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1 Two Problems

Let E = Cr+! be the n + 1 dimensional complex vector space with the dot product
z-C = 2z + -+ + 2,(y- L(z) denotes the Lie norm and L*(¢) the dual Lie norm.
B(a) = {z € E; L(2) < a} and Bla] = {¢ € E; L(2) < a} are Lie balls of radius a > 0.
We put

Oax2(B(a)) = {f € O(B(a)); (A, + \)f(2) = 0},
where ) is a complex number and A, = 8%2/92% + - -- + 8%/922. Put

Oatxe(Bla]) = U Opsr2(B(a

a'>a
For Ae Oy . (B [a]) the spherical Fourier-Borel transform
FYAQ) = {As, expliz - €))

is defined for ¢ € Sy, where S, = {¢ € E;(? = )\?} is the complex sphere with complex
radius \. We know that the spherical Fourier-Borel transformation

Fy : O, y2(Bla]) — Exp(Sy; (a))
is a topological linear isomorphism (Morimoto-Fujita [10]), where
Exp(Sy; (a)) = {¢ € O(S)); Ve > 0,3C, > 0, |6(¢)] < C.exp((a + €)L*(¢)) for C € S5)}

We put
Exp(S); [a]) = | Exp(Sy; (@)

a'<a
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For T € Exp'(Sy; [a]) the Fourier-Borel transform
FAT(2) = (Tg, exp(—iz - ))

is defined for z € B’(a) and satisfies (A, + A2)(F»\T)(z) = 0. We know that the Fourier-
Borel transformation
F : Exp'(Sy; [a]) = Oayrz(B(a))

is a topological linear isomorphism (Wada-Morimoto [13]).

Problem 1 Construct two topological linear isomorphisms 1 and | so that the following
diagram becomes commutative:

Fy o IA+)\2(B[0’]) 5 Exp(Sy; (@)

1 L (1)
(’)A+,\2(B(a)) (Z' Exp’(S,\;[a]) K fA ’

Let A € C and 5, = {z € E; 22 = )\?}. For r > || we put
5’,\[1‘] =5N B[r], Sx(r) = S\ B(r).
Note that Sy N B[[)\[] = \S; and Sy N B(|,\|) = (), where S, is the real unit sphere.
We denote by O(S’A(r)) the space of holomorphic functions on S’,\(r) and by O(S,\ [r])

the space of germs of holomorphic functions on Sy[r]. For T € O’(S’)\[r]) we define the
Fourier-Borel transform F,T by

FAT(C) = (T2, exp(—iz - ().
F,T is an entire function on E and satisfies (A¢ + A2)(F T)(¢) = 0. We know that the
Fourier-Borel transformation

P+ O'(8alr) = Bxpae (B ()
is a topological linear isomorphism (Wada-Morimoto [13]), where
Expa(E; (1) = {F € Oayr2(E); Ve > 0,3C, > 0,
[F(Q)] < Ceexp((r+ €)L*(()) for ¢ € E}.

For r > |\| we put

Expase (B [r]) = U Expa e (E; (1))

ri<r
Now for A € Exply (E; [r]) the spherical Fourier-Borel transform is defined by
FiA(z) = (A¢,exp(iz - €))
for z € Sy(r). We know that the spherical Fourier-Borel transformation
Fy : Exply e (B [r]) = O(S(r))

is a topological linear isomorphism (Fujita-Morimoto [3]).



Problem 2 Construct two topological linear isomorphisms 1 and | so that the following
diagram becomes commutative:

Fr o O'(Silr]) S Expaygre(E;(r)
1 ! ) (2)
O(S\(r)) & Exp'AHz(E; [r) :+ F¥ |

2 Case of harmonic functions

2.1 Resumé

In the case of A = 0, Problems 1 and 2 were solved in Morimoto-Fujita [8]. (See
also Morimoto-Fujita [9].) In this subsection we shall summarize our solutions. (See
Morimoto-Fujita [7] for related topics.)

1) For f € Ox(Bla]) and g € Oa(B(a)) we can define the “symbolic integral form”

s f(z)g(z)dSe(z) = | flaw)g(aw)dS:(w),

S1
where S, is the real sphere of radius ¢ and dS,(z) is the normalized invariant measure on
S, This symbolic integral form is a duality bilinear form on O, (B[a]) x Oa(B(a)) and
defines the topological linear isomorphism 1 in the diagram (1). The inverse mapping is
called the Poisson transformation '

P : O4\(Bla]) = Oa(B(a)).

(The detailed account will be found in the following subsection.)
2) Forge O(S‘O[r]) and 1 € O(S,(r)) we can define the “symbolic integral form”

$(Q)p(Q)dM,(C) = ; 3(r¢)(rC )dMy(()

M-

where M, = 8S,(r) and dM,(¢) the normalized invariant measure on M,. This svmbolic
integral form is a duality bilinear form on O(Sy[r]) x O(Sy(r)) and defines the topological
linear isomorphism 1 in the diagram (2). The inverse mapping is called the Cauchy
transformation v

C : O'(So[r]) = O(So(r)).

3) We define the measure du, on the complex light cone

nguagg(r):UMr

r>0 r>0

by

/Sqﬁ(z)dua(z):/o pa(r)drv . d(2)dM,(z) :/0 Pa(r)dr o(rz')dM,(Z'),

M,



where p,(r) is a weight function on (0, 00). For ¢ € Exp(Sy; [a]) and ¢ € Exp(So; (a)) we
can define the “symbolic integral form”

[ 9(=2)¥(Z)dpaz).
So
This symbolic integral form is a duality bilinear form on

Exp(So; [a]) x Exp(So; (a))

and defines the topological linear isomorphism | in the diagram (1). The inverse mapping
is called the F-Poisson transformation

M : Exp'(So; [a]) = Exp(So; (a))-

The weight function p, can be described explicitly by the Ii-Wada function p, (i [4],
Wada [12]). This solves Problem 1 for A\ = 0 and the diagram (1) becomes as follows:

~

F§ + O\(Bla)) > Exp(S;(a))
p-1 T dpm- (3)
Oa(B(a)) < Exp'(Se;la]) : Fo

4) We define the measure du™ on
E=R*"=[]S,

a>0
by
[f@wr@= [ r@ia | f@dsia) = [ rada [ flaisiw),
E 0 Sa 0 51
where p"(a) is a weight function on (0, 00) (Fujita [1], Morimoto-Fujita [8] and [9]). For

f € Exp(E;[r]) and g € Exp, (E; (1)) we define the “symbolic integral form”

/ £(2)g(@)du" ().
E

This symbolic integral form is a duality bilinear form on

EXPA(E; [r]) = EXPA(IE; (r))
and defines the topological linear isomorphism | in the diagram (2). The inverse mapping
is called the F-Cauchy transformation

€ : Exp'(E;[r]) = Exp(E; (r)).
The weight function p"(a) can be explicitly represented by the Ii-Wada function. This
solves Problem 2 for A\ = 0 and the diagram (2) becomes as follows:

~

Fo: O(Sfr)) = Exp, (E; (1))
c-1 7 N de-1 ~ (4)



2.2 Symbolic integral form on S,
Let f € Oa(Bla]) and g € Oa(B(a))- If g € Oa(Ba)), then the integral

I(f,9) = ) f(z)g(z)dS.(z) = | f(aw)g(aw)dS(w)

S

is well-defined. Let - -
£) =Y ful@), g(z)=_ g(z)
k=0 k=0

be the homogeneous harmonic expansion of f and g, where f, and g, are homogeneous
harmonic polynomials of degree k. Then the orthogonality of spherical harmonics implies

I(f,9) = /Zakfk Zage d51

St k=0
_ 2k - 2% |
Za w)gr(w)dS: (w Za (fx, 9x)s
k=0

Consider the general case; that is, g € (’)A(E’(a)). Take ¢ > 0 so small that f((1+ €)x) is
defined for x € S,. Then we have

I(f.9)= | f((1+€)z)g(x/(1+¢))dS,(z)

Sj f(1+€e)aw)g(aw/(1 + €))dS) (w)

/skzo (1+ )k fu(w g (1+ €)~algy(w)dS: (w)
‘Za% 9k (w)dS1 (w)
- ga%(fk,gk)

This shows that I.(f, g) is defined for a sufficiently small ¢ > 0 and independent of e.
Therefore, the bilinear form

(f, Za2k fk,gk

k=0

is well-defined for f € (’)A(B[a]) and g € (’)A(B(a)), and separately continuous. We call
(f,9)s, the symbolic integral form on S, and sometimes write

(f,9)s. = ) f(z)g(z)dSa(x).



For g € Oa(B(a)) fixed, the mapping T, : f + (f, g)s, is a continuous linear functional
on O (Bla]). We take the mapping g —» T, as the mapping 1 in the diagram (1).

We note that, if o’ > a, (f, g)s, is defined and separately continuous for f € Oa(B(a'))
and g € Oa(Bla?/d])-

Let z=rw, 7 >0, weS;. lfge Oxp B[a]), we have

~—~

g9(@) = g(rw) =Y r*a(w), (0<r<a).
Because gi(w) is the k-spherical harmonic component of a=*g(aw), we have

gr(w) = N(k)[s a *g(aw)Py(T - w)dS, (1),

where P, is the Legendre polynomial and N (k) is the dimension of the space of k-spherical
harmonics. Therefore, we have,

ge(z) = rfgr(w) (z=rw)

=N(k)/5 g(a'r)a_Qk]-:’k(aT, rw)dSl(T)‘

_ / 9()N(k)a~* By(y, 2)dSa(y),

a

where P, (y,z) = (v/¥2)*(Vz2)*Pi((y/\/v?) - (x/Vz?)). Finally we get
@) =3 gele) = > ') = [ 9u)Fuly, 2)dSulo).

where

Z N(k)a™* Py(y, z)
is the Poisson kernel. We know F(y, x) is defined on
{ly,z) € E x E; L(y) L(z) < o’}

and holomorphic in (y, z).
Suppose g € Oa(B(a)). If z € B(a) is fixed, then the function y s F,(y, z) belongs to
Oa(Bla]). By the symbolic integral form we have

or, by means of the delta function,

<5ccvg> = (g(y), Fa(y7x))y65a-



Suppose now f € O(B[a]). Then there exists o' > a such that f € Ox(B(a')). If
z € B(d), then the function y — F,(z,y) belongs to OA(B[a?/a']) and we have

f(x) = (f(v), Faly, 2))yes, for z € B(d').

Let T € O\(Bla]).- If y € B(a), then the function z s F,(y,z) belongs to O, (Bla]).
Therefore, the Poisson transform T, of T is defined by

Ta(y) = <Tz:Fa(yvx)>I’, ye B(a) ‘
We have
<T’ f> = (f(y)a Ta(y))yESa'

Thus the Poisson transformation P : T — T, is the inverse mapping of g — T, and
establishes a topological linear isomorphism @, (B[a]) — Oa(B(a)).
Similarly, it gives a topological linear isomorphism of @', (B(a)) onto O (Bla]). -

3 General cases (first solutions)

We are investigating Problems 1 and 2 for general )\ in Morimoto-Fujita [10], Fujita [2],
Fujita-Morimoto [3] and Morimoto-Fujita [11]. In this section we will survey our results
obtained in Morimoto-Fujita [10] and [11]. ' o

1) Let ¥, be the Shilov boundary of the Lie ball Bla]. We know %, = {e¥z;0 €
Rz € S,}. For f € OAHz(B[a]) and g € Oayx(B(a)) we can define the “symbolic
integral form” on ¥, by 4

— 1 g i -3 .
[ #ee@as = 5 / o [ e a)gle s ).

where d¥,(z) is the normalized invariant measure on ¥,. If A = 0. then the infegral over
¥, reduces to the integral over S,. The topological linear isomorphism 1 in the diagram (1)
is defined by the symbolic integral form over the Shilov boundary. The inverse mapping
is called the \-Poisson transformation

P ¢ O,r(Bla)) = O4,ye(Bla)).

2) Put S,\’r = 85’)\(7') and denote by dS‘,\_, the normalized invariant measure on it. For
¢ € O(S5[r]) and ¥ € O(Sy(r)) we can define the “symbolic integral form”

A 6(2)0(2)dS0 (2).

This symbolic integral form is a duality bilinear form on O(S',\[r]) X (’)(S}\(r)) and defines
the topological linear isomorphism 1 in the diagram (2). The inverse mapping is called
the \-Cauchy transformations '

Cr OS] = OSA(r).



3) We define the measure du, ,(z) on the complex sphere

5')‘ = U 85’,\[7"] = U 5’)\,7-
r>|A| r>|A|

by :
~ @(2)dpya(2) :/ paa(r)dr (z)dS’;\,r(z),
Sx |

AI g)\,r
where p, ,(r) is a weight function on (|\|, 00).
For ¢ € Exp(S;[a]) and ¢ € Exp(Sy; (a)) we can define the “symbolic integral form”

; $(2)1h(Z)dpira(2)-

This symbolic integral is a duality bilinear form on Exp(S,; [a]) x Exp(Sh; (a)) and defines
the topological linear isomorphism | in the diagram (1) The inverse mapping is called the
M-F-Poisson transformation

M Ekp’(S‘A; [a]) — Exp(S”,\; (a)).

We.do not know the éxact form of the weight function p, ,(r). This solves Problem 1 for
the general case (Morimoto-Fujita [10]).

Fy o 'A+,\2(B[a]‘) 5 Exp(Sy; (a))
P T Homy-1 “ (5)
Oax2(B(a)) < Exp'(Sy;la]) : Fa

4) We define the measure du*" on

2=U2a

a>0

by
/2 F()dp (2) = /O ” M (a)da RECOE /O T orada [ fa2)dmi (),

21

where p*"(a) is a weight function on [0, oo].
For f € Expa,(E;[r]) and g € Expa_y2(E; (r)) we can define the “symbolic integral
form”

/2 F(2)e(@)di (2).

This symbolic integral form is a duality bilinear form on

Expa . 2 (IE; [r]) x EXpa a2 (E ()



and defines the topological linear isomorphism 1 in the diagram (2). The inverse mapping
is called the \-F-Cauchy transformation

EN: Exp x2 (E; [r]) — Expa.y (E; ().

We do not know the exact form of the weight function p*7(a). This solves Problem 2 for
the general case (Morimoto-Fujita [11]).

Fxr o OSr]) S Expage(E;(r) '
@1 T ben-r (6)
O(Sx(r)) & Exphipelr]) : 7§

4 General case (Second solutions)

In this section we survey the results obtained in Fujita-Morimoto [3]. (See also Fujita
[2].) This method is interesting because we can prove the spherical Fourier-Borel trans-
formations Fy are topological linear isomorphisms using the conical case described in

§2.

4.1 Second solution of Problem 1

We know that the restriction mappings

B: Onrxa(B(a)) = O(5(a), B: Oarxe(Bla]) = O(5[a])
are topological linear isomorphisms (Wada [12]). We know that the restriction mappings
o : Exp(E; (a)) = Exp(S); (a), o : Expa(E;[a]) — Exp(Sy; [a])

are also topological linear isomorphisms (Morimoto [5], Wada-Morimoto [13]).
Consider the following diagram which contains the diagram (1).

Fi : Opxe(Bla)) — Exp(Sy;(a)
ﬂ*T J/a—1~
(Solal) — Exp(E;(a))

st Har)-1
Op+x2(B(a)) < Exp'(Sxld]) @ A
Note that the middle sub-diagram (the second and the third rows) is the solution
diagram (4) of Problem 2 (A = 0). Because the diagram is commutative and the Fourier-
Borel transformation F, in the fourth row is a topological linear isomorphism (Wada-
Morimoto {13]), we can conclude that the first row is a topological linear isomorphism.
This proof is different from that given in Morimoto-Fujita [10].



Note The sub-diagram composed of the first and the fourth rows gives the second
solution to Problem 1. Note that, even if A\ = (, this diagram is different from the solution
diagram (5) of Problem 1. The topological linear isomorphism 3*oC~! o 3 is given by the
symbolic integral form on M, = 85’0(a), while the topological linear isomorphism P~1 is
given by the symbolic integral form on the real sphere S,.

4.2 Second solution of Problem 2

We know that the restriction mappings
a: Oa(B(r)) = O(8x(r)), a:Oa(B[r]) = O(S)[r])

are topological linear isomorphisms (Morimoto [5]). We know that the restriction map-
pings

B : Exppype(E; (r)) = Exp(So; (1)), B : Expaype(E; [r]) — Exp(So; [r])

are also topological linear isomorphisms (Wada [12]).
Consider the following diagram which contains the diagram (2).

Fr 2 O'(Sir]) — 'Expapr(B;i(r)
(@)1 T ot
FS : O\(B[r]) — Exp(Sp;(r))
p-1 T drm- (8)
Oa(B(r)) + Exp'(So;[r]) : Fo
a:l T ~Lﬂ* _
O(Sx(r)) < Expp,(E[r]) : Fy

The middle sub-diagram (the second and the third rows) is the solution diagram (3)
of Problem 1 () = 0). Because the diagram is commutative and the Fourier-Borel trans-
formation F, in the first row is a topological linear isomorphism (Wada-Morimoto [13]),
the spherical Fourier-Borel transformation F7 in the forth row is a topological linear
isomorphism.

Note The sub-diagram composed of the first and the fourth rows gives the second
solution to Problem 2. Note that, even if A\ = 0, this diagram is different from the
solution diagram (4) of Problem 2. The topological linear isomorphism (a*)~'oP~toq™!
is given by the symbolic integral form on the real sphere S,, while the topological linear
isomorphism C-! is given by the symbolic integral form on M, = 8S,(r).
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