 5,

2€intWD L X int WD orb(z) Dfirst return (ZFET 5 pull back &VH Z &
(29 %,

Sec.6 T& Z 1= depth 1 Dpuzzle pieces|ZHEET 5,

fPDdepth 1 @puzzie piecesZ YV YW ZzW(i=1,. . p—1) LB,

Al G AR ¢ dividing repelling fixed point all- DV TV ‘5 puzzle pireces &
L. ZM1% & symmetric 7248 o IZOV TV 3 puzzle pieces &3 3,

FTUE) Ik o> Teut iz YD) iZYWE Z0(G=1,..,p—1) Dunion THEIMb,
RD2OBEZLND,
(1) f*(0) e YD (k=1,2,..)
(2) £>0,5 > 0BFELT, f#(0) € Z{"
(1) D&%, fiZimmediately DH renormalizable TH Y. principal nest YO TERE
15,
ZImh, (2)DEXEIZONTEZ, principal nest YO 5 VO 5 VI e i8S 5,
t % ['?(0) € Z(V72 % first moment &5,
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VO% orby,(0) 1Z# 9 pull back & L, V™ & int Vi~Dcritical point Dfirst return
(ZxHEd 5 pull back &9 5,

critical point ASintY™t!~return back L7g\ & &, combinatorically non — recurrent
L, principél nest klﬁl‘ﬁf“?)éo' |

Z5Clanbk xS0, combinatorically recurrent L % principal nest |3
[RE72D,

I =1l(n) Zint Vo ~® critical point Dfist return time £3< &,

gn = fi® V" — V*~ 1 two — to —one branched covering &722,

1evel n — 1 ~®D return A central THh D &L, ¢.(0) € VIO L EZEWVI, WD ZH
. ln) =ln+1) £RBEETHD,

level n,n+1,.,n+ N—1(N > 1) ¥ central cascade ZTERY D LI,

level n,n + 1,..,n + N—2~@Dreturn#’central TH->7T, level n+ N—1~D
return A non — central M & X&), | |
ZDEE gupklvntr = guyifynsr (k=1,.,N) TH>T, g41(0) € VrtN= I\ Yt
»H5, bgfn‘}_k{\/n-f-k = gnp1|vere (B =1,.., N) I gnt1, .., gnrnAS quadrartic like map & L
TRLThHDZ L2 ERT D, | -

leveln,n+1,.,n+N—1(N > 1) #central cascade ZRL., EHIT, leveln —1
~(@return A non — central M & X, mazimal LV 9,

principal nest(¥maximal cascades D union TH D,

maximal cascades DIK% fD height LV, x(f) TKT, 727ZL. f7Simmediately
renormalizable D& & X, x(f)=—1&F 5,

8 DH renormalization and central cascades

Proposition.7

quadratic like mapf#’renormalizable THHZ & &, x(f) NERITZDHZ & LT
UE+HFTHD,
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9 Increasing of moduli

Theorem.8

principal nest{ V"} N ®non — central level % count L7z b D& n(k) & T 5 &,
mod A"E+ > BE
Z :T\ A" = V"\ Vn+l, B = B(/I;) liu — modAl‘:g)AL:J:éfE-ﬁ,G&)éo

Prop.7 /5, renormalizable TZ2if#UEmaximal cascades DEENERIZ/ARD Z &
Bohd, 2FD. modA™P OFNE BEDOFL EOBE S TERKRIZN Z L1722,
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