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Cauchy Problems for Sheaves and its Applications

* Hirosut Kosummizu - )NEK B,

, * K1yosHI TAKEUCHI Ry v %
1 Introduction

— The study of the solvability of partial differential operators has a long history.
When the operator is simple characteristic, Nirenberg-Treves [13], Kawai [12], S-K-
K [15] studied the local solvability very precisely. But if the characteristic variety
of the operator has singular points, this problem becomes more difficult. One of the
advantage of the employment of the hyperfunction theory is that we can sometimes
treat the operators with multiple characteristics very neatly. For example, Bony-
Schapira [1] showed that the Cauchy problems for general hyperbolic operators are
always solvable in the framework of the hyperfunction theory and such operators
are solvable in the sheaf By, of Sato’s hyperfunctions. This result has been extended
by many authors (Kashiwara-Kawai [6], Kashiwara-Schapira (7], Kaneko [4], Oaku
[14]) and now we have a general theory for micro-hyperbolic systems ([7] and [8]).
Bony-Schapira also proved the solvability of partially elliptic operators in the sheaf
Car of Sato’s microfunctions in another paper [2].

In this talk, we prove the solvability of a class of operators which are not (micro-)
hyperbolic nor partially elliptic by making use of the theory of bimicrolocalization
developed in [18] and [20]. Let M = M’ x M" be a product of two real analytic
manifolds and X = X’ x X" a complexification of M. We denote by Dx (resp. Dx-)
the sheaf of ring of holomorphic differential operators on X (resp. X’). Then we
prove the following theorem in Section 4.

Theorem : Let E (resp. Q) € Dx be an elliptic differential operator (resp. a
hyperbolic differential operator with constant coefficients) on X’ and set :

P := E - Q + (lower order terms) ' (1.1)
by taking arbitrary lower order terms from Dx. Then
(i) P : By — By is surjective.

(ii) P :Cp — Cypy is surjective at any p € TyX.
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Note that Kashiwara-Kawai [6] showed that P := E-Q+ (lower) is solvable in By,
when X" reduces to a point and @ is an arbitrary hyperbolic operator (Theorem 6.5
of [6]). Our theorem above can be considered as a relative (second microlocal) version
of the theorem of [6]. Therefore in Section 2, we give a new and purely algebraic
proof of their theorem generalizing it to systems of partial differential equations. We
prove the theorem above by combining this reduction with the solution to the Cauchy
problem in the sheaves of bimicrofunctions. Roughly speaking, we perform a kind of
“blow-up” along the singular locus of the characteristic variety {¢(P) =0} Cc T*X
of P to separate the partially elliptic factor {c(E) = 0} and the hyperbolic one
{o(Q) = 0}. The theory of [18] and [20] and the flabbiness of the sheaf Cpsy of
second microfunctions proved in Kataoka-Tose [11] will be essentially used in its
proof.

In Section 5, we also prove the solvability in the sheaf BN!Q of mild hyperfunc-
tions for microlocally semi-hyperbolic differential operators (see Definition 5.7) and
extend a general theorem of Oaku [14] on the solvability of homogeneous boundary
value problems (Theorem 3 of [14]) to inhomogeneous cases. For this purpose, we
generalize in Theorem 5.4 a well-known result “the hyperfunction solutions to non-
characteristic differential equations are always mild” of Kataoka [9] to systems and
to higher cohomologies at the same time.

2 Basic ideas to prove the solvability for Dx-modules

— Let M be a real analytic manifold and N = {z; = 0} its closed submanifold of
codimension one. We denote by Y C X a complexification of N C M, By the sheaf
of Sato’s hyperfunctions on M, Cy; and Cyx the sheaves of microfunctions of Sato
[15] which are associated to M and N respectively.

We will generalize a theorem on the solvability of single differential equations
(Theorem 6.5 of Kashiwara-Kawai [6]) to the systems of differential equations, that
is, to Dx-modules.

Theorem 2.1 Let M be a coherent Dx-module for which Y is noncharacteristic.
Assume that M is micro-hyperbolic in the directions dz; € T%M on N x5 T, X.
Then we have the vanishing of cohomologies :

Sxt%x(M,BM) v ~ 0 for j>d=projdim My. (2.1)

Proof: First of all, there is a distinguished triangle :

RHomp (M, Ox) |y— RHomp, (M, By) — RitaRHomp, (M, Chy) — +1,
(2.2)
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where 7 : T3, X — M is the natural projection. By Cauchy-Kowalevski-Kashiwara’s

theorem, £:ctjbx (M,0x) |y =~ 0 for j>d. Hence it is enough to show for any
open subset U C N :

Hj(U; R’fFM*RHOmDX (M,CM) |N) =0 for j >d. (23)
Thanks to the micro-hyperbolicity of M and the division theorem of Kashiwara-
Kawai [5], the complex RI'(U; Rty RHom (M,Cu) |v) is a direct summand

of the complex RI(T%Y; RHom,p, (My,Cn)) . Hence the assertion follows from
the flabbiness of the sheaf Cy of the microfunctions on the initial hypersurface N. ®

Corollary 2.2 (Theorem 6.5 of [6]) Let E (resp. @) € Dx be an elliptic differential
operator (resp. a hyperbolic operator in the directions +dzx, € Tj{,M )on X, and set
P = E - Q+ (lower order terms). Then the coherent Dx-module M = Dx/DxP
satisfies the assumptions of Theorem 2.1 and P : By; — By is surjective.

3 Cauchy problems in bimicrofunctions

— In this section, we essentially employ the terminology of [8] and [18]. Let X D
L D M be a sequence of C*°-manifolds. Let us denote it by (X, L, M) and call it a
triplet of manifolds. First recall the construction of the binormal deformation of X
along (L, M) in [18]. We shall denote it by Xt and let ¢, s € IR be the deformation
parameters. Then we have the commutative diagram below:

TML xr T X X 'XML Ix QX = {t>0,5>0}

TXJ pxl / (3.1)
M 24 X.

By the immersion sx in (3.1), Ty L x; Ty X is identified with Xps N {t = s = 0}.
If we choose a local coordinate system z = (z/,z”,2") of X such that

L={z =0}
{ M ={z'=0,2" =0}, (_3'2)
then the morphism px in(3.1) is described by
(2’2", 2" t, ) — (tsz’, tz", =’"). (3.3)

Let D®(*) be the derived category of @- vector spaces on a topological space with
bounded cohomologies. In [18] we defined the functor of bispecialization vy :
Db(X) —_— Db(TML XL TLX) by
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vur(F) = sx' Rjx.bx F. (3.4)

We also defined two functors

{ vpupr : DP(X) — DP(Tyy L x T3 X) (3.5)

MML - Db(X) — Db(TX/IL Xr TZX)

as the Fourier-Sato transformations of vu1(x). For F' € D*(X), vpr(F), vupmr(F)

and ppr(F) are biconic objects. We can give an estimation of the support of the
complex ppr(F) (Funakoshi [3]) : ’

supp pumr(F) C T(,;VIXLTEX) (TrX) N CT;X(SS(F))y : (3.6)

where we used the natural isomorphism Ty, L X1 T3 X ~ Toux,1; x) (Tt X) and the
Hamilton isomorphism —H : T*(T7 X) =~ Tir; x)(T* X). :

Let g : M — M" be a smooth morphism of real analytic manifolds and gg : X —
X" a complexification of g. Set L := gg'(M") and assume dim™M = n. It follows
from Kashiwara’s abstract edge of the wedge theorem that the complex upz(Ox)[n]
on Ty L x1 T; X is concentrated in degree 0. Hence we set :

CM[; = HML(OX) ® OI'M['I’L] (37)
and call it the sheaf of second microfunctions along L (Kataoka-Tose [11] and [18]).

From now on, to the end of this section, we study the Cauchy problem in the
framework of sheaves of second microfunctions reviewed above. Let N C M =
M’ x M" =R* x M" a submanifold of codimension one such that g |y: N — M"”
is also smooth. We denote by g¢ : X = X' x X" = €% x X" — X" (resp.
(9 In)e : Y — X”) a complexification of g : M — M"” (resp. g |v: N — M").
Finally set L := gg'(M") C X and H := (g |n)g!(M") C Y. Then we have the

canonical injections :
Tl xp TpX <& (N xp T X) x TEX 20 T L x; TEX. (3.8)

The nexﬁ theorem is a second microlocal version of a result of Kashiwara-Schapira
(Theorem 6.7.1 of [8]).

Theorem 3.1 Let M be a coherent Dx-module. Suppose there exists a coherent
Dx-module M’ which satisfies :

(i) M’ is hyperbolic in the directions +dz, € T3 M with constant coefficients.
(ii) ChM C ChM’ x T*X".
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Then we have the 1somorph1sm

.y RHomp, (M, Cprr) = RHomy, (M, Cni)[1]- (3.9)

Since V := X xx» T*X"” be a regular involutive submanifold of 7% X, we can
define the natural injection :

TeX — TpX xx V — T*X/X") xx V = Ty(T*X) (3.10)

by using the zero-section of V. We also use the projection pN  TRL X T} X —

THH xzg TSY.

Proposition 3.2 ([21]) Let M be a coherent Dx-module which satisfies the non-
microcharacteristic condition: :

Ty X NCy(ChM) = 0. (3.11)
Then we have the canonical isomorphism :
RpN*R'HomDX (M, CNL)[l] jad RHO’ITL,DY (My, CNH)- o (312)

By using the projection pg := py 06 : (N xp ThyL) xp Tf X — Ty H ><H ThY,
the next result follows from Theorem 3.1 and Proposition 3.2 :

Theorem 3.3 Let M be a coherent Dx-module which satisfy the conditions (i)(ii)
of Theorem 3.1. Then we have the isomorphism :

Rpo, @y RHomp, (M,Cuy) = RHomp, (My,Cyu) - (3.13)
on THH xyTHY . '
Remark 3.4 If we impose the conditions of Theorem 4.1 (in the following section)

on P, we can also prove the isomorphism in Theorem 3.1 on {& = 0} N (T%L x1,
TiX) = (N xpyTyLl) x Tt X.

4 Solvability of operators with multiple characteristics

— In this section, we shall give two results which can not be covered by Theorem 6.5
of Kashiwara-Kawai [6]. We consider the same situation as in Section 3 and inherit
the notations in it. For example, suppose that locally M = M’ x M” = R? x R*¢,
X=X'xX"=Cx0 %and N ={z; =0} =R*! x R"% C M.

First we consider the following case by making use of the theory of bimicrolocal-
ization. '
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Theorem 4.1 Let E,Q € Dy be differential operators on X'. Assume that E is
elliptic and @ is hyperbolic in +dz,-direction with constant coeficients. We' set
P := E - Q + (lower order terms) € Dx by taking arbitrary lower order terms from
the differential operators on the total space X. Then we have :

(i) P : By — By is surjective.

(ii) P :Cy — Cy is surjective at any point in TI’(,IX.
Proof: For the sake of the simplicity, set Ay := N x TLX and ¥ = (N X
Ty L) x; T X. Considering Sato’s exact sequence, it suffices to show that

P:T(N xun Ty X;Cp) — T(N xp T3 X;Cu) . (4.1)

is surjective. But the local solvability in the sheaf Cj; of P is trivial on NV X TMX —
Ay by its micro-hyperbolicity there. Hence to prove the theorem it is enough to
show the surjectivity of the morphism P : T'(Ay;Ca) — T'(An;Cas). Now consider
the following commutative diagram with exact rows :

0 -T(An; CO) ——T(An; Chs) —— T(S; Carz) 0
Px] pxI Px] ’ (4.2)

?

where CO := u(Ox) ® ory[n — d] is the sheaf of microfunctions with holomorphic
parameters and the exactitude follows from the vanishing of the global cohomology
H'(Ap;CO) shown by Theorem 3.1 of Kataoka-Tose [10]. Set 2 = (z1,...,24) =
(21,2) and CO; := up(Oy) ® org[n — d]. Then by Schapira’s Cauchy-Kowalevski
type theorem of [2] and [16], we have by setting M = Dx/DxP :

RT(An; RHom, (M,CO)) o
= RI(Ay; RHom, (My,COz)) = RT(Ay; CO:)®rP.

By virtue of Theorem 3.1 of Kataoka-Tose [10] again, it implies that the first vertical
arrow

(4.3)

P F(AN,CO IAN) — F(AN;CO IAN) . _ (44)

of the diagram (4.2) is surjective. We can also show the surjectivity of the third
vertical arrow P : I'(3;Cprz) — ['(X;Cpsz) by applying the same arguments as in
the proof of Theorem 2.1 to (the proofs of) Theorem 3.1 and Proposition 3.2. In
this case, we require also the flabbiness of the sheaf Cypy of second microfunctions
on T;{,H xpT 7Y proved by Kataoka-Tose [11]. It completes the proof. [ ]
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Next take an elliptic operator E on X’ = @% (that is, Ch(Dx//Dx E)NTip X' =

@) and a hyperbolic operator Q in Zdz;-direction on the total space X = X' x X".
We set : ‘ : '

P =E - Q + (lower order terms). (4.5)

If we consider E as a differential operator on X, we have :

Ch(Dx/DxE) N Ty X = M’ x TypnX" = M x1 TEX. (4.6)

Theorem 4.2 Assume the separation condition :

Ch(Dx/DxE)N Ch(Dx/DPxQ)NTiX = Ch(Dx/DxQ)N(M x, TrX) = 0. (4.7)
Th‘en P: By — By is surjective.

Proof: By virtue of Sato’s exact sequence and Cauchy-Kowalevski-Kashiwara’s the-
orem, it suffices to show the surjectivity of the morphism :

P :T(N xp T X;Car) — T(N xpr T X5 Cua)- (4.8)

We know from the proof of Theorem 2.1 that P is globally solvable in a neighborhood
of Ch(Dx/DxQ) N Ty X in T5,X. The problem is to show the surjectivity of the
morphism: :

P :T(An;Cu) — T(An; Car) : (4.9)
for Ay == N xg TEX . This is equivalent to the vanishing for the Dx-module
M = Dx/DXp .

H'RI(Ay; RHomp, (M, Cy)) =2 0. (4.10)

Since the Dx-module M is partially elliptic along V = X’ x T*X” C T*X in the
sense of Bony-Schapira (2], we have the chain of isomorphisms :

RI'(An; RHomp, (M, Cur)) '
«=RI(Ay; RHom, (M,CO)) = RI'(Ay; RHom, (E27F,CO;)) (4.11)
= RI'(Ay;CO;)®4E -

where we used Schapira’s Cauchy-Kowalevski type theorem of [16] to show the sec-
ond isomorphism. The first cohomology group H!(Ax;COP7F) of the last term
vanishes by Theorem 3.1 of Kataoka-Tose [10] and it completes the proof. |
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5 Solvability of boundary value problems

— In this section, we apply the methods in Theorem 2.1 to boundary value problems.
In particular, we extend a result of Oaku [14] to inhomogeneous boundary value
problems. : :

First we shall recall some basic notions concerning boundary value problems. Let
N = {z, = 0} C M be a real analytic submanifold of codimension one as before and
Q = {z; > 0} C M an open subset such that N = 5. We take a complexification
Y C X of N C M as usual. ‘

Definition 5.1 (Schapira[17]) We define the complex Cqx by Cqoix = phom(Cq,
Ox) ® ory(n], where phom(-,-) : D*(X)?® x D*(X) — D®(T*X) is a bifunctor
introduced in [8] and n = dim™M. ' '

We set My = {z; >0} = Q) and we can also define Kataoka’s sheaf Cm,ix by
replacing Cq with €y, in the definition above. Recall the following results proved
by Schapira-Zampieri.

Theorem 5.2 (Schapira-Zampieri [19]) Let T*X <2~ Y xx T*X = T*X be nat-
ural morphisms. Then the complex Rpywo™'Cq x of sheaves on T*Y is concentrated
in degree 0 and coincides with Kataoka’s sheaf Cyjq of mild microfunctions ([9)).

Remark 5.3 The sheaf émg is suppc}rt‘ed.by T{}Y and BMQ = éng Ty Was
called the sheaf of mild hyperfunctions in Kataoka [9]. Since supp BN[Q C N, we
sometimes consider it a sheaf on V.

The sheaf BN]Q of mild hyperfunctions is a subsheaf of I'oB), |n and we can
explicitly take the boundary values to N of mild hyperfunctions by restricting their
defining holomorphic functions in the complex domain. Kataoka [9] found that the
hyperfunction solutions u € I'qaB)s |~ of the single differential equations for which
Y is noncharacteristic are always mild and made the defintion of the boundary value
more explicit. The next proposition extends this classical result to systems.

Theorem 5.4 Let M be a coherent Dx-module for which Y is noncharacteristic.
Then we have the isomorphism :

RHomp, (M, ToBuy) |v <= RHom,, (M, Byq). (5.1)

To define the semi-hyperbolicity of differential operators, we take a coordinate
system (z,(),z = z +1y,{ = £ + in of T*X such that Ty X = {y = 0,£ = 0}, and
N = {z, =0}, Q@ = {z; > 0} C M. If we take a point p = (z(;in}) € TyY C T*Y,
the fiber p~1(p) ~ (I)é1 is isomorphic to a complex plane. Let P be a differential
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operator or a pseudo-differential operator defined on a neighborhood of p7Hp) =~
¢ c T*X
C1

Deﬁmtlon 5.5 (Kaneko [4], Kataoka [9]) We say P is semi-hyperbolic (resp mi-
crolocally semi-hyperbolic) in +dz;-direction at p, if there exists a constant € > 0
such that

o(P)(z1,2; 1 +im,in’) # 0 | (5.2)

for 0<z;<e, |o'—z)h<e, 0<& (resp. 0<é<e), meR, |n—ml <
E. ’ '

Remark 5.6 Asumme p € N C T5Y and P is a differential operator defined on
a neighborhood of p € N C X. Then the definition above coincides with that of
Kaneko [4]. '

~ For example, the operator Q = D? — z%D2,(k € IN) is semi-hyperbolic in +dx1—
direction at any p € TNY If we take an elliptic operator E and set

P=FE. Q + (lower order terms), (5 3)

then P is microlocally semi- hyperbohc atanype T ~Y. As we will show later, such
operators P are solvable in the sheaf BN‘Q of mild hyperfunctions. Hence we define
a family of differential operators to include these examples.

Definition 5.7 We say P € Dy is microlocally semi-hyperbolic in +dz;-direction,
if Pissoatany p € TxY.

Remark 5.8 A similar but stronger condition ¢ mlcrolocally hyperbolic” was intro-
duced in [21].

Theorem 5.9 Let P be a differential operator for which Y is noncharacteristic.
Assume P is microlocally semi-hyperbolic in +dz,-direction. Then :

(i) P: FQBM [N'—’ FQBM IN is sﬁrjectivé.
(1'1')‘ P :'BANIQ — BN[Q is surjective.

(iii) P C}vm — éng is surjective at any p € T;,Y

Remark 5.10 The proof of (i) is reduced to show :

RHomDX(DX/DXP,CM+|X) ~( (54)
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on N x T3 X by using the same arguments as in the proof of Theorem 2.1. (5.4)
follows from Kataoka’s result on the solvability of semi-hyperbolic pseudo-differential

operators (Corollary 1.9 of [9]). The part (ii) is a direct consequence from (i) and
Theorem 5.4. ' :

As an application of Theorem 5.9 (ii), we get a result which extends Theorem 3
of Oaku [14] to inhomogeneous boundary value problems. '

Corollary 5.11 Let P be a differential operator for which Y is noncharacteristic.
Assume P is microlocally semi-hyperbolic in +dz,-direction and

i {a€p(p);a(P)(g) =0}n{& <0} >m (5.5)

holds for any p € TI‘QY, where 0 < m’ < m = ordP. Then there always exists a mild
hyperfunction solution u € Byjq to the inhomogeneous boundary value problem:

{Pu=f,

D{u lsimt0 =v; (j=0,...,m' —1) a (5.6)

for any f € BN'Q and any v; € By (4 =0, ! —1).
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