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ON THE CONFLUENT HYPERGEOMETRIC
FUNCTIONS IN 2 VARIABLES

YONGYAN LU  (BE k)

Graduate School of Mathematical Sciences
" The University of Tokyo

§0. Introduction.

Let M(r,n) be the set of complex matrices, A = ()g,..., A\j_1) a partition of
n. We conside the action of GL(r,C) x Hy on Z,, := {z € M(r,n) : rankz =
r} defined by ‘

GL(r,C) X Zrn x Hx — Z;,
(gaz7h) k HgZh’r

(*)

where Hy = J(Ag) X - -+ X J(A;—1) C GL(n) be the associated maximal abelian
subgroup with respect to /\{‘, J(m) = {Z:’;ﬁ'hiA" : hg €CX,hy,..., hm_1 € C}

o 1.0
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0 .0
Let ¢ : Hy — H(Cx X C)‘“_l). For z € Z,,, the generalized confluent

2
hypergeometric function (CHG function, for short) is defined as

(0.1) @(z;‘a) = /Ax(fl(tz);a)-w

(1) _

where a be an n-tuple of complex numbers satisfying Z:;(l) @y’ = —r, A the
character of the universal covering group of Hy,and A is a twisted cycle in the



t-space depending on z and . The function ® admits the following symmetries:

(0.2) B(gz;a) = (detg) "' ®(z;0) g € GL(r,C)
(0.3) ®(zhy; a) = x(hr)®(z; a) hx € Hj.
(0.4) O(zwy; a) = B(2;atwy) wy € Wy,

where W), is an analogue of the Weyl group, see [K-K] and Section 1.

The CHG functions @ on Z; 4 and Z; 5 for various partitions A of 4 and
5 were investigated in the papers [K-H-T],[O-K] and [K-K]. It is known that
the functions ® are generalizations of Gauss’, Kummer’s, Bessel’s, Hermite’s,
Airy’s functions and the classical hypergeometric functions of two variables,
ie., Fi,¢1,$2,43,G2,'1,T'2 in Horn’s list ([Erd 1]). In this talk, we study the
hypergeometric functions of type A in two variables on the strata of the set
M(3,6) of 3 x 6 complex matrices

§1. Construction of the group W,.

Set A® = (1,1,1,1,1,1), A® = (2,1,1,1,1), \® = (2,2,1,1), A® =
(2,2,2), \® = (3,1,1,1), A\® = (3,2, 1), A®) = (3,3), AV = (4,1,1) and
A®) = (4,2). We set
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where I; is the ¢ x ¢ identity matrix, &; is the group of i X i permutation

matrices and o
* 0 *x 0
{6 &)} ={( &) - aesf.

Then we have the following proposition (see [K-K]).

PropOSItlon 1.1. For the partitions A\(*), the Weyl groups Wiy (v =
., 8) are given by

Wiy = Ryw) X Py,

where
Ry =I; Ry ) =diag (W(Z), I4)
Ry 2y =diag (W (2),W(2), I,) Ry (s =diag (W(2), W(2), W(2))
R)\(‘i) :dia’g (W(3)’ IS) RA(5) =dia'g (W(3)7 W(Z), 1)
R, =diag (W (3), W(3)) Ry (7 =diag (W (4), I1)

Ry sy =diag (W (4), W(2)).

§2. Orbital decomposition of the set of strata.
Set D(,3,k) = det (zi, 2j, 2 ) for z = (29, 21,...,25) € M(3,6).

Definition 2.1. Let A\ be a Young diagram of weight 6, (3, J, k),(i,m,n)
two subdiagrams of A\, where t,j, k,m,n are mutually distinct. We denote by
the symbol {(i, j, k), (¢, m,n)} the set

D(3,7,k) = D(¢,m,n) =0,
z € M(3,6) D(p,q,7) #0 for any
other subdiagram (p,q,r)

and call it a general stratum of type (3, 6) associated to A (for short, a stratum).

Let S)‘ denote the set of strata {(¢,7, k), (¢, m,n)} associated to the Young
dlagram A. We simply write S for Sy (o).

Proposition 2.1. (1) The Weyl group W acts transitively on S.
(2) #S =090.
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Proposition 2.2. Under the action of Pyu) , the orbital decomposition of
Sy is described as Syo) = [l; OpA(y)(s},), where

st ={(0,1,2),(0,4,5)},52 = {(4,0,1),(4,2,3)}, s} = {(4,0,5),(4,2,3)},
st ={(0,2,3),(0,4,5)}; s3 = {(0,1,2),(0,4,5)},s3 = {(2,0,1),(2,3,4)},
s3 = {(4,0,1),(4,2,3)},55 = {(0,2,3),(0,4, 5)},s5 = {(0,1,4),(0,2,5)},
Sg = {(47 07 5)7 (4’ 273)}’ Sé = {(07 172), (0’ 47 5)}7S§ = {(47 07 1)1 (47 2’ 3)};
sl ={(0,1,2),(0,3,4)}, 8% = {(0,1,3),(0,4,5)},s5 = {(3,0,1),(3,4,5)};
st ={(0,1,2),(0,3,4)}, 52 = {(0,1,2),(0,3,5)},s% = {(3,0,1),(3,4,5)},
st =1{(5,0,1),(5,3,4)}; st = {(0,1,2),(0,3,4)};s7 = {(0,1,2),(0,4,5)};
s3 = {(0,1,2),(0,4,5)}.

§3. Normal forms of matrices.

Set Z¥ = U,es w S For simplicity we write Z for Z°. By the action of
by v
GL(3) x Hyv) on Z” defined by (*), We first describe how to take the elements

of GL(3) \ Z/H as the normal forms of z € Z. We fix one stratum so =
{(4,0,1),(4,2,3)} € S.

Proposition 3.1. For ea'ch‘ i = 0,...,14, the fo]jowiﬁg aséértioﬁ jﬁo]ds:
For any z € s there exists a unique (z,y) € C? such that

(1) fizy)#0,  (2) 2€GLB)zi(z,y)H,
where z; = z;(z,y) and f; = fi(z,y) are given by

11000y /1100 0 y
zo(z,y)=(0 0 1 1 0 =z zi(z,y)=({0 0 1 1 0 1
010111/ | 010z 11
11000 1 110001
Zo(z,y)=(0 0 1 1 0 1 zs(z,y)={0 0 1 1 0 =z
~ \0O vy 0 =z 1 1 , 0y 01 1 1
o 110001 ~ 11000 y
za(z,y)=|0 0 1 1 0 1 zs(z,y)=10 0 1 1 0 1
0y 01 1 «, 01011 z
~ 110001 11000 1
zg(z,y)={0 0 1 1 0 1 z7(z,y)=(0 0 1 1 0 =z |
01 0 =z 1 vy 01 011y
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(1 1 0 0 0 =z : 110001
zg(z,y)=10 0 1 y 0 1 zo(z,y)=(10 0 1 y 0 1
010111 0 z 01 11
. 110 0 01 . 1 y 0 00 1
z1(z,y)=10 0.1 y 0 1 zu(z,y)=(0 0 1 1 0 =z
01 011 =z 01 0111
_ 1y 000 1 L 1y 000 1
zi2(z,y)=10 0 1 1 0 1 zis(z,y)=10 0 1 =z 0 1]
01 0 =z 1 1 \0O 1 0 1 1 1/
1.2 0 00 1
Zu(z,y)=[0 0 1 1 0 1
o 1011y
and
fizyy) =ey(1—2)(1-y)(1 -z —y) fori=0,...,3
filz,y) =zy(1 —2)(z —y)(1 -z +y) for i = 4,5
fi(z,y) =zy(y —2)(1 = y)(1 + 2 —y) for:=6,7
filz,y) =zy(1 - z)(zy ~ 1)(1 — 2y +y) for:=8,9
fi(z,y) =zy(l —z)(zy - 1)1 —zy +vy) for : =10
fi(z,y) =zy(1 —2)(1 —y)(1 + zy — v) for: =11,12
fi(z,y) =2y(1 — 2)(1 - y)(zy — z —y) fori=13
filz,y) =ay(zy — DA -y)(1 -2y +2) fori =14.

We set N = {Z :0<:1 < 14}. For the stratum s, we denote by N,, the
set {? =0z, : 0€ 63,;,T € N} and call 7 € N;, a normal form of z € sy.

Proposition 3.2. The normal forms of the matrices in any other stratum
s € S can be obtained by the action of Weyl group W ~ &g on N, .

Using the same method as above, we can obtain the normal forms of z € Z,
forv=1,2,...,8.

§4 CHG functions and the classical CHG functions of 2 variables.
Definition 4.1. For 0 < v < 8, the function @ given by (0.1), i.e.,

(4.1) ®(z;0) = /Ax(l,_l(tz);a) ‘w for ze€ Z"



is called the confluent hypergeometric function of type A(*) (for short CHG
function). :

By the syfnmetry
®(zwy; o) = B(z;atwy) for wy e Wy, |

we can list up the functions ® on Z” with normalized parameters (see Table
III). On the other hand, there is a list of the classical CHG functions of two
‘variables, which is known as Horn’s list (see [Erd 1]). Integral representations
of these functions have been investigated by M. Kita [Ki], M. Yoshida [Y], B.
Dwork and F. Loeser [D-L]. _

We reinterpret some of the functions Fy, ¥y, ¥y, F35, 51,5, Hy, Hy(k = 2,3, 4,
5,11) in list in terms of the CHG functions. The changes of variables

(u,v) — (=1/u,—1/v) for F3, ¥; and ¥,

(u,v) — (—u, —v) for F3 and =,
(u,v) — (—u,1/v) for =5,
(u’v) ey (——1/1},, ’U) for H2 and Hk (k = 2,3,4, 5,11)

transform the integral representations of these functions into the following:
F,: vﬂ’_”’l(v +9) PP w+ o) P (L u+ v)7+7'f°‘—2dudv
Uy: v exp(— %)uﬂ_7(u +2) 1 +u+ )Y T2y dy
Uy: o7 exp(—%)u"’ exp(—%)(l +u+v)"H " 2dudy
F5: (I+y0) v '1+u+ v)'Y_a_"I_lu“—l(l + zu) P dudv
E: exp(—yv)o® M1+ u+ ) "o =lye=1(1 4 gu)~Pdudy
Hy i exp(—yv) T A2 exp(—uvj)'uﬂ—l(l‘ + zu) " *dudv

Hy: " 1 4u+0) "7 (1 = yu) P uf~(u + z) Pdudv

H,: %72 exp(—u 1— 1)(1 - yv)"ﬂluﬂ_‘s(u + z)"Pdudv.
1
H;: o2 exp(—u j; )exp(yv)uP b (u + z) P dudv
u+1

Hs: v > Zexp(— ) exp(yv)u = exp(—%)dudv

v
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Hy: v (u+z)” ﬂ(l—y”) For (1t u + )P e 1d“d”

H11: u-

Hy: u~

For these functions, the corresponding partitions A and normal forms T; =

,(:v, y) are tabulated in the following;:

exp(——)(l—yv) Byr= Y14 u4v) =2 dudy

exp(—f)exp(yv)v"(l + u 4 )7 dydy
u

TABLE II
Function () Normal form z; = zi(z,y) gi(z,y)
Fy, (A©) Zi={001 101 mly( o v)
110001 (1-2)1-y)
0y 0z 11
¥, (AMD) z2=[0 0 1 1 0 1 zy(z — 1)
1 00 0 01
0y 0 z 1 1
T, (A@) z3=(0 0 1 0 0 1 Ty
1 00 0 01
11010 1 L
Fy (0) Ze=[000 11 2 xly(xy lx‘ v)
0y 1100 (1-2)(1-y)
1.0 0101
. (M) z5=|10 0 0 1 1 =z zy(z — 1)
0y 1100
. 1001 01
=, (A®) zg=10 0 0 1 1 =z zy(z — 1)
0y 1 000
01110 «
- zy(zy—y+1
Hy (\O) Z.={0 100 1 1 ly(y s )
110y 00 ( —z)(1-y)
01110 =z
H, (A1) zg={0 10 0 1 1 zy(z — 1)
1 00 y 0 O




Function () | Normal form z; = zi(z,y) gi(z,y)
, 01 100 =
H; (\?) To=(0 100 1 1 zy(z —1)
100y 00
. 01100 =z
H; (\®) z10=]0 1 0 0 1 0 Ty
100y 00
0z 11 01
- zy(ry—y+1
Hy (\O) Zu=(1100 0 1 1"’(?’ ly )
000y 11 (1-z)(1-y)
| 0z 1 101 |
H;;(AY) | z2=(1 0 0 0 0 1 zy(y — 1)
, 0 00y 1 1
| 0z 1 00 1 |
H, (\®) Zzis=|10 0 0 0 1 Ty
0 00 y 1 1/

For the normal forms z; = z4(z,y), the variables (z,y) € C? are subject to
the condition g;(z,y) # 0. '

Proposition 4.1. Let X*) and the normal forms 5; = 5),-(:1:, y) be given in
Table III. The CHG functions on GL(3) \ Z¥/H,(, with the normalized pa-

rameters 3, (0 < v < 3) are related with the classical hypergeometric functions
of two variables, for instence, as

&0 (z1; Bo) =/ v¥ (v 4+ y) ' u*(u + 2)*(1 + u + v)**dudv

Ay
=C1F(aq +1,—az,—0oq, —az — ag,—ag — ay; z,y)

q’,\(l)(wz;ﬂl) =/
Az

=CyV (g + 1, —a3, —as — ag, —ap; z,y)

v exp(—?—/—)uaz(u +2)*(1 4+ u + v)*dudv
v

@y (Z3; B2) :/ %0 exp(——%)u"‘2 exp(—g—)(l + u + v)*dudv

Az

=C3¥5(0ay + 1, —az, —ap; T, y).
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The properties of those functions can be described in the following Table.

TABLE III
Type Function Stratum Orbit
(1,1,1,1,1,1) G =F {(4,0,1),(4,2,3)} S
(2,1,1,1,1) Gy, =1, " Op, ,,(s3)
(2,2,1,1) Gs = U, | " OP, (2 (53)
(1,1,1,1,1,1) Gy =F; {(0,1,2),(0,4,5)} S
(2,1,1,1,1) Gs =Z,; " Op, (1)
(2,2,1,1) Ges = E, " OP, 5, (s3)
(1,1,1,1,1,1) G7 = H, {(2,0,3),(2,4,5)} IS
(2,1,1,1,1) Gs =H, " Op, 1) (s3)
(2,2,1,1) Gy =H; " Op, 5,(53)
(2,2,2) G1o = H; " | Op,)(53)
(1,1,1,1,1,1) | Gy = H, {(2,0,1),(2,3,4)} S
(2,1,1:, 1,1) Gy = Hy, o ‘ ,OPAV(UV(S%) |
(2,2, 1', 1) Gi; =Hy " Op, 5, (53)

G; is a multi-valued holomorphic function in the domain:

(4.2)

X; = {(2,9) € C? : gila,y) #0},

where gi(z,y) (1 <7< 13) are given in Table IL.
Note that the functions {F,, F3, Hs}, {E2, H3}, {¥;, H;;1} belong to the

same orbits, respectively.

§5 Transformation formulae.
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We systematically deduce some transfomation fomulae for the systems of
partial differental equations from the symmetries for the function ®.



Fy(a,d',B,6',7;2,y)

ey P F(+ 8 — 7+ LA B Aot L~ + LT, ),
Hy(a,B,8',7,6;2,y)

=y Fa(a+ 8,8,8,8,8' =7+ Liz, =),
F3(a,d,B,8',7;2,y)

=z “Hy(a — ’)/‘+ l,o,0", 80— B +1; %,-—y),
Hi(a,f',7,62,y)

=y P U+ 8,8, —7+1,6 —-?1;,95),
Hs(a, 8,6 2,y)

e P8, B~ 5+ L, —a+ f+ 1=, —y)
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