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1 Introduction
Our purpose is to study the finite element approximation for some simple
quasilinear elliptic problems.

Let $\Omega\subset \mathrm{R}^{N}$ be an $N$-dimensional polyhedral domain and $A:\mathrm{R}arrow \mathrm{R}$ a
Lipschitz continuous function satisfying

$A(s)\geq C_{a}$ $(^{\forall}s\in \mathrm{R})$

with a constant $C_{a}>0$ . We are interested in the boundary value problem

$-\nabla\cdot(A(u)\nabla u)$ $=$ $f$ in $\Omega$ (1)
$u$ $=$ $0$ on $\partial\Omega$ (2)

and its numerical computations, wiiere

$f=f \mathrm{o}+\sum_{=i}N1\frac{\partial}{\partial x_{i}}f_{i}$ .

Based on our previous work concerning the $L^{\infty}$ estimate for the Ritz oper-
ator associated with the second order elliptic operator of irregular coefficients
([5]), we can extend some results by [1].
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Namely we can show the existence of the approximate solution $u_{h}$ as well
as the order estimates for $||u_{h}-u||_{H^{1}}$ and $||u_{h}-u||_{L^{\infty}}$ , provided that $f$ is
small in some sense. Furtherermore, even for $\mathrm{t}.\mathrm{h}\mathrm{e}.$

.
general $f$ we can show the

convergence in those noms.
The problem (1) with (2) is $\mathrm{f}_{\mathrm{o}\mathrm{r}_{\vee}}\mathrm{m}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ var.iationally. First, $V$ denotes

$H_{0}^{1}(\Omega)$ and

$a(uf:u, v)= \int_{\Omega}A(uf)\nabla u\cdot\nabla v$ $(u,v\in V)$ ,

where $w\in L^{\infty}(\Omega)$ . Next,

$F(v)= \int_{\Omega}(f\mathrm{o}^{v}-\sum_{=i1}^{N}fi\frac{\dot{\partial v}}{\partial x_{i}})$ $(v\in V)$ . (3)

Then $u\in V\cap L^{\infty}(\Omega)_{\mathrm{S}\mathrm{a}}\mathrm{t}\mathrm{i}\mathrm{S}\mathfrak{g}_{r}\mathrm{i}\mathrm{n}\mathrm{g}$

$a\langle u:u,v$ ) $=F(v)$ $(^{\forall}v\in V)$ (4)

is regarded as a weak solution for (1) with (2).
We suppose $f_{i}\in L^{p}(\Omega)(0\leq i\leq N)$ for $p> \max\{N, 2\}$ and $\dot{\mathrm{h}}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$

$|F(v)|\leq C_{\text{ノ}}\beta||v||_{W}1,\mathrm{p}’$ $(v\in V)$ ,

where $\frac{1}{p}+\frac{1}{p},$ $=1,$ $C>0$ being a constant, and $\beta=\Sigma_{i=0}^{N}||f_{i}||_{L^{\mathrm{p}}}$ .
The problem (4) is discretized as follows. Let $\{\tau_{h}\}0<h\leq b$ be a family of

regular triangulations of $\Omega$ and

$W_{h}$ $=$ $\{\chi_{h}\in C(\overline{\Omega})|\chi_{h}|_{T}$ : linear $(^{\forall}T\in\tau_{h})\}$ ,
$V_{h}$ $=$ $W_{h}\cap V$,

$h>0$ being a size parameter.
Then, we take $u_{h}\in V_{h}$ satisfying

$a(u_{h} : u_{h,\hslash}v)=F(v_{h})$ $(^{\forall}v_{h}\in V_{h})$ . (5)

The existence of such $u_{h}$ will be assured by Brouwer’s fixed point theorem,
where some a priori estimates of the solution $w_{h}=T_{h}u_{h}$ for

$a(u_{h} : w_{h,h}v)=F(v_{h})$ $(^{\forall}v_{h}\in V_{h})$

are necessary.
We make use of the previous argument ([5]) for this part and the next

section is devoted to it. Henceforth, $u\in V\cap L^{\infty}(\Omega)$ denotes a weak solution
for (1) with (2), which is supposed to exist.
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2A priori estimate for linear problems
We take coefficients $a_{ij}=\delta_{ij}a(x)\in L^{\infty}(\Omega)$ satisfying

$\lambda|\xi|^{2}\leq\sum_{=i,,j1}a_{i}j(_{X)\xi i}N\xi_{j}$ $(\xi=(\xi 1, \cdots,\xi N)\in \mathrm{R}N,x\in\Omega)$ , (6)

$\lambda>0$ being a constant.
Introducing

$a(u, v)= \dot{\epsilon},j\sum_{1=}^{\mathit{1}\mathrm{V}}\int\Omega iaj^{\frac{\partial u}{\partial x_{j}}\frac{\partial v}{\partial x_{i}}}$ $(u,v\in V)$ ,

we consider the problem

$a(u_{h,h}v)=F(v_{h})$ $(^{\forall}v_{h}\in V_{h})$ , (7)

where $F(v)$ is defined by (3).
Unique existence of such $\prime u_{h},\in V_{h}$ is assured by Riesz’ representation

theorem and Poincar\’e’s inequality

$||v||L^{2}\leq cp||\nabla v||_{L}2$ ($v\in V\rangle$ . (8)

Then, we can claim the following theorem.

Theorem 1 Let $N\leq 3$ and $P_{0}(T)\in\overline{T}$ for any $T\in\tau_{h}$ , where $P_{0}(T)$ de-
notes the center of the circumscibing ball of T. Then, there exists a constant
$C>0$ determined only by $p> \max\{N, 2\}_{j}N$ , and $C_{\mathrm{p}}$ such that

$||u_{h}||_{L} \infty\leq C\lambda^{-1}\sum_{=i0}^{N}||fi||_{D})$ . (9)

Proof: We introduce the non-linear operator $J_{h}$ : $W_{h}arrow W_{h}$ by

$J_{hxh}|_{a}= \max\{\chi h|_{a},0\}$ ,

where $a\in T$ denotes a vertex and $T\in\tau_{h}$ . For a constant $k\geq 0$ , let

$\chi$ $=\chi_{k}=u_{hh}-k\in W$

$\eta$ $=\eta_{k}=J_{h}\chi\in V_{h}$ .
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Then

$\lambda\}|\nabla\eta|\}2L^{2}$ $\leq a(\eta,\eta)$

$=$ $-a(u_{h}-\eta,\eta)+a(u_{h,\eta})$ .

Here, Lemma 1 of [5] implies

$a(u_{h}-\eta,\eta)$ $=a(u_{h}-k-\eta, \eta)$

$=a(\chi-J_{hx}, J_{hx})$

$\geq 0$

so that

$\lambda||\nabla\eta||2L^{2}$ $\leq$ $a(u_{h}, \eta)$

$=$ $F\langle\eta)$

$\leq$ $\sum_{i=0}^{N}||f_{i}||L2(\omega)||\eta||_{H}1$

$\leq$ $(C_{\text{ノ}}+1)p|| \nabla\eta||L2\sum_{i=0}^{N}||fi||_{L^{2}(}\omega)$ ,

where $\omega=\omega_{k}=\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\eta$ . In other words

$|| \nabla\eta\}|L^{2}\leq C\lambda^{-}1\sum_{i=0}N||f_{i}||_{L^{2}(\omega})$ .

For $1\leq q\leq 2$ we have

$||\nabla\eta||Ll\leq|\omega|^{\frac{1}{q}-\frac{1}{2}}||\nabla\eta||_{L^{2}}$

and
$||f_{i}||_{L^{2}(} \omega)\leq|\omega|^{\frac{1}{2}}-\frac{1}{\mathrm{p}}||f_{i}||L\mathrm{p}(\Omega)$ .

We note the relation $\eta|_{\partial\Omega}=0$ to deduce

$||\eta||_{L^{q}}*\leq C||\nabla\eta||Lq$ ,

where $\frac{1}{q^{*}}=\frac{1}{q}-\frac{1}{N}$ . Futhermore,

$||\eta||_{L^{1}}$ $=$ $||\eta||L^{1}(\omega)$

$\leq$
$|\omega|^{1-\frac{1}{q^{*}}}||\eta||_{L^{q}}*$ .
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Combining those inequalities, we get

$||\eta_{k}\}|_{L^{1}}$ $=$ $||\eta||_{L^{1}}$

$\leq$ $C \lambda^{-1}|\omega|^{1-}\frac{1}{q^{*}}+\frac{1}{q}-\frac{1}{2}\sum_{i-\mathrm{a}}^{N}||f_{i}||_{L(\omega}2)$

$\leq$ $C \lambda^{-1}|\omega|^{\gamma}\sum_{i=0}^{N}||f_{i}||_{L^{p(\Omega)}}$

$=$ $C \lambda^{-1}|\omega k|\gamma\sum_{i\approx \mathrm{l}}^{N}||fi||_{L^{p}}(\Omega)$ .

Here

$\gamma=$ $1- \frac{1}{q}*+\frac{1}{q}-\frac{1}{2}+\frac{1}{2}-\frac{1}{p}$

$=$ $1+ \frac{1}{N}-\frac{1}{p}>1$ .

We recall Lemma 2 of [5]. Namely,

$|T|||\eta||_{L}\infty(T\rangle\leq(N+1)||\eta||L^{1}(T)$ ,

where $T\in\tau_{h}$ and $0\leq\eta\in V_{h}$ .
Let

$p(t)$ $=$ $|\omega t|=|\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\eta t|$

$=$ $|\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}J_{h}(u_{h}-t)|$

for $t\geq 0$ . Because of the definition of $J_{h}$ , it holds that

$\int_{k}^{\infty}\rho(t)dt=\sum|T|||\eta k\}|_{L^{\infty(}}\tau)T\in \mathcal{T}_{h}$ $(k\geq 0)$ . (10)

The right-hand side of (10) is dominated from above by

$(N+1) \sum||\eta kT\in\tau_{h}||_{L(T)}1$
$=$ $(N+1)|\}\eta_{k}||_{L^{1}()}\Omega$

$\leq$ $(N+1)C\lambda^{-1}|\omega k|^{\gamma_{\sum_{i}^{N}|}}=0|f_{\dot{\iota}}||_{Lp()}\Omega$

$=$ $(N+1)c \lambda^{-1}\rho(k)^{\gamma}\sum^{N}i=0||f_{i}||_{L^{p(\Omega)}}$ .
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Similarly to [4] $(c.f. [5])$ , the integral inequality

$\int_{k}^{\infty}\rho(t)dt\leq(N+1)C\lambda-1(pk)\gamma\sum_{i=0}^{N}||fi||Lp(\Omega)$ $(k\geq 0)$

implies $\rho(k)=0$ $(k\geq k^{*})$ for

$k^{*}= \frac{\gamma}{\gamma-1}|\Omega|^{\gamma}-1(N+1)c\lambda^{-1}\sum_{i=0}||f_{i}||Lp(\Omega)N$

or equivalently, $u_{h}(x)\leq k^{*}$ $(x\in\overline{\Omega})$ . The $\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}-u_{h(x}$) $\leq k^{*}$ $(x\in\overline{\Omega})$

follows similarly. We get the conclusion $(9\rangle.$
$\square$

3 Solvability of the discrete problem

We recaU the non-linear operator $T_{h}$ : $V_{h}arrow V_{h}$ defined by

$a(u_{h} : T_{hh}u,v_{h})=F(v_{h})$ $(^{\forall_{v_{h}\in V_{h}})}\cdot$

We can apply Theorem 1 for $a_{ij}(x)=A(u_{h}(x))\delta_{i}j$ . For $\lambda=C_{a}>0(6)$

holds. There is a constant $C>0$ determined by $N,$ $p> \max\{N, 2\}$ , and the
Poincar\’e constant $c_{p^{\mathrm{S}\mathrm{a}}}\mathrm{t}\mathrm{i}\mathrm{s}\Phi \mathrm{n}\mathrm{g}$

$| \}T_{h}u_{h}||_{L}\infty\leq CC_{a}-1\sum_{i_{-\sim}}N||f_{i}||_{L}P(\Omega)$

for any $u_{h}\in V_{h}$ .
In other words,

$T_{h}(V_{h})\subset B=\{vh\in V_{h}|||v_{h}|[_{L^{\infty}}\leq K\}$ ,

where $K=CC_{a}^{-1}\Sigma_{i}^{N}=0||f_{i}||_{Lp}(\Omega)$. Therefore, Brouwer’s fixed point theorem
assures the folowing.

Theorem 2 The non-linear operator $T_{h}$ has a fixed point in $B$ so that the
discretized problem (5) has a solution.
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We note that [1] derived the same conclusion for $N=2$ based on the
Rannacher-Scott type estimate

$||R_{h}u||_{W}1,p\leq C’||u||_{W^{1}},P$ , (11)

where $2=N\leq p\leq$ oo and $R_{h}$ : $Varrow V_{h}$ denotes the Ritz operator
corresponding to elliptic operator satisfing some condition. For $A(11)$ need
the smoothess of coeficent. Using the duality argument, Theorem 2 is proven
without smoothness of $A(s)$ .

4 Error estimates for small data
Following the argument [1], we can derive the $H^{1}$ and $L^{\infty}$ error estimates for
the case of $\gamma<1$ , where $\gamma=C_{a}^{-1}L||\nabla u||Lp$ with $p> \max\{N, 2\}$ and $L$ being
the Lipschitz constant of $A$ on $I=[-l, l],$ $l= \max\{K, ||u||_{L}\infty\}$ .

Acutually, the relations (4) and (5) imply for $v_{h}\in V_{h}$ that

$a(u_{h} : u-u_{h},v_{h})$ $=a(u_{h} : u,vh)-a(u_{h} : u_{h},v_{h})$

$=$ $a(u_{h} : u,v_{h})-F(v_{h})$

$=$ $a(u_{h} : u,v_{h})-a(u:u, v_{h})$

$=$ $\int_{\Omega}\langle A(u_{h})-A(u))\nabla u\cdot\nabla v_{h}$ .

Therefore,

$a(u_{h} : u-uh,u-uh)$ $=$ $a(u_{h} : u-u_{h},u-v_{h})+a(u_{h} : u-uh,v_{h}-uh)$

$=$ $\int_{\Omega}A(u_{h})\nabla(u-u_{h})\cdot\nabla(u-v_{h})$

$+ \int_{\Omega}(A(uh)-A(u))\nabla u\cdot\nabla(vh-uh\rangle$ . (12)

The solution $u_{h}\in V_{h}$ of $\langle$5) satisfies $T_{h}u_{h}=u_{h}\in B$ and hence $||u_{h}||_{L^{\infty}}\leq$

$K$ . There exists a constant $M>0$ such that

$||A\langle u_{h}\rangle||L^{\infty}\leq M$ .

The first term of the right-hand side of (12) is dominated from above by

$M||\nabla(u-u_{h})||L2||\nabla(u-vh)||_{L^{2}}$ .
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On the other hand, the second term is estimated as

$L \int_{\Omega}|u-u_{h}||\nabla u||\nabla(v\hslash-uh)|\leq L||u-u_{h}||_{L^{\frac{2}{\mathrm{p}-}B}}\mathrm{p}||\nabla u||_{L}\mathrm{p}||\nabla(v_{h}-uh)||L2$ .

In use of Sobolev’s imbedding

$H_{0}^{1}(\Omega)arrow L^{\frac{2N}{N-2}(\Omega)}$

we have
$|\}u-u_{h}||L^{\overline{\mathrm{p}}}-\mathrm{e}2\leq C||\nabla\langle u-u_{h})||L^{2}$

because $p> \max\{N, 2\}$ .
Combining those estimates, we get

$C_{a}||\nabla(u-u_{h})||_{L}22$ $\leq$ $a(u_{h} : u-u_{h},u-uh)$

$\leq$ $M||\nabla(u-\mathrm{t}\iota_{h})||L2||\nabla(u-vh)||_{L^{2}}$

$+L||\nabla(u-u_{h})||L2||\nabla u||_{L}\mathrm{p}||\nabla(v_{h}-uh)||L2$ .

Therefore,

$C_{a}||\nabla(u-u_{h})||L^{2}$ $\leq$ $M||\nabla(u-vh)||_{L^{2}}$

$+L||\nabla u||_{L}p\{||\nabla(vh-u)||L2+||\nabla(u-u_{h})||L^{2}\}$

and hence

$(1-\gamma)||\nabla(u-uh)||_{L^{2}}\leq c_{a}^{-1}M||\nabla(u-vh)||L2+\gamma||\nabla(v_{h^{-}}u)||_{L^{2}}$ .

We have proven the following.

Theorem 3 In the case of $\gamma<1$ ,

$|| \nabla(u-u_{h})||L^{2}\leq\frac{C_{a}^{-1}M+\gamma}{1-\gamma}\mathrm{i}\mathrm{d}||\nabla(u-vh)||L^{2}v_{h}\in V_{h}^{\cdot}$

In particular, $u_{h}arrow u$ in $H_{0}^{1}(\Omega)$ .

Now, we want to estimate $||u_{h}-u||_{L}\infty$
’ supposing $u\in W^{1,p}(\Omega)$ for $p>$

$\max\{N, 2\}$ .
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Let $\hat{u}_{h}\in V_{h}$ be the solution of

$a\langle u:$ \^uh, $vh$) $=F(v_{h})$ $(v_{h}\in V_{h})$ . (13)

Denote the Ritz operator associated with the bilinear form

$a(u:v,w)= \int_{\Omega}A(u)\nabla v\cdot\nabla w$ $(v,w\in V\rangle$

by $R_{h}$ : $Varrow V_{h}$ . We have for $p> \max\{N, 2\}$ that

$||R_{h}v||_{L^{\infty}}\leq CC_{a}^{-1}M||v||_{W^{1,\mathrm{p}}}$ $(v\in V\cap W^{1,\mathrm{p}})$

([5]).
Therefore, $\hat{u}_{h}=R_{h}u$ satisfies

$||\hat{u}_{h}-u||_{L^{\infty}}$ $=$ $||(R_{h}-1)(u-xh)||_{L^{\infty}}$

$\leq$ $||u-\chi\}|_{L}\infty+cC_{a}-1M||u-xh||_{W^{1},p}$ ,

where $\chi_{h}\in V_{h}$ . For any $v_{h}\in V_{h}$ we have

$a$ ( $u_{h}$ : $u_{h}$ -\^uh, $vh$ ) $=a(u_{h} : u_{h}, v_{h})-a$ ( $u_{h}$ : \^uh, $v_{h}$)
$=$ $F(v_{h})-a$ ($u\hslash:$ \^uh, $vh$ )
$=a(u:\hat{u}_{h,h}v)-a(u_{h} ; \hat{u}_{h},v_{h})$

$= \int_{\Omega}(A(u)-A(uh))\nabla\hat{u}_{h}\cdot\nabla v_{h}$ .

The right-hand side is equal to

$\int_{\Omega}\sum_{j=1}^{N}(-f_{j}\frac{\partial v_{h}}{\partial x_{\mathrm{j}}}1$ ,

where $f_{j}=-(A(u)-A(uh)) \frac{\partial\hat{u}}{\partial x}\mathrm{A}j$ .
We have

$a$ ( $u_{h}$ : $u_{h}$ –\^uh, $vh$ ) $= \int_{\Omega}\sum_{j=1}^{N}(-f_{j}\frac{\partial v_{j}}{\partial x_{j}})$ $(^{\forall}v_{h}\in V_{h})$ .
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In use of Theorem 1 of \S 2 we obtain

$||u_{h}-\hat{u}_{h}||_{L^{\infty}}$ $\leq$ $cc_{a}^{-1} \sum_{=j1}^{N}||f_{j}||_{L\mathrm{p}}$

$\leq$ $cc_{a}^{-1}M||AJ||L^{\infty}(I\rangle||u-u_{h}||_{L}\infty||\hat{u}h||_{W^{1},\mathrm{p}}$ .

We recall that $A(u)\in W^{1,p}$ by $u\in W^{1,p}\subset L^{\infty}$ and that the estimate (11)
holds if $\Omega$ is convex. Under this assumption we have

$||u_{h}-\hat{u}_{h}||_{L^{\infty}}\leq CC_{a}^{-1}M||A’||_{L^{\infty}}||u||_{W}1,\mathrm{p}||u-uh||L^{\infty}$ .

Putting $\gamma=CC_{a}^{-1}M||A’||_{L^{\infty}}||u||_{W^{1,\mathrm{p}}}$ , we have

$||u-u_{h}||L^{\infty}$ $\leq$ $||u-\hat{u}_{h}||_{L}\infty+||\hat{u}_{h}-u_{h}\}|_{L^{\infty}}$

$\leq$ $|\}u-xh||_{L}\infty+c$
.

$C_{a}-1M||u-xh$ } $|_{W\mathrm{p}}1,+\gamma||u-u_{h}||_{L^{\infty}}$ .

This implies the following theorem.

Theorem 4 Under the above assumptions, furthermore, let $\Omega$ is convex
and $\gamma<1$ .

Then we have the estimate

$||u-u_{h}||L^{\infty} \leq\frac{C}{1-\gamma}(1+C_{a}^{\mathrm{v}-1}M)\inf_{h\chi_{h}\in V}||u-\chi h||W^{1,\mathrm{p}}$ ’

where $C$ depend only on $p> \max\{N, 2\},$ $N$ , the Poincar\’e constant, and the
constan$fC$ in (11).

In particvlar, $u_{h}arrow u$ in $L^{\infty}$ .

5 Convergence for large data

Even in the case of $\gamma\geq 1$ , when $u\in W^{1,p}(\Omega)\cap H_{0}^{1}(\Omega)$ with $p> \max\{N,2\}$ ,
and the weak solution $u\in H_{0}^{1}(\Omega)\cap L^{\infty}(\Omega)$ of (1) with (2) is unique, the
convergence

$u_{h}arrow u$ in $H_{0}^{1}(\Omega)$

holds as $harrow \mathrm{O}$ . Those assumptions are actually hold when $\Omega$ and $f_{i}$ are
regular.
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Define the weak solution $u\in H_{0}^{1}(\Omega)\cap L^{\infty}$ for (1) with (2) by

$\int_{\Omega}A(u)Du\cdot Dv=\int_{\Omega}(f_{0^{v-}}\sum^{N}fi\frac{\partial n}{\partial x_{i}})i=1^{\cdot}$

When $\Omega,$ $f_{i}(0\leq\dot{i}\leq N)$ , and $A$ is smooth, the weak solution is classical
solution.

From the theorem of Giorgi-Stampacchia, $u\in C^{\alpha}(\overline{\Omega})(0<\alpha<1)$ follows
so that we get the linear elliptic regulanity of $L^{\infty}$ coefficient. Furthermore,
from $A(u)\in C^{\alpha}(\overline{\Omega})$ and the theorem of Morrey, $u\in W^{1,p}(\Omega)$ and $A(u)\in$

$W^{1,p}(\Omega)(1<^{\forall_{p}}<\infty)$ .
Since

$\nabla\cdot(A(u)\nabla u)=\nabla A(u)\cdot\nabla u+A(u)\cdot\triangle u$ ,

we have the problem

$-\triangle u$ $=$ $\frac{1}{A(u)}\{\nabla A(u)\cdot\nabla u+f\}$ in $\Omega$ (14)

$u=0$ on $\partial\Omega$ . (15)

From $\nabla A(u)\in L^{p}$ and $\nabla u\in L^{p}$ , the right-hand side of (14) belong to
$L^{\frac{P}{2}}(\Omega)(2<p<\infty)$ . $L^{p}$ estimate implies $u\in W^{2,q}(\Omega)(q>N)$ and hence
$u\in C^{1+\alpha}(\overline{\Omega})(0<\alpha<1)$ from the theorem of Morrey.

Therefore, the right-hand side of (14) belong to $C^{\alpha}(\overline{\Omega})$ and hence $u\in$

$C^{2+\alpha}(\overline{\Omega})$ . From the result of $\mathrm{D}\mathrm{o}\mathrm{u}\mathrm{g}\mathrm{l}\mathrm{a}\mathrm{S}^{-}\mathrm{D}\mathrm{u}\mathrm{P}^{\mathrm{o}\mathrm{n}}\mathrm{t}- \mathrm{S}\mathrm{e}\mathrm{r}\mathrm{r}\mathrm{i}\mathrm{n}([3]$: the uniqueness of
classical solution), we get also the uniqueness of weak solution.

Furthermore, for Ritz operator $\hat{R}_{h}$ : $Varrow V_{h}$ associated with the elliptic
operator

$\hat{A}v=-\nabla\cdot(A(u)\nabla v)$

when the estimate of Rannacher-Scott [6] type

$||\hat{R}_{h}v||_{W^{1}},qC\leq||v||_{W^{1,q}}$

holds for

$q>\{$

1 $(N=1)$
2 $(N=2)$
6 $(N=3)$ ,

(therefore, always when $N=1,$ ) we can show $u_{h}arrow u$ in $L^{\infty}(\Omega)$ .
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Let $u\in W^{1,p}(\Omega)\cap H_{0}^{1}(\Omega)$ and $p> \max\{N, 2\}$ . The relation (4) and (5)
imply for fixed $v_{h}\in V_{h}$ and $\lambda=C_{a}>0$ that

$\lambda||\nabla(uh-v_{h})||_{L}22$ $\leq a(u_{h} : u_{h}-v_{h},u_{h}-v_{h})$

$=a(u_{h} : u_{h},u_{h}-vh)-a(u_{hh} : v,u_{h}-v_{h})$

$=$ $F(u_{h}-v_{h})-a(uh : v_{h},u_{h}-v_{h})$

$=a(u : u,u_{h}-v_{h})-a(uh : v_{h},u_{h}-v_{h})$

$=$ $\int_{\Omega}(A(u)-A(u_{h}))\nabla u\cdot\nabla(uh-v_{h})$

$+ \int_{\Omega}A(u_{h})\nabla(u-v_{h})\cdot\nabla(uh-v_{h})$

Here, we remark

$||u_{h}||_{L}\infty$ $\leq K$, $M= \max\}s|\leq K|A(_{S)|}$ ,

$L$
$= \sup_{s,s},$

$| \frac{A(s)-A(s)\prime}{s-s’}|$ $(s, s’\in[-l, l])$ ,

and $l= \max K,$ $||u||_{L^{\infty}}$ . Then

$\int_{\Omega}A(u_{h})\nabla(u-vh)\cdot\nabla(u_{h}-v_{h})$ $=a(u_{h} : u-vh,uh-vh)$

$\leq$ $M||\nabla(u-vh)|\}L2|\}\nabla(u_{h}-\mathrm{t};h)||L2$

and

$| \int_{\Omega}(A(u)-A(u_{h}))\nabla u\cdot\nabla(u_{h}-vh)|$ $\leq$ $||A(u)-A(uh)||_{L^{q}}||\nabla u||Lp||\nabla(u_{h}-V_{h})||L^{2}$

$\leq$ $L||u-u_{h}||_{L^{q}}||\nabla u||_{L}\mathrm{p}||\nabla(uh-Vh)||L^{2}$
’

where
$\frac{1}{q}+\frac{1}{p}+\frac{1}{2}=1$ .

Therefore,

$\lambda||\nabla(uh-vh)||L^{2}\leq M\}|\nabla(u-vh)||L^{2}+L||u-u_{h}||_{L^{q}}||\nabla u||Lp$ .
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and hence

$||\nabla(u_{h}-u)||_{L^{2}}$ $\leq$ $||\nabla(u_{h}-v_{h})||L2+||\nabla(v_{h}-u)||_{L^{2}}$

$\leq$ $( \frac{M}{\lambda}+1)||\nabla(u-vh)||_{L}2$

$+ \frac{L}{\lambda}||u-u_{h}||_{Lq}||\nabla u||Lp$

$\leq$ $( \frac{M}{\lambda}+1)||\nabla(u-vh)||_{L}2$

$+ \frac{L}{2\lambda}||\nabla(u-u_{h})||L2+C||u-uh||L^{2}$

$\leq$ 2 ( $\frac{M}{\lambda}+1)||\nabla(u-vh)||L^{2}c+||u-uh||_{L^{2}}$ .

From $u\in H_{0}^{1}(\Omega),$ $\inf_{v_{h}\in V_{h}}||\nabla(u-vh)||_{L^{2}}arrow 0$ $(h\downarrow \mathrm{O})$ follows. We shall
show $uarrow u_{h}$ in $L^{2}(\Omega\rangle$ .

The problem (1) implies

$\lambda||\nabla u_{h}||^{2}L2$ $\leq$ $a(u_{h} : u_{h},u_{h})$

$=$ $F(u_{h})$

$\leq$ $i= \sum_{0}^{N}||f_{i}||_{L}2||\nabla uh||_{L^{2}}$

a.n$\mathrm{d}$ hence

$|| \nabla u_{h}.||L^{2}.\leq\lambda^{-1}\sum||fi||_{L^{2}}i=0N$ .

On the other hand, Theorem 1 implies that there exists a constant $K$

such that
$||u_{h}||_{L^{\infty}}\leq K$.

Taking subsequences,

$u_{h}$ $arrow w$ $w-H_{0}^{1}(\Omega),$ $w^{*}-L^{\infty}(\Omega)=(L^{1}(\Omega))^{*}$

$u_{h}$ $arrow w$ in $L^{2}(\Omega)$ .

We shall show that $w\in H_{0}^{1}(\Omega)\cap L^{\infty}(\Omega)$ is a weak solution for (1) with
(2). Then the uniqueness of the weak solution ([3]) implies $w=u$ and we
can complete the proof.
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For any $v\in C_{0}^{\infty}\text{ノ}(\Omega)$ there exists $\{v_{h}\}(v_{h}\in V_{h})$ such that

$|\}\nabla(v_{h^{-}}v)|\}_{L^{p}}arrow 0$
‘ $(p> \max\{N, 2\})$ .

therefore,

$|F(v_{h})-F(v)|$ $=$ $| \int_{\Omega}f\mathrm{o}(vh-v)-\sum_{1i=}^{N}f_{i^{\frac{\partial}{\partial x_{i}}}}(vh^{-}v)|$

$\leq$ $C||\nabla(vh-v)||L^{p’}$

$\leq$ $C||\nabla(v_{h}-v)||_{L^{p}}arrow 0$ $(p’<2<p)$ .

On the other hand,

$a(u_{\hslash h,h} ; uv)$ $= \int_{\Omega}(A(uh)-A(u’))\nabla uh$ . $\nabla v_{h}$

$+a(w:u_{h},v_{h}-v)+a(w:u_{h},v)$ .

Since $u_{h}arrow w$ in $H_{0}^{1}(\Omega)$ , we have

$a(w:u_{h},v)arrow a(w:w,v)$ .

Furthermore,

$| \int_{\Omega}(A(u_{h})-A(w))\nabla u_{h}\cdot\nabla v_{h}|$

$\leq L||u_{h}-u)||_{L^{q}}||\nabla u_{h}||L^{2}||\nabla vh||_{L}p$ . (16)

For $q< \frac{2N}{N-2}$ , we have $u_{h}arrow w$ in $L^{q}(\Omega)$ and hence the right-hand side of (16)
converge to zero.

Finally,

$|a(w : u_{h},v_{h})|\leq M||\nabla u_{h}||L^{2}||\nabla(vh-v)||_{L^{2}}arrow 0$

and hence
$a\langle w:w,v)--F(v)$ $(^{\forall}v\in c^{\infty}0(\Omega))$ .

Therefore,
$a(w:u),v)=.F(v)$ $(^{\forall}v\in H_{0}^{1}(\Omega))$ .

This completes the proof in the case of $H_{0}^{1}(\Omega)$ convergence.
Next, we prove about the case of $L^{\infty}$ convergence.

190



Let $\hat{u}_{h}\in V_{h}$ be the solution of (13). Since $||\hat{u}_{h}-u||_{L^{\infty}}arrow 0$, we have

$||u_{h}-\hat{u}_{h}||_{L^{\infty}}$ $\leq$ $C \lambda^{-2}\sum_{=j1}N||(A(u)-A(u_{h}))\frac{\partial\hat{u}_{h}}{\partial x_{j}}||L^{\infty}$

$\leq$ $C\lambda^{-2}ML||u-u_{h}||_{L}p’||\nabla\hat{u}_{h}||_{Lr}p$ $(p>N,p\geq 2)$ ,

where
$pr’= \frac{2N}{N-2}$ , $pr= \frac{2N}{\frac{2N}{p}-(N-2)}$ .

Therefore, there exist $q> \max\{N, \frac{2N}{4-N}\}$ such that

$||\nabla\hat{R}_{h}u||Lq\leq c||u||_{Lq}$

and hence

$||u_{h}-u||_{L^{\infty}}\leq||u_{h}-\hat{u}_{h}||_{L^{\infty}}+||\hat{u}_{h}-u||L^{\infty}arrow 0$ .
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