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FURUTA INEQUALITY UNIFIES
CHAOTIC ORDER AND USUAL ORDER
AMONG POSITIVE OPERATORS

ARHIRSESE 2 BiESH

1L.RU B, 198TEICHBIZ. 9H. JVIREREFENTVW S RER 2R
BL&[10](cf. [11]). A B % Hilbert ZZfM L ® positive operaiors & L 7=

EE, RORFANRDIALDENSI HBDTH 5.

Furuta inequality

(1+2r)g=p+2r

If A= B = 0, then for each r 2 0, P g=1
p=gq

(BrApBr)l/q g (BerBr)l/c

and
(ATAPA") 7" = (ATB°A7)'7° (1,1
hold for p and q such that p £ 0 and q = 1 ) a
with (1 + 2r)q < p + 2r. (0,-2r)
Figure

COFRERE, r=0&le&. Kko Lowner-Heinz FHEX ([16], [20) 7% 5

na,

Lowner-Heinz inequality

If A= B = 0, thenm A° 2 B* for 1  a = 0.

TN AEFERXDOIKHBHITZIES, TOMRETETDRELL OEZFICLDMEINR
TN TWD, ([11, (2], (3], (4], (57, (6], [71, (81, (147, [17], (18], [21], etc.)
THBAB &3], o7 I FREXE

f(O) = (ATgraAn) e

g(d) = (B"O"B") /"
EVNSHBEELTESA, INSBEFRETHD., EWIMKEE I TN 5B,
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ST, RADITINFIFERECODWVWTORMRTHIDIN, ChEzAFK—Ki#E [19]
Lo THLEN-IERZFEXHOIAEMNSEELTALI ENDIHBDTH S,

Operator mean

Let m be a binary operation among positive operators on a Hilbert space.

Then m is called an operator mean if it satisfies the following

conditions;

(1) A< Cand B =D = AmB =< CmbD
(2) An | A and Bn | B = Ao mB.n | A mB
(3) T*(AmB)T = T*AT m T"*BT,

if T is invertible, T*(A m B)T = T"AT m T*BT.

AE—LZBEORLEBRDEELRERIT.

I mx = f(x), x > 0
ELEE, ZOxIET operator monotone function & 13 1ICHIET 2 &0
STELOBMTH2, EAFEFE-TRT L

AmB=A""2f(A""7*BA"'/2)A'?
ETed, TITRADOHESIEMRFELYIX. «-power mean EIFENZHDT., X
DEISIEALNBEHTH 5,

1 #« x = x° a € [0, 1]

Tiabb,
A #u B = AI/Z(A—I/ZBA—-I/Z)GAI/Z

Ik, A B AEMDOEEIE. A f. B=A'"B" ERaD, BHIZ o =1/2 o0&

XHEEH LR S,
CNZHANWVWT., 7MY ARERXE2RT &,

2
A" Y v200/70+200B® £ A% $iv2) s (or2m) A®

for p 2 1l andr 2 0

Lz 3,
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41X, a-power mean DFHEZMVWAB I ETROBEEZEL[017](cf. [27, [12]).

Satellite theorem of the Furuta inequality

If A =2 B > 0 and A, B are invertible, then
A2 Ferszer o420 B = B < A = B 2" Feiv2e)/or2rr A°

for p = | and 1 2 0.

LT, COBBOBBZEZLBDED T INIAREAENEREET S, TZTRAIE,
(1+20)/(p2r)=S0=S1 R2BEHBMO2? O TRES RSN, WS 2&ITD0N

TRODEIBHBZHFHRLTHSD,

2. Examples.

(1) B' =2 A~ = A "o B> = A *%:,4 B> =Z A %42,s B2 = A "4,,, B? =

B = A = B—z#l A = B—z#a/:i Az é B_Z#a/s A3 § B~2#|/2 A4 é

(2) B7'7"? =2 A"'#1,6 B> 2 A %#s5,8 B> 2 A *#1,2 B2 2 A "#7,1. B? =
<

B'7? < B %*#s,6 A = B %#s,5 A2 = B %#,,, A® = B %#s5,:12 A" =

(3) 1 = A '#:,5 B> 2 A %1,2 B> = A *#5,5 B> = A "4, B? =

1 = B 42,35 A S B 41,2 A7 £ B %#,,5 AP £ B %415 A <

(4) B'"? = A" '#:1,2 B® = A" %#s5,5 B> 2 A 41,10 B2 = A "#3,4 B2 =

&
B™'7? < B %#i,2 A = B 45,8 A’ = B 243,10 A = B i ,4 A" S
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(5) B = A '#,,3 B> = A %#3,4 B* = A *#4,5s B2 = A "$s5,6 B2 =

@,
B = B *ti,3 A S B 1,4 A? = B 7,5 AT S B s AT S

A"ty 42 B? 2 .

v

(6) B*”% = A" '#s5,6 B® = A %#:,8 B> =2 A *#9,10 BZ

B™?#.,1. A" =

IA

B %% < B %#t1,6 A S B %#1,5 A2 < B %#1,10 A®

(7) B* = A™'#, B®* = A™’#, B®> = A""#: B® = A4, B® =
B? = B™%#0 A = B #0 A® = B 740 A® = B 4o A" =

NS5O examples IKBWT, T =34 2DO0TWSERERDHN. Fh
TNINIFREXICHBELTBD, ZZTHETSNTWS examples 3£ T
FAEARCEIBREINTNDIENMD, 2T, 2T () OF>F—=514>2%D
17z example ZAWT, A & B AHABMEBBEARLTOVT, MiRLTH 3B,
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3.GINGKO LEAF. LEOMOLIK. 7N FREXICRLIT BHEE ( gingko

leaf) DBER DB IENTES, KMEICAMKRTRADDHN, B7*" & A° 28BS
path (EENR) & LT B 2" #. A" B D, (1+21)/(pt2r) L WS HNAHKC BT B
order ZHMANTWVWZD, TNIFFEANTHS, EWA &I, IO &R 4

KDOESIT—MEL & 8], cf. [9]).

Therem A.
If A2 B = 0 and A is invertible, then

- +8 - -8+
A ’ #{(p-ﬁl—-n)a«!-nl/(p{-l) Bp .§ B(p som)a-stan

for a€(0,1], p=1 and nt1> s & n.

ZIZT a=Uts-n)/(pts-n) tBUIETIIFEANBEOSND, T 5ICLTR
L 7= examples @ order REHKEEITEOT—HRILTIERDODEIRBEFRITR -

TW 3,

Theorem B.
If A= B 2 0 and A and B are invertible, then

A-’ fa Bn g A-’~'#{(p+s) at+s) / (p+s+e+d) Bn+0

and

B—’ fa Ap g B—,—‘#!(ni»s) ate) / (pts+etd) AD+"

for a, 6, e €[0,1], p=1 and s = n.

INETHRLE, A4 B® ZHEAREHERT, TOWBICE> THHZHED T
Ele TIT. 21 BBZMWHIKETHERL, path LLTEZORZIJFLIZDOV
THEBELTHD, £, KDOLI72 exanples 25X 52 &hbBEdD2, 2h b
3, %&iICHE X7 examples LRIMERDBOTHD, ZIT, #OWHEELTHL L
CHE R ZEROLSICEATHEL (cf. [15]) . ZhiF. ae [0,1] KBTI,

#E—HT 2,

p={lliy

A ha B=AI/Z(A—I/ZBA—I/Z)UAI/Z' aGR,
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Examples.

(n &
Bs = BZAB2 = A_lhz BZ = A_zh 7/4 Bz § A_shs/s Bz § A‘dqva/z B2 =

(2) &
B2 < A 'b 1,6 B S A"%h 13,8 B2 < A%*h,,. B Z A*hBi7,12 BE =S

3) &
B < A 'Hs,3 B2 = A ?Hs,, B2 = A*H+,5 B = A*Basa B? =

4) &
B2 < A 'Ha,2 B2 = A?B.1,s B2 < A 13,10 B> £ Al s,4 B® £

(5) &
B* < A'Ha4,s B2 < A ?*8s5,4 B2 = A*hs,s B2 = A" 1,6 B2 =

(6) &
B°”? < A"'HBi.,6 B2 £ A ?He,s B2 = A°B 11,10 B* £ A8 13,12 B =

L, 7NV RERKRFRER.
L TH T/ examples Z2HE X INIBOFREXREZE-DTHD, TZTHSHE

BlizowdxodtHICELS Lenna THDIM, HEOHHEXO-ZDICEH A T Lenma

ELTERILTHL,

Lemma 1. (Furuta[15])

Let A be a positive invertible operator, and let B be am invertible

operator. Then for any real number A,

(BABt)A___, BAI/Z (Al/zBﬁBAI/Z)A—IAI/ZBt'
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Lemma 2.

If A and B are positive invertible operators, then
(1) A §.B =8B §i.-. 4

(2) A §.6 B=A4A 8. (A §45 B)

(3) A §.B=BB"§.-.4A")B

AA"" § -2 B)A

(4) A 4. B
Lemma 2 (3) WXk NS,

TNERER

A™® q (2p+s-1) / (p+s) B’ = sz_l for Dgl, s=0.

Z I TIN% Theorem A, Theorm B MK ITBET—RILTBDERDELDIZR B,

Therem 3. ,
If A 2 B2 0 and A is invertible, then for each B €[1, 2]
A’ # {(p+s-n) #+n) / (p+s) B® P4 B("*"ﬂ)ﬂ-a+n

holds for pel and ntl1> s 2 n for some nonnegative integer n.

ZZT B=C(@pts-n-1)/(pts-n) LBUWRELEEOTITNIFREXNELA@MABELIES

]

X
o

Theorem 4.

If A 2 B 2 0 and A and B are invertible, then for each B €[1, 2] and

g, € €[0, 1],
A 4, B =< B “(A*°’4 ((p+s)8+2e+0) / (pts+era) B T°)B™"

holds for p=1 and s = 0.
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Proof of Theorem 4. Let a = B -1, then we can use Lemma 2. (3),
A" h, B
= B*(B™"#. A°)B"°
SB (B ° ‘# ((pesrater s (prsresar APPC)BC by Theorem B

-5 - +0 +ep-
= BSBS+‘(B s t# {(p+s)a+e) / (p+s+e+d) Ap )Bs EB £
- - p - s + -
= B E(A ° oh 1+ (p¥s) ate) /(p+ts+te+d) B*® E)?B £

- —-p- + -
= B z(A P .dh [ (p+s) A+2e4+8) / (pt+s+e+3) Bs l)B z-

5. Applications. _ ,
L TH X7 Theorem 3 B 4 1. %@ Theorem A BT B L EEMRLDBDOTH

MR, INIYFRERIKC, LVERABRFEZEZXADBENTES, XA, Theoren
3IBWVWT, B = (2pts-n-06)/(pts-n),. 6 € [0,1] EELSZ&T
ATl (2o+s-01/(pes-m BT = BZ°7° for p=1 and s=0

2BH5EMNTES, ZHiZ Lenma 2 Z2HWVWDI LT, ROLKSLRERZR S,

Corollary.

IfA = B = 0and A is invertible, then for each ¢ € [0, 1],
' A" Fioenrocrens B S B 5 A7
holds for p=21 and s & 0.
ik, 6 =1 '6711/5’7F’-5"3=itc‘:>7‘;‘0\ Hiz, 6 =0 OoRiX
: | A™® v#;/(.,”iy B® é 1, fof p=1 and st 0
21 %, Thid. chaotic order A > B, i.e.,log A = log B, (cf. [3], [5], [6],
[(71) LAETHO, ‘:o>:£p>«5, usﬁal order A ‘é -B'&: cha,o'lic oredr
A> B &&¥<. characlerizalion 2RO ESKEXBT EMNTES,

Theorem 5. | | »
Let A andH:B’be pdsitji'e invertible énd é" € [0,1]. Then
A’ 2 B’ if and only if
A Foenssosns B° S A%, for p= 6 and s 0.
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Remark.

Raix., [(6]JiIcHB VT, strictly chaotic order (log A > log BYITDOWT. XK

DLk S characterization % B /=,

Let A and B be positive invertible. Then

log A > log B if and only if A® > B® for some a > 0.

LML 7AAS, chaotic order log A 2 log BIZDWTIR, —BIZZDES

TR EAShAAVWI EAMBICL THEEI N,
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