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Remarks on Maximal 4Trivial Transformation Semigroups

on Finite Sets

Tatsuhiko Saito

Let T(X) be the full transformation semigroup on a finite set X. A semigroup § is
Frivial if aJ b implies a = b for every a, b € S. In [3], all maximal Hrivial
subsemigroups of T(X) have been determined by the author. In this note, to make the
results in [3] more exact, we show the following theorem :

Theorem 1. Let S and T be maximal J-rivial subsemigroups of T(X). If S and T are
isomorphic, then there exists an elemant € of the symmetric group on X such that T =

E-SE.

Of course, the above fact does not hold for any subsemigroups of T(X).

To show the theorem, we give some definitions, notations and results in [3].

Let E(X) and II(X) be the sets of equivalence relations on X and partitions of X,
respectively. Then it is wellknown that there exists a bijection @ from E(X) to II(X),
where ®(p) is the set of p-classes for p € E(X), and that E(X) is a lattice-ordered set
under N and v. Define an order < on II(X) by ®(\) < P(p) if A 2 p for A, p € EX).
Then II(X) is also a lattice-ordered set which is anti<isomorphic to E(X), i. e., D(A v p)
D(A) A D(p) and DA N p) = D(A) v D(p).

For o € T(X), let Fix(ar) = {x € X | xa = x} and let w(a) = {(x,y) € X X X | x5 =
yo! for some s, t > 0}. Then w(o) is an equivalece relation on X (see [2]). In this case,
P(w(a)) is denoted by Q(ar) and each class of w(a) is called an orbit of .

Result 1. A subsemigroup S of T(X) is Hrivial if and only if Fix(af) = Fix(a) N F. lx(ﬁ)
and Q(af) = Q(a) A Q) for every a, B € S.

Let < be a total order on X. Let Tre(X, <) = {a E-T(X)l xa < xfor all x€X}. Then
Tre(X, <) is a subsemigroup of T'(X) which is called a regressive semigroup. For'n =
{X1, X2, ..., Xr} € II(X), let Min(w) = {Min(X1), Min(X3), ... , Min(X;)}, where Min(X;)
is the minimum element of X;. A subset P of II(X) is called a J-subset with respect to <
if P is a aA-semilattice in which Min(my A ®2) = Min(z1) N Min(m) holds for every my,
m € P. For n € II(X), let J(x, £) = {a € Tre(X, <) | Qo) = m}.

Result 2. A subsemigroup S of T(X) is +rivial if and only if S C Tre(X, <) for some
total order < on X and Q(S) = {Q(a)] o € S} is a J-subset of TI(X) with respect to . A
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Hrivial subsemigroup S of T(X) is maximal if and only if there exists a maximal J-subset
P of TI(X) with respect to some total order < on X such that Q(S) = P and S=U {J(n, S)|
n € P}.

Let X,<)= {1,2,..,n|1<2<..<n}beatotally ordered set. For k> 2, let Iy
= {n € IIX)|Min(m) = {1, k}} and I3y = {n € 0| Min(x) = {1}}. Then, ifx €
IT(1), then ® = {X} and if ® € L), k 2 2, then ®n = {X1, Xz} with Min(X;) = 1 and
Min(Xy) = k, so that |TI, | = 271,

Let Py = {my, m2, ..., @y}, where nx € Iy (k =1, 2, ... ,n). Then Py is called an
initial set of IT(X) with respect to <.

Result 3. Let (X, <) be as above. Every maximal J-subset P of TI(X) with respect to <
contains exact one initial set with respect to <. Conversely, for any initial set P1 = {m,
7, ... , Wn} With respect to <, there exists a maximal J-subset P of TI(X) with respect to <

which contains P1. In this case, if x € P with Min(n) =Y, then n = V  _, 7, where my
€ P;. ‘

In Result 3, Py is called the initial set of P. 'We note that there are 2 #D®2)2 initial
subsets with respect to <, since |[I1)| = 1 and [TIg) = 2% if k> 2.

Let § and T be maximal Hrivial subsemigroups of 7(X). Then, from Result 2, we
have S C Tre(X, <s) and T C Trr(X, <7) for some total orders <g and <yon X. Let (X,
<)={1,2,..,n1<52 <5 ... < n} and X, <7) = {i(1), i2), ... ,i(n) |i(1)<7i2) <70
<ri(n)}. Let € be an order-isomorphism from (X, <g) to ( X, <7),i.e., kE=i(k) (k=1, 2,

.. » n). Then § is an element of the symmetric group on X. Let Pg= Q(S) and Pr=
Q(T). Then, by Result 2, Ps and Pr are maximal J-subsets of I[1(X) with respect to <g
and <r, respectively, and S = U {J(z, <s)| = € Ps}, T = U {J(w, <7)| ® € Pr}. Let
Pg1= {m1, m3, ..., ®p} and Pr1= {®i1), Wi(2), ... , Wiy} be the initial set of Ps and Pr,
respectively, where Min(x) = {1}, Min(ng) = {1, k} if k s> 2 and Min(wi)) = {i(1)},
Min(wigy) = {i(1), i(k)} if i(k) =2 i(2).

Suppose that S and T are isomorphic. Let ¢ : § — T be an isomorphism.

Hereafter m denotes a sufficiently large integer.

The following lemma is easy to verify :

Lemmal. Letn={X1,X>,..,X;} E PswithMinX))=x;(i=1,2,...,r). Then:

(1) Fix(a) = Min(n) for every o € J(n, <g).

(2) e € T(X) defined by Xie = xi (i=1, 2, ..., r) is a unique idempotent of J(x, <s).

() Fora €S,a €J(n, <) if and only if a™ = ¢, where ¢ is the unique idempotent
J(m, <5).



For mx € Py, (resp. mwix) € Pr,1), the unique idempotent of J(, <s) (resp. J(mwick),
<7)) is denoted by & (resp. €ix)). Then Xe; =1 (resp. Xej1y=1i(1)). Therefore &1 (resp.
€i(1)) is the zero of § (resp. T), which is denoted by O (resp. Or).

Lemma 2. (1) For p€ S, w*t =05 and w2 # Og if and only if kn = k-1ifk s> 2 and
lu=1. (2) Fora €S, Q(a)€E Py, if and only if (af)™ = Os or (ap)ym = a™ # Qg for
every 3 € S.

Let p be as in (1) of Lemma 2. Since (u§)*! = (w*1)¢ = Os¢ = Or and (up)*2 =
(wW*2)p # Or, applying (1) of Lemma 2 to T, we have that () = i(k-1) if ik) >
i(2) and i(1)(n¢) = i(1). By using this fact, we obtain the following lemmas.

Lemma 3. ¢ = &) for every m € Psg;.

Lemmad. Let m;={X1, Xi} € P51 with Min(X1) = 1 and Min(Xi) = k. Then mig =
{X1E, XiE&} € Pr,1 with Min(X1E) = i(1) and Min(XiE) = i(k).

Proof of Theorem 1. We show that i(x)(a¢) = i(xa) for every x€ X and every a € §.
Then we can show that T =E-SE. In fact, since i()E1aE = xak = i(xa) for every x€
X and for every a € S, we have that a¢ = E1oE.

If x= 1, then the assertion is trivially true.

For x> 2, let my = {X1, Xy} € Ps,1 with Min(X;1) = 1 and Min(Xy) = x. We first
show that if Xy = {x} then i(x)(a¢) = i(xa) for every a € S. Let xa = kand i(x)(ad) =
i(j) for some a €S. Since X, = {x}, xex=x and ye, = 1 if y# x, so that xexa = k and
yexa = 1. If k <g j, then xexaej= kej=1 and ye;ag;= 1¢j=1 for every y € X with y#
x. Thus exaej=0g. But i(x)(exae))d = i@ei(ad)eigy = i(x)(ad)e) = (Peiy = i) #
i(1), since i(j) 7> i(k) = i(1). Thus (esoe))d # Or, a contradiction. If J<s k, then we
similarly have g,aex # Os but (gyae4)¢ = O, again a contradiction. Thus k= J» so that
i(x)(a) = i(k) = i(xar).

We now inductively show the above assertion. For x = n, let &, = {X1, X} with
Min(X1) = 1 and Min(X,) =n. Then X, = {n}. From the above fact, i(n)(ag) = i(na)
for every a € §.

Suppose that, for some x EX with x 2 2, if r §> x, then i(r)(ad) = i(ra) for every a
€ S. Then we show that i(x)(ad) = i(xa). Let xo = rand me = {X1, Xy} with Min(X;)
=1 and Min(Xy) = x. If X, = {x}, then again by the above fact the assertion is true.
Suppose that there exists » € X such that r ¢> x. Then reso = xo = ¢. By the
assumption, #(r)(exa)¢ = i(rexa) = (7). Since miyy = {X1E, X,E}, we have i(r) = rge
X,E, so that i(r)eix) = i(x). Thus i(xa) = i(r) = ir)(exa)p = i(r)eie(ad) = i(x)(ap). The
proof is complete.
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Suppose that <g = <7. Then, since & = idr), we have that S = Timplies S = T, so
that Ps = Q(S) = Q(T) = Pr. Consequently, if Ps # Pr, then S and T are not
isomorphic. From Result 3, we have thst Ps = Prif and only if P1,s =P1,7. Since the
number of initial sets with respect to a fixed total order < on X is 2(*1X#2)2 we obtain :

Corollary 2 [3]. There are 2"D0-202 maximal JHrivial subsemigroups of T(X) up to
isomorphisms if [X| = n.
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