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1. Introduction

The results of [1] appeared to be basic to study an existence problem for
continuous selectors of multifunctions with nonconvex decomposable values
[3, 12, 14, 23, 24]. Recently, by using Filippov’s successive approximation
process [25] and selection theorems $[3, 12]$ there were proved the existence
of continuous selectors, that values are solutions of Lipschitzean differential
inclusions $[7, 21]$ . It should be mentioned that in this case we have to do
with multifunctions, that values are non-decomposable and non-convex sets.
Remark finally that the existence of continuous selectors passing through
the fixed points of multivalued contractions depending on a parameter with
non-convex values were obtained in [18].

Our results contain as a special case the selection theorem [15] and supple-
ment the results of [18]. The contents of the present paper can be represented
by the following results.

Let (X, $||$ $||$ ) be a separable Banach space, $M$ be a separable metric
space, $T$ be a locally compact a-compact metric space with a positive, finite,
nonatomic Radon measure $\mu_{0},$ $L_{1}(T, X)$ be the Banach space of Bochner-
integrable functions $x:T-\nu X$ with the norm $||v||_{L}= \int_{T}||v(t)||d\mu_{0}$ .
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Consider a function $P:M\cross L_{1}(T, X)arrow[0, +\infty)$ ,

$P( \xi, x)=\int_{T}p(t, \xi, X(t))d\mu_{0}$ , (1.1)

where $p:T\cross M\cross Xarrow[0, +\infty)$ is a function with the following properties:
i) $p(t, \xi, x)$ is measurable for every $(\xi, x)\in M\cross X$ and continuous with

respect to $(\xi, x)\mathrm{a}.\mathrm{e}$ . on $T$ ;
ii) for every $\xi\in M$ the function $p(t, \xi, \cdot)$ is a semi-norm on $X\mathrm{a}.\mathrm{e}$ . on $T$ ;
iii) $p(t, \xi, x)\leq c||X||,$ $c>0\mathrm{a}.\mathrm{e}$ . on $T$ for every $(\xi, x)\in M\cross X$ .
Assume that for every $\xi\in M,$ $x\in L_{1}(T, X)$

$m(\xi)||x||_{L}\leq P(\xi, x)$ ,

where $m:Marrow(\mathrm{O}, +\infty)$ is continuous. $i$From the latter and iii) one has

$m(\xi)||x||_{L}\leq P(\xi, x)\leq c||x||_{L}$ . (1.2)

This implies, thanks to ii), that for every $\xi\in M$ the function $P(\xi, \cdot)$ is a
norm in $L_{1}(T, X)$ , equivalent to the usual one.

For every pair of nonempty closed sets $A,.B\in L_{1}(T, X)$ and $\xi\in M$ we
denote by $d_{H}^{L}(\xi)(A, B)$ the Hausdorff distance between $A$ and $B$ , generated
by the norm $P(\xi, \cdot)$ .

Let $\Gamma$ : $M\cross L_{1}(T, X)rightarrow L_{1}(T, X)$ be a multifunction with non-empty,
closed, decomposable values and $\mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi)$ be the set of all fixed points of
$\Gamma(\xi, x)$ for every $\xi\in M$ .

THEOREM 1.1. Let $\Gamma$ : $M\cross L_{1}(T, X)\mapsto L_{1}(T, X)$ be a multifunction with
non-empty, closed, decomposable values. Assume that:

i) the multifunction $\xiarrow\Gamma(\xi, x)$ is lower semicontinuous for every $x\in$

$L_{1}(T, X)_{i}$

ii) there exists an upper semicontinuous function $k:Marrow[0,1)$ such that
for every $\xi\in M,$ $x,$ $y\in L_{1}(T, X)$ one has

$d_{H}^{L}(\xi)(\Gamma(\xi, x),$ $\mathrm{r}(\xi, y))\leq k(\xi)P(\xi, x-y)$ . (1.3)

Then the following assertions are true:
a) $\mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi)\neq\emptyset$ for every $\xi\in M$ and there exists a continuous function

$u:Marrow L_{1}(T, x)$ such that

$u(\xi)\in \mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi),$ $\forall\xi\in M$ ; (1.4)

b) if a set $D\subset M$ is closed and $u_{D}$ : $Darrow L_{1}(T, X)$ is a continuous
function, $u_{D}(\xi)\in \mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi),$ $\xi\in D$ , then there exists a continuous function
$u:Marrow L_{1}(T, X)$ such that (1.4) holds and $u(\xi)=u_{D}(\xi),$ $\forall\xi\in D$ .
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COROLLARY 1.2. Suppose that all the assumptions of Theorem 1.1 are valid.
Then:

a) the multifunction $\xiarrow \mathrm{F}\mathrm{i}_{\mathrm{X}}\Gamma(\xi)$ is closed-valued and lower semicontinu-
$ous_{j}$

b) for every $\xi\in M$ the set $\mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi)$ is an absolute retract and, consequently,
it is arcwise connected;

c) if the multifunction $\xiarrow\Gamma(\xi, x)$ has the closed graph, a retraction can
be chosen which depends continuously on $\xi$ , namely, there exists a continuous
map $g:M\cross L1(T, x)arrow L_{1}(T, X)$ such that

$g(\xi, x)\in \mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi),$ $\forall x\in L_{1}(T, X)$ ,
$g(\xi, x)=x,$ $\forall x\in \mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi)$ .

This paper is organized as follows.
Section 2 contains notations and terminology.
The main results are proved in section 3.
As an application of the obtained results, the continuous selectors of mild

solution sets of nonconvex differential inclusions of evolution type, depending
on a parameter, are studied in section 4. In particular, we establish some
topological properties of these solution sets.

In section 5, comments are given.

2. Notations and Definitions

Let
$-(X, ||\cdot||)$ be a separable Banach space,
$-M$ be a separable metric space,
$-T$ be a locally compact a-compact metric space with a positive, finite,
nonatomic Radon measure $\mu_{0}$ and a a-algebra $\Sigma$ of $\mu_{0}$-measurable subsets of
$T$ ,
$-L_{1}(T, X)$ be the Banach space of eqiuvalence classes of Bochner-integrable
functions $x:T\mapsto X$ with the usual norm.

For a normed space $\mathrm{Y}$ let
$-\mathrm{c}\mathrm{Y}$ be the family of all nonempty, closed subsets of $\mathrm{Y}$ ,
$-d(x, K)$ be the distance of a point $x\in X$ to a subset $K\subset X$ ,
$-d_{L}(v, Q)$ be the distance of a point $v\in L_{1}(T, X)$ to a subset $Q\subset L_{1}(T, X)$ .

If $A$ and $D$ are subsets of $X$ , then $d(A, D)= \sup\{d(a, D);a\in A\}$ is the
excess of $A$ over $D$ , and $d_{H}(A, D)= \max\{d(A, D), d(D, A)\}$ is the Hausdorff
distance between $A$ and $D$ .
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If $A,$ $D\subset L_{1}(T, X)$ , then $d_{L}(A, D)= \sup\{d_{L}(a, D);a\in A\}$ is the excess of
$A$ over $D$ and $d_{H}^{L}(A, D)= \max\{d_{L}(A, D), d_{L}(D, A)\}$ is the Hausdorff distance
between $A$ and $D$ .

For a function $P(\xi, x)$ , that is a norm in $L_{1}(T, X)$ for every $\xi\in M$ , we
denote by $d_{L}(\xi)(\cdot, \cdot)$ a metric in $L_{1}(T, X)$ , induced by the norm $P(\xi, \cdot)$ .

Similarly, $d_{L}(\xi)(A, D),$ $d_{H}^{L}(\xi)(A, D)$ are the excess of $A$ over $D$ and the
Hausdorff distance between $A,$ $D\subset L_{1}(T, X)$ , generated by the metric
$d_{L}(\xi)(\cdot, \cdot)$ .

A set $A\subset L_{1}(T, X)$ is called decomposable if for any $u,$ $v\in A$ and $E\in\Sigma$

the element $\chi(E)u+x(T\backslash E)v$ belongs to $A$ , where $\chi(E)$ is the characteristic
function of $E$ .

We denote by $\mathrm{d}\mathrm{c}L_{1}(T, x)$ the set of nonempty, decomposable, closed sub-
sets of $L_{1}(T, X)$ .

A sequence $x_{n}\in L_{1}(\tau, X),$ $n\geq 1$ , is called uniformly integrable if, for any
$\epsilon>0$ , there exists $\delta(\epsilon)>0$ such that

$\int_{E}||x_{n}(t)||d\mu_{0}<\epsilon$

for every subset $E\in\Sigma$ with $\mu_{0}(E)\leq\delta$ and for all $n\geq 1$ .
A multifunction $F$ : $T\mapsto c(X)$ is called measurable if the set $\{t\in$

$T;F(t)\cap U\neq\emptyset\}$ is measurable for any closed subset $U\subset X$ .
A multifunction $F$ from a topological space $\mathrm{Y}$ into a topological space $Z$

is called lower semicontinuous (l.s.c.) at a point $y_{0}\in \mathrm{Y}$ if, for any open set
$V\subset Z,$ $F(y\mathrm{o})\cap V\neq\emptyset$ , there exists a neighbourhood $U(y_{0})$ of $y_{0}$ such that
$F(y)\cap V\neq\emptyset$ for every $y\in U(y_{0})$ .

If $\mathrm{Y},$ $Z$ are metric spaces then a multifunction $F$ : $\mathrm{Y}arrow Z$ is l.s.c. at a
point $y_{0}\in \mathrm{Y}$ if and only if for any $z_{0}\in F(y_{0})$ and every sequence $y_{\tau\iota}\in Z$ ,
$y_{n}arrow y_{0},$ $narrow\infty$

$\lim_{narrow\infty}d_{Z}(_{ZF}0,(yn))=0$ ,

where $dz(Z_{0}, F(y_{n}))$ is the distance of the point $z_{0}$ to the set $F(y_{n})$ .
A subset $A$ of $\mathrm{Y}$ is called a retract of $\mathrm{Y}$ if there is a continuous map

$g$ : $\mathrm{Y}arrow A$ satisfying $g(x)=x$ for every $x\in A$ . Any such map $g$ is called a
retraction of $\mathrm{Y}$ onto $A$ .

3. The Proof of main result

We give some results that are applied in the proof of Theorem 1.1.
Let $p:T\cross M\cross Xarrow[0, +\infty)$ be a function, having the following prop-

erties:
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Pl) $p(t, \xi, x)$ is measurable for every $(\xi, x)\in M\cross X$ and continuous with
respect to $(\xi, x)\mathrm{a}.\mathrm{e}$ . on $T$ ;

P2) for every $\xi\in M$ the function $p(t, \xi, \cdot)$ is a seminorm on $X\mathrm{a}.\mathrm{e}$ . on
$T$ ;

P3) $p(t, \xi, x)\leq c||x||,$ $c>0\mathrm{a}.\mathrm{e}$ . on $T$ for every $(\xi, x)\in M\cross X$ .
Thanks to Pl), P3) for every $x(\cdot)\in L_{1}(T, X),$ $\xi\in M$ the function

$p(t, \xi, x(t))$ is integrable. Then there is defined the function $P:M\cross L1(T, x)arrow$

$[0, +\infty)$

$P( \xi, x)=\int_{T}p(t, \xi, X(t))d\mu_{0}$ .

PROPOSITION 3.1. Suppose Properties $\mathrm{P}1$ ) $- \mathrm{P}3$ ) of the function $p(t, \xi, x)$

hold. Then the function $P(\xi, x)$ is continuous with respect to $(\xi, x)$ and for
every $\xi\in M$ the function $P(\xi, \cdot)$ is a continuous seminorm in $L_{1}(T,X)$ .

Properties of the function $P(\xi, x)$ arise directly from Properties $\mathrm{P}1$ ) $- \mathrm{P}3$)
of the function $p(t, \xi, x)$ .

Let the function $p(t, \xi, x)$ has Properties $\mathrm{P}1$ ) $- \mathrm{P}3$ ). Denote by $B(\xi)$ the
open unit ball, generated by the seminorm $P(\xi, \cdot)$

$B(\xi)=\{x\in L_{1}(T, X);P(\xi, x)<1\},$ $\xi\in M$.

THEOREM 3.2. Let $\Gamma$ : $M\mapsto dcL_{1}(T, x)$ be a $l.s.c$ . multifunction, $\phi:Marrow$

$(0, +\infty)$ be a $l.s.c$ . function and $g:Marrow L_{1}(T, X)$ be a continuous function.
If for every $\xi\in M$

$\Phi(\xi)=\Gamma(\xi)\cap(g(\xi)+\phi(\xi)B(\xi))\neq\emptyset$ ,

then the multifunction $\xiarrow\Phi(\xi)$ has a continuous selector $f$ : $Marrow L_{1}(T, X)$ .
Furthemore, if $D\subset M$ is a closed set, $f_{D}$ : $Darrow L_{1}(T, X)$ is a continuous
function and $f_{D}(\xi)\in\Phi(\xi),$ $\xi\in D$ , then $f$ can be chosen so that $f(\xi)=f_{D}(\xi)$ ,
$\xi\in D$ .

Theorem 3.2 can be proved analogously to theorem 3.1 in [14].

Proof of Theorem 1.1.
At first we prove that for any continuous function $u:Marrow L_{1}(T, X)$ the

multifunction $\Gamma(\xi, u(\xi))$ is l.s.c. Fix $\xi_{0}\in M$ . Taking into account (1.2) one
has

$d_{H}^{L}(\Gamma(\xi, u(\xi 0)),$ $\Gamma(\xi, u(\xi))\leq\frac{ck(\xi)}{m(\xi)}||u(\xi)-u(\xi 0)||_{L}$.
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Fix $v_{0}\in\Gamma(\xi_{0}, u(\xi 0))$ and $\xi_{n}arrow\xi_{0},$ $narrow\infty$ . Upper semicontinuity of $k(\xi)$ and
continuity of $m:Marrow(\mathrm{O}, +\infty)$ imply that

$d_{H}^{L}(\Gamma(\xi n’(u\xi_{n})),$ $\Gamma(\xi_{n}, u(\xi 0))\leq a||u(\xi_{n})-u(\xi 0)||_{L}$ (3.1)

for some $a>0$ and all $n\geq 1$ . Thanks to (3.1) one has

$d_{L}(v_{0}, \Gamma(\xi n’ u(\xi n))\leq d_{L}(v_{0,(\xi n}\Gamma, u(\xi 0))+d_{H}^{L}(\Gamma(\xi_{n}, u(\xi n)),$ $\Gamma(\xi_{n}, u(\xi 0))$

$\leq d_{L}(v0,$ $\Gamma(\xi_{n\backslash }, u(\xi 0))+a||u(\xi n)-u(\xi 0)||L\cdot$

$i^{\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{m}}$ this, taking into account lower semicontinuity of the multifunction
$\xiarrow\Gamma(\xi, u(\xi 0))$ , it follows that the multifunction $\Gamma(\xi, u(\xi))$ is $1.\mathrm{s}$ .c.at point
$\xi_{0}$ .

Lemma 3.6 [9] implies that there exists a continuous function $k_{1}$ : $Marrow R$

such that $k(\xi)<k_{1}(\xi)<1,$ $\xi\in M$ . Now, from (1.3) it follows that for every
$x,$ $y\in L_{1}(\tau, x),$ $X\neq y$

$d_{H}^{L}(\xi)(\Gamma(\xi, x),$ $\Gamma(\xi, y))<k_{1}(\xi)P(\xi, X-y)$ . (3.2)

Fix any continuous function $u_{0}$ : $Marrow L_{1}(T, X)$ . We shall construct
a Cauchy sequence of successive continuous approximations $u_{n}$ : $Marrow$

$L_{1}(T, X)$ such that for every $\xi\in M,$ $n\geq 1$ ,

$u_{n}(\xi)\in\Gamma(\xi, u_{n}-1(\xi))$ , (3.3)
$P(\xi, u_{n+1}(\xi)-u_{n}(\xi))\leq k_{1}(\xi)P(\xi, u_{n}(\xi)-u_{n}-1(\xi))$ . (3.4)

Suppose we have defined the functions $u_{1}(\xi),$
$\ldots,$

$u_{n}(\xi)$ satisfying (3.3), (3.4).
If $u_{n}(\xi)\neq u_{n-1}(\xi)$ for every $\xi\in M$ , then

$d_{L}(\xi)(u_{n}(\xi),$ $\Gamma(\xi, un(\xi))\leq d_{H}^{L}(\xi)(\mathrm{r}(\xi, u(n-1\xi),$ $\Gamma(\xi, un(\xi))$

$\leq k(\xi)P(\xi, u_{n}(\xi)-u_{n}-1(\xi))<k_{1}(\xi)P(\xi, u_{n}(\xi)-u_{n}-1(\xi))$. (3.5)

Proposition 3.1 implies that the function $k_{1}(\xi)P(\xi, u_{n}(\xi)-u_{n}-1(\xi))$ is contin-
uous. Thanks to (3.5) and Theorem 3.2 one get a continuous selector $u_{n+1}(\xi)$

of the multifunction $\Gamma(\xi, u_{n}(\xi))$ such that

$P(\xi, u_{n+1}(\xi)-u_{n}(\xi))\leq k_{1}(\xi)P(\xi, u_{n}(\xi)-u_{n}-1(\xi)),$ $\xi\in M$ . (3.6)

If $u_{n}(\xi)=u_{n-1}(\xi)$ for some $\xi\in M$ , then the set

$D=\{\xi\in M;P(\xi, u_{n}(\xi)-u_{n}-1(\xi))=0\}$

is closed and for every $\xi\in D$ ,

$u_{n}(\xi)\in\Gamma(\xi, u_{n-1}(\xi))=^{\mathrm{r}}(\xi, u\pi(\xi))$ .
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Consider on the open set $M\backslash D$ the restriction of the multifunction
$\Gamma(\xi, u_{n}(\xi))$ , that is l.s.c. in $M\backslash D$ and for every $\xi\in M\backslash D$ inequality (3.5)
holds. Repeating above-mentioned arguments we get a continuous selector
$u_{n+1}^{*}$ : $M\backslash Darrow L_{1}(T, X)$ of the restriction of $\Gamma(\xi, u_{n}(\xi))$ on $M\backslash D$ such that
for every $\xi\in M\backslash D$

$P(\xi, u_{n}^{*}+1(\xi)-u_{n}(\xi))\leq k_{1}(\xi)P(\xi, u_{n}(\xi)-u_{n}-1(\xi)),$ $\xi\in M$. (3.7)

Denote by $u_{n+1}^{*}(\xi)$ the function, defined in the following way:

$u_{n+1}(\xi)=u_{n}^{*}(+1\xi),$ $\xi\in M\backslash D$ ,
$u_{n+1}(\xi)=u(n\xi),$ $\xi\in D$ .

This function is a selector of the multifunction $\Gamma(\xi, u_{n}(\xi))$ and satisfies in-
equality (3.4). Since the set $M\backslash D$ is open, then inequality (3.7) implies that
the selector $u_{n+1}(\xi)$ is continuous in $M$ . Clearly, $u_{n+1}(\xi)$ satisfies (3.3), (3.4).
From (3.4) we obtain that for every $\xi\in M,$ $l>n$

$P(\xi, u_{n}(\xi)-u\iota(\xi))\leq(1+k1(\xi)+\ldots+k^{\iota-n}-1(1\xi))kn1(\xi)P(\xi, u1(\xi)-u_{0}(\xi))$

$\leq\frac{k_{1}^{n}(\xi)}{1-k_{1}(\xi)}P(\xi, u_{1}(\xi)-u\mathrm{o}(\xi))$ . (3.8)

According to (3.8), (1.2) one has that

$||u_{n}( \xi)-u\iota(\xi)||_{L}\leq k_{1}^{n}(\xi)\frac{c}{m(\xi)(1-k_{1}(\xi))}||u1(\xi)-u\mathrm{o}(\xi)||_{L}$ . (3.9)

Therefore, (3.9) implies that the sequence $\{u_{n}(\cdot)\}$ converges uniformly on
every compact subsets of $M$ to a continuous function $u(\cdot)$ and

$||u( \xi)-u\mathrm{o}(\xi)||_{L}\leq\frac{c}{m(\xi)(1-k_{1}(\xi))}||u_{1}(\xi)-u_{0}(\xi)||_{L}$. (3.10)

To see that $u(\xi)\in\Gamma(\xi, u(\xi)),$ $\xi\in M_{\rangle}$ it is enough to take advantage of (3.3)
and (1.3). This ends the proof of statement a) of Theorem 1.1.

Let a set $D\subset M$ be closed and $u_{D}$ : $Darrow L_{1}(T, X)$ be a continuous
function such that $u_{D}(\xi)\in\Gamma(\xi, u_{D}(\xi)),$ $\xi\in D$ . Take any continuous function
$u_{0}$ : $Marrow L_{1}(T, X),$ $u_{0}(\xi)=u_{D}(\xi),$ $\xi\in D$ . Then there exists a continuous
function $u$ : $Marrow L_{1}(T, X)$ such that $u(\xi)\in\Gamma(\xi, u(\xi)),$ $\xi\in M$ and inequality
(3.10) holds.

Consider the multifunction $\Gamma^{*}(\xi, u\mathrm{o}(\xi))$ ,

$\Gamma^{*}(\xi, u_{0}(\xi))=\mathrm{r}(\xi, u0(\xi)),$ $\xi\in M\backslash D$ ,
$\Gamma^{*}(\xi, u0(\xi))=uD(\xi),$ $\xi\in D$ .
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This multifunction is l.s.c. Then there exists a continuous selector $u_{1}(\xi)$ of
the multifunction $\Gamma^{*}(\xi, u_{0}(\xi))[3]$ . Clearly that $u_{1}(\xi)\in\Gamma(\xi, u_{0}(\xi)),$ $\xi\in M$

and $u_{1}(\xi)=u_{0}(\xi))=u_{D}(\xi),$ $\xi\in M\backslash D$ . Now from (3.10) it follows that
$u(\xi)=u_{0}(\xi))=u_{D}(\xi),$ $\xi\in D$ . This completes the proof of Theorem 1.1.

Proof of Corollary 1.2.
The statement a) of Corollary 1.2 directly follows from the statement b)

of Theorem 1.1 and (1.3).
Let us prove the statement b). According to the definition of an absolute

retract [16] we have to prove that for fixed $\xi_{0}\in M$ , for any separable metric
space $\mathrm{Y}$ , for any closed set $D\subset \mathrm{Y}$ and for any continuous function $v_{D}$ :
$Darrow \mathrm{F}\mathrm{i}\mathrm{x}\mathrm{r}(\xi_{0})$ there exists a continuous function $v:\mathrm{Y}arrow \mathrm{F}\mathrm{i}\mathrm{x}\mathrm{r}(\xi_{0})$ such that
$v(y)=v_{D}(y),$ $y\in D$ .

Consider the multifunction $\Gamma^{*}$ : $\mathrm{Y}\cross L_{1}(T, X)arrow \mathrm{d}\mathrm{c}L_{1}(T, x)$ defined in
the following way:

$\Gamma^{*}(y, x)=\Gamma(\xi_{0}, X),$ $y\in \mathrm{Y},$ $x\in L_{1}(T, X)$ .

It is clear that the multifunction $yarrow\Gamma^{*}(y, x)$ is l.s.c. for every $x\in L_{1}(T, X)$

and

$d_{H}^{L}(\xi_{0})(\mathrm{r}*(y, X),$ $\Gamma^{*}(y, Z))\leq k(\xi_{0})P(\xi 0, x-Z),$ $x,$ $z\in L_{1}(T, X),$ $y\in \mathrm{Y}$.

Therefore, for the multifunction $\Gamma^{*}(y, x)$ all assumptions of Theorem 1.1 hold.
Since $v_{D}(y)\in \mathrm{F}\mathrm{i}\mathrm{x}\mathrm{r}(\xi 0),$ $y\in D$ , then $v_{D}(y)\in\Gamma(\xi_{0}, vD(y))=\Gamma^{*}(y, v_{D}(y)),$ $y\in$

$D$ . Taking into account the statement a) of Theorem 1.1 for the multifunction
$\Gamma^{*}$ : $\mathrm{Y}\cross L_{1}(T, X)arrow \mathrm{d}\mathrm{c}L_{1}(T, x)$ we obtain that there exists a continuous
function $v:\mathrm{Y}arrow L_{1}(T, X)$ such that $v(y)\in\Gamma^{*}(y, v(y))=\Gamma(\xi_{0}, v(y)),$ $y\in \mathrm{Y}$

and $v(y)=v_{D}(y),$ $y\in D$ . It means that $v(y)\in \mathrm{F}\mathrm{i}\mathrm{x}\mathrm{r}(\xi_{0}),$ $y\in \mathrm{Y}$ . Hence the
statement b) of Corollary 1.2 is proved.

Now we prove the statement c). Let us show that the multifunction $\xiarrow$

$\mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi)$ has a closed graph gr $\mathrm{F}\mathrm{i}\mathrm{x}\Gamma$. Take sequences $\xi_{n}arrow\xi_{0},$ $x_{n}arrow x_{0}$ ,
$x_{n}\in \mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi_{n})$ , and $\epsilon_{n}arrow 0$ . Then there exists $y_{n}\in\Gamma(\xi_{n}, x_{0})$ such that

$P(\xi_{n’ n}x-y_{n}))\leq d_{L}(\xi_{n})(_{X_{n}\Gamma},(\xi_{n}, x\mathrm{o}))+\epsilon n$

$\leq d_{L}(\xi_{n})(X_{n}, \Gamma(\xi_{n}, X_{n}))+dLH(\xi_{n})(\Gamma(\xi n’ x_{n}), \mathrm{r}(\xi n’ 0)X)+\epsilon n$

$\leq k(\xi_{n})P(\xi_{n}, x_{n}-X\mathrm{o})+\epsilon n$ .

Thanks to (1.2) the latter implies

$||x_{n}-y_{n}||L \leq\frac{k(\xi_{n})\cdot c}{m(\xi)}\cdot||x_{n}-X0||_{L}+\epsilon_{n}$ .
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$i$From this it follows that the sequence $y_{n},$ $y_{n}\in\Gamma(\xi_{n}, x_{0})$ converges to $x_{0}$ .
As the multifunction $\xiarrow\Gamma(\xi, x0)$ has the closed graph one get that $x_{0}\in$

$\Gamma(\xi_{0}, X_{0})$ . Hence the multifunction $\xiarrow \mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi)$ has a closed graph $D=$
gr $\mathrm{F}\mathrm{i}\mathrm{x}\Gamma$ .

Consider the multifunction $\Gamma^{*}$ : $M\cross L_{1}(T, X)\cross L_{1}(T, X)arrow \mathrm{d}\mathrm{c}L_{1}(T, x)$ ,
$\Gamma^{*}(\xi, u, X)=\Gamma(\xi, x),$ $\xi\in M,$ $u\in L_{1}(T, X),$ $x\in L_{1}(T, X)$ . Considering
$(\xi, u)$ as a new parameter one has that for the multifunction $\Gamma^{*}(\xi, u, X)$ all
assumptions of Theorem 1.1 hold.

Consider a function $g_{D}$ : $Darrow L_{1}(T, X),$ $g_{D}(\xi, u)=u,$ $(\xi, u)\in D$ .
The function $g_{D}(\xi, u)$ is continuous on the closed set $D$ and $g_{D}(\xi, u)\in$

$\Gamma(\xi, g_{D}(\xi, u))=\Gamma^{*}(\xi, u, gD(\xi, u)),$ $(\xi, u)\in D$ . Taking into account the state-
ment a) of Theorem 1.1 for the multifunction $\Gamma^{*}(\xi, u, X)$ we obtain that there
exists a continuous function $g:M\cross L_{1}(T, X)arrow L_{1}(T, X)$ such that $g(\xi, u)\in$

$\Gamma^{*}(\xi, u,g(\xi, u))=\Gamma(\xi, g(\xi, u)),$ $(\xi, u)\in M\cross L_{1}(T, X)$ and $g(\xi, u)=g_{D}(\xi, u)$ ,
$(\xi, u)\in D$ . It means that $g(\xi, u)\in \mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi),$ $(\xi, u)\in M\cross L_{1}(T, X)$ and
$g(\xi, u)=u$ for all $u\in \mathrm{F}\mathrm{i}\mathrm{x}\Gamma(\xi)$ . The statement c) of Corollary 1.2 is proved.

4. Application

Throughout $T=[0, a]$ is a segment with the Lebesgue a-algebra; (X, $||\cdot||$ )
is a separable Banach space whose null element is denoted by $\Theta_{X}$ ; A is a
separable metric space; $F$ is a multifunction from $T\cross X\cross$ A into $X$ with
non-empty closed values.

Consider the evolution inclusion

$\dot{x}(t)\in A(t)x(t)+F(t, x(t),$ $\lambda)$ , (H)

$x(0)=\xi$ ,
where $\{A(t);t\in T\}$ is a family of densely defined, closed, linear operators,
that. generates an evolution operator

$S$ : $\Delta=\{(t, s)\in T\cross T : 0\leq s\leq t\leq a\}arrow \mathcal{L}(X)$.
Recall if $S(t, s)$ is an evolution operator (or fundamental solutions), then
$S$ : $\trianglearrow \mathcal{L}(X)$ is strongly continuous, $S(t, \tau)s(\tau, S)=S(t, s)$ for $0\leq s\leq$

$\tau\leq t\leq a$ (semigroup property), and $S(t,t)=I$ for all $t\in T$ .
By a solution of (H) for fixed $\xi\in X,$ $\lambda\in$ A we understand a mild solution

$x(\cdot)\in C(T, X)$ of the form

$x(t)=s(t, 0) \xi+\int_{0}^{t}S(t, S)f(s)d_{S},$ $t\in T$,
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where $f(\cdot)\in L_{1}(T, X)$ and $\mathrm{a}.\mathrm{e}$ . on $Tf(t)\in F(t, x(t),$ $\lambda)$ .
Let $\mathcal{H}(\xi, \lambda)$ be the set of all mild solutions of (H). Our purpose is to study

the existence of continuous selectors of the multifunction $(\xi, \lambda)arrow \mathcal{H}(\xi, \lambda)$

and properties of this multifunction.
We denote by $C^{*}(T, x)$ the space of all continuous functions $x:Tarrow X$

represented in the following way:

$x(t)=S(t, \mathrm{o})\xi+\int_{0}^{t}S(t, s)f(S)d_{S},$ $t\in T,$ $\xi\in X,$ $f(\cdot)\in L_{1}(T, X)$ . (4.1)

Consider on $C^{*}(T, x)$ a function

$||x||c*(T,X)=||x||c_{()}T,\mathrm{x}+||f||_{L}1(\tau,X)$ . (4.2)

PROPOSITION 4.1. Function (4.2) is a norm and $C^{*}(T, x)$ with the norm,
given by (4.2) is a separable Banach space. The map $\mathcal{T}$ : $X\cross L_{1}(T, X)arrow$

$C^{*}(T, X)$ defined by $(\mathit{4}\cdot \mathit{1})$ , is $a$ one-to-one linear operator. Moreover, $\mathcal{T}$ is a
topological isomorphism.

Proof. Clearly $\mathcal{T}$ is linear. To prove that $\mathcal{T}$ is $\mathrm{o}\mathrm{n}\mathrm{e}- \mathrm{t}_{\mathrm{o}^{-}\mathrm{o}\mathrm{n}\mathrm{e}}$ suppose that
$\mathcal{T}(\xi 1, f_{1})=\mathcal{T}(\xi_{2}, f_{2})$ for some $(\xi_{1}, f_{1}),$ $(\xi_{2}, f_{2})\in X\cross L_{1}(T, X)$ . This implies
that $\xi_{1}=\xi_{2}$ and setting $f(s)=f_{1}(s)-f_{2}(S)$

$\int_{0}^{t}s(t, s)f(s)dS=\theta_{x}$ , for $t\in T$ . (4.3)

Since for $h>0$

$\int_{0}^{t}S(t+h, s)f(S)dS=S(t+h, t)\int_{0}^{t}s(t, S)f(s)dS=\theta_{x}$ ,

then for each $h>0$

$\int_{0}^{t}S(t+h, s)f(S)dS=\theta_{x}$ , for $t\in T.$ (4.4)

Let $0<t<a$ be arbitrary. By virtue of (4.3), (4.4), for $h>0$ sufficiently
small, we have

$\int_{0}^{t+h}s(t+h, s)f(S)dS=\int_{0}^{t}S(t+h, s)f(S)dS+\int_{t}^{t+h}s(t+h, s)f(S)dS=\theta_{x}$ ,

from which, dividing by $h$ ,

$\frac{1}{h}\int_{t}^{t+h}s(t, S)f(s)d_{S\theta_{x}}=$ . (4.5)
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Let $J$ be the set of all $t\in(0, a)$ such that

$\lim_{harrow 0}\frac{1}{2h}\int_{t-h}^{t+h}||f(t)-f(S)||dS=0$ (4.6)

and observe that $T\backslash J$ has zero Lebesque measure ([8], p. 217). Let $t\in J$ be
arbitrary. We have

$\frac{1}{h}\int_{t}^{t+h}S(t, S)f(s)d_{S}$

$= \frac{1}{h}\int_{t}^{t+h}S(t, s)[f(s)-f(t)]d_{S+\frac{1}{h}}\int_{t}^{t+h}s(t, s)f(t)ds$ .

Whence, in view of (4.5)

$\frac{1}{h}\int_{t}^{t+h}S(t, s)f(t)dS=\frac{1}{h}\int_{t}^{t+h}s(t, S)[f(t)-f(_{S})]d_{S}$ .

Since for fixed $t,$ $h>0$ , the function $sarrow S(t+h, s)f(t),$ $0\leq s\leq t+h$ is
continuous, there exists $t<c(h)<t+h$ such that

$S(t+h, c(h))f(t)= \frac{1}{h}\int_{t}^{t+h}s(t, S)[f(t)-f(_{S})]d_{S}$ . (4.7)

Let $M>0$ be such that

$||S(t, s)||_{L}\leq M,$ $0\leq s\leq t\leq a$ .

Taking into account (4.7) one has

$||S(t+h, c(h))f(t)|| \leq 2M\cdot\frac{1}{2h}\int_{t-h}^{t+h}||f(t)-f(S)||d_{S}$.

$i$From this and (4.6) it follows that

$||f(t)||= \lim_{harrow 0}||S(t+h, c(h))f(t)||=0$ .

As $t\in J$ is arbitrary and $T\backslash J$ has zero Lebesgue measure, we have $f_{1}=f_{2}$ .
Hence $(\xi_{1}, f_{1})=(\xi_{2}, f_{2})$ , and $\mathcal{T}$ is $\mathrm{o}\mathrm{n}\mathrm{e}- \mathrm{t}_{\mathrm{o}^{-}\mathrm{o}\mathrm{n}\mathrm{e}}$ . This means that the function
$||x||c\cdot(T,x)$ , defined by (4.2), is a norm. $i$From the estimate

$||\xi||+||f||_{L}1(\tau,X)\leq||x||_{C(T,X}*)\leq M(||\xi||+||f||_{L}1(T,X))$

it follows that $\mathcal{T}$ : $X\cross L_{1}(T, X)arrow C^{*}(T, x)$ is a topological isomorphism,
and $C^{*}(T, x)$ is the separable Banach space. This completes the proof.
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To study the problem (H) we introduce the following hypothesis:
(H1) the multifunction $tarrow F(t, x, \lambda)$ is measurable for every $x\in X$ ,

$\lambda\in\Lambda$ ;
(H2) there exists a continuous function $L:\Lambdaarrow L_{1}(T, R^{+})$ such that for

every $x,$ $y\in X,$ $\lambda\in\Lambda$ , and for almost every $t\in T$ one has

$d_{H}(F(t, X, \lambda), F(t, y, \lambda))\leq L(\lambda)(t)||x-y||$ ;

(H3) the multifunction $\lambdaarrow F(t, x, \lambda)$ is lower semicontinuous for every
$x\in X$ and for almost every $t\in T$ ;

(H4) for each convergent sequence $\{\lambda_{n}\}$ in A the sequence
$\{d(\theta_{x}, F(t, \theta_{x}, \lambda_{n})\}$ is uniformly integrable.

Remark 4.2. Since for every $\lambda\in$ A the function
$d(\theta_{x},$ $F(t, \theta_{x}, \lambda)$ is measurable, condition (H4) holds, if there exists a contin-
uous function $\beta:\Lambdaarrow L_{1}(T, R^{+})$ such that for every $\lambda\in\Lambda$

$d(\theta_{x},$ $F(t, \theta\lambda)x’\leq\beta(\lambda)(t)\mathrm{a}.\mathrm{e}$ . in $T$.

THEOREM 4.3. Let $(\mathrm{H}1)-(\mathrm{H}4)$ be satisfied. Then
a) there exists a continuous function $u:X\cross\Lambdaarrow C^{*}(T, x)$ such that for

every $(\xi, \lambda)\in X\cross\Lambda$

$u(\xi, \lambda)\in \mathcal{H}(\xi, \lambda)$ ; (4.8)

b) if $D\in X\cross$ A is a closed set, $u_{D}$ : $Darrow C^{*}(T, x)$ is a continuous
function such that for every $(\xi, \lambda)\in D$ ,

$u_{D}(\xi, \lambda)\in \mathcal{H}(\xi, \lambda)$ ,

then there exists a continuous function $u:X\cross\Lambdaarrow C^{*}(T, x)$ such that for
every $(\xi, \lambda)\in X\cross$ A inclusions (4.8) is true and

$u(\xi, \lambda)=u_{D}(\xi, \lambda),$ $(\xi, \lambda)\in D$ ;

c) for every $(\xi, \lambda)\in X\cross\Lambda$ the set $\mathcal{H}(\xi, \lambda)$ is a closed absolute retract;
d) if the multifunction $\lambdaarrow F(t, x, \lambda)$ has a closed graph a. $e$ . on $T,$ $a$

retraction can be chosen which depends continuously on $(\xi, \lambda)$ , namely, there
exists a continuous map $h:X\cross\Lambda\cross C^{*}(T, X)arrow C^{*}(T, x)$ such that

$h(\xi, \lambda, u)\in \mathcal{H}(\xi, \lambda),$ $\forall u\in C^{*}(T, X)$ ,
$h(\xi, \lambda, u)=u,$ $\forall u\in \mathcal{H}(\xi, \lambda)$ .

COROLLARY 4.4. Suppose that $(\mathrm{H}1)-(\mathrm{H}4)$ hold. Then for every $(\xi, \lambda)\in X\cross$

A the set $\mathcal{H}(\xi, \lambda)$ is the closed, arcwise connected subset of $C^{*}(T, x)$ and the
multifunction $(\xi, \lambda)arrow \mathcal{H}(\xi, \lambda)$ is lower semicontinuous.
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Proof of Theorem 4.2. Fo.r every $(\xi, \lambda)\in X\cross\Lambda,$ $\psi\in L_{1}(T, X)$ put

$\Phi(\xi, \lambda, \psi)=\{\varphi\in L_{1}(T, X);\varphi(t)\in F(t, \eta(\xi, \psi)(t), \lambda)\}$

$\mathrm{a}.\mathrm{e}$ . in $T$ , where

$\eta(\xi, \psi)(t)=s(t, 0)\xi+\int_{0}^{t}S(t, S)\psi(s)d_{S}$ .

Using well-known arguments we obtain that $\Phi(\xi, \lambda, \psi)\in \mathrm{d}\mathrm{c}L_{1}(T, x)$ .
Now, we prove that for every fixed $\lambda\in$ A the multifunction $\Phi$ ( $\xi,$ $\lambda$ , th)

is Lipschitzian from $X\cross L_{1}(T, X)$ into $\mathrm{d}\mathrm{c}L_{1}(T, x)$ with Lipschitz constant
$r(\lambda)$ , continuously depending on $\lambda$ .

Fix $\lambda\in\Lambda,$ $\psi_{1},$ $\psi_{2}\in L_{1}(T, X),$ $(f_{1},g_{1}),$ $(f_{2}, g_{2})\in X,$ $\alpha\in\Phi(\xi_{1}, \lambda, \psi_{1})$ and
$\epsilon>0$ . Using properties of measurable multifunctions we get that there exists
a measurable function $\beta:Tarrow X$ such that

$\beta(t)\in F(t, \eta(\xi_{2}, \psi 2)(t), \lambda)$

and
$||\alpha(t)-\beta(t)||\leq d(\alpha(t), F(t, \eta(\xi 2, \psi_{2})(t), \lambda))+\epsilon$

$\mathrm{a}.\mathrm{e}$ . in $T$ . Thanks to (H2) one has

$||\alpha(t)-\beta(t)||$

$\leq L(\lambda)(t)(||S(t, 0)\xi 1-s(t, \mathrm{o})\xi_{2}||+\int_{0}^{t}||S(t, s)||||\psi_{1}(_{S})-\psi 2(_{S})||ds)+\epsilon$

$\leq L(\lambda)(t)\cdot M(||\xi_{1}-\xi_{2}||+||\psi_{1}-\psi_{2}||L)+^{\mu.9)}$

$i$ From (4.9) it follows

$||\alpha-\beta||_{L}$

$\leq r(\lambda)(||\xi_{1}-\xi_{2}||+||\psi_{1}-\psi_{2}||_{L})+\epsilon\cdot a$ . (4.10)

Therefore (4.10) implies that

$d_{L}(\Phi(\xi_{1}, \lambda, \psi 1), \Phi(\xi_{2}, \lambda, \psi_{2}))$

$\leq r(\lambda)(||\xi 1^{-\xi 2}||+||\psi_{1}-\psi_{2}||_{L})$ (4.11)

and, interchanging the roles of $\xi_{1},$ $\psi_{1}$ and $\xi_{2},$ $\psi_{2}$ ,

$d_{L}(\Phi(\xi_{2}, \lambda, \psi 2), \Phi(\xi_{1}, \lambda, \psi_{1}))$

$\leq r(\lambda)(||\xi_{1}-\xi_{2}||+||\psi_{1^{-}}\psi_{2}||_{L})$ . (4.12)
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$i$From (4.11), (4.12) it follows that

$d_{H}^{L}(\Phi(\xi 1, \lambda, \psi 1), \Phi(\xi_{2}, \lambda, \psi_{2}))$

$\leq r(\lambda)(||\xi 1^{-\xi 2}||+||\psi_{1}-\psi_{2}||_{L})$ . (4.13)

So, our claim is proved.
Let us show that for every fixed $\xi\in X,$ $\psi\in L_{1}(T,X)$ the multifunction

$\lambdaarrow\Phi(\xi, \lambda, \psi)$ is l.s.c. Fix $\lambda^{*}\in\Lambda,$ $\varphi^{*}\in\Phi(\xi, \lambda^{*}, \psi)$ and a $\mathrm{s}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}\{\lambda\}n$ in A
converging to $\lambda^{*}$ .

Put $\alpha_{n}(t)=d(\varphi(*t), F(t, \eta(\xi, \psi)(t), \lambda_{n}))$ for all $t\in T,$ $n\geq 1$ . From prop-
erties of measurable multifunctions it follows that each $\alpha_{n}(t)$ is measurable.
Moreover, thanks to (H3), one has $\lim_{narrow\infty^{\alpha_{n}}}(t)=0$ a.e.in $T$ . Now, observe
that for almost every $t\in T$ one has

$\alpha_{n}(t)\leq d(\varphi(*t), F(t,\theta_{x’ n}\lambda))+d_{H}(F(t, \theta_{x}, \lambda_{n}), F(t, \eta(\xi, \psi)(t), \lambda_{n}))$

$\leq||\varphi(*t)||+d(\theta_{x}, F(t, \theta\lambda_{n})x’)+L(\lambda_{n})(t)\cdot M(||\xi||+||\psi||_{L})$ .
$i^{\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{m}}$ this, taking into account (H4), it follows that the sequence $\{\alpha_{n}\}$ is uni-
formly integrable. Hence $\lim_{narrow\infty}\alpha_{n}=0$ in $L_{1}(T, R)$ . For every $n\geq 1$ there
exists a measurable function $\varphi_{n}$ : $Tarrow X$ such that $\varphi_{n}(t)\in F(t, \eta(\xi, \psi)(t), \lambda_{n})$

and $||\varphi_{n}(t)-\varphi^{*}(t)||\leq\alpha_{n}(t)+1/n$ a.e.in $T$ . So $\varphi_{n}\in\Phi(\xi, \lambda_{n}, \psi)$ for all $n\geq 1$

and $\{\varphi_{n}\}$ converges to $\varphi^{*}$ in $L_{1}(T, x)$ , as desired.
Fix $\lambda^{*}\in\Lambda,$ $\xi^{*}\in X,$ $\varphi^{*}\in\Phi(\xi^{*}, \lambda^{*}, \psi)$ and a sequence $\{\xi_{n}, \lambda_{n}\}$ in $X\cross\Lambda$

converging to $(\xi^{*}, \lambda^{*})$ . Thanks to (4.13) one has

$d_{L}(\varphi^{*}, \Phi(\xi_{n’ n}\lambda, \psi))\leq d_{L}(\varphi^{*}, \Phi(\xi*, \lambda_{n}, \psi))+d_{H}^{L}(\Phi(\xi n’\lambda_{n}, \psi),$$\Phi(\xi^{*}, \lambda n’\psi))$

$\leq d_{L}(\varphi^{*}, \Phi(\xi*, \lambda\psi)n’)+r(\lambda_{n})||\xi*-\xi_{n}||$ .

Hence $\lim_{narrow\infty^{d_{L}((}}\varphi^{*},$$\Phi\xi n’\lambda_{n},$ $\psi$ )) $=0$ . It means that for every $\psi\in L_{1}(T, X)$

the multifunction $(\xi, \lambda)arrow\Phi(\xi, \lambda, \psi)$ is lower semicontinuous.
Consider for every $\lambda\in\Lambda$ the function

$P( \lambda, \psi)=\int_{T}e^{-\int_{0}^{l}L}||\psi(t)|2M\cdot(\lambda)(s)dS|dt$ . (4.14)

It is clear that the function $p( \lambda,t, x)=\exp(-\int_{0^{2}}^{t}M\cdot L(\lambda)(s)dS)||X||$ has the
properties, indicated in Introduction, and function $P(\lambda, \psi)(4.14)$ satisfies an
inequality similar to (1.2). Of course, the function $P(\lambda, \cdot)$ for every $\lambda\in\Lambda$ is a
norm in $L_{1}(T, X)$ , equivalent to the usual one. For every $\lambda,$ $A,$ $B\subset L_{1}(T, X)$

we denote by $d_{L}(\lambda)(x, A),$ $d_{L}(\lambda)(A, B),$ $d_{H}^{L}(\lambda)(A, B)$ the distance of a point
$x$ to the set $A$ , the excess of $A$ over $B$ and the Hausdorff distance between
$A$ and $B$ , where $d_{L}(\cdot)(\cdot, \cdot)$ is a metric, induced by norm (4.14).
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Now, we prove that

$d_{H}^{L}( \lambda)(\Phi(\xi, \lambda, \psi), \Phi(\xi, \lambda, \omega))\leq\frac{1}{2}P(\lambda, \psi-\omega)$ (4.15)

for every $\lambda\in\Lambda,$ $\xi\in X$ .
Fix $\lambda\in\Lambda,$ $\xi\in X,$ $\psi,\omega\in L_{1}(\tau, X),$ $\alpha\in\Phi(\xi, \lambda, \psi)$ and $\epsilon>0$ . Then there

exists a measurable function $\beta$ : $Tarrow X$ such that

$\beta(t)\in F(t, \eta(\xi,\omega)(t), \lambda)$

and
$||\alpha(t)-\beta(t)||\leq d(\alpha(t), p(t, \eta(\xi, \omega)(t), \lambda))+\epsilon$

$\mathrm{a}.\mathrm{e}$ .in $T$ . Thanks to (H2) one has

$|| \alpha(t)-\beta(t)||\leq L(\lambda)(t)\cdot M\cdot\int_{0}^{t}||\psi(_{S)}-\omega(S)||dS+\epsilon$

$\mathrm{a}.\mathrm{e}$ . in $T$ . Then

$\int_{T}e^{-\int_{0}^{t})ds}|2M\cdot L(\lambda)(s|\alpha(t)-\beta(t)||dt$

$\leq\int_{T}(e^{-\int_{0}^{t})(}\cdot L2M\cdot L(\lambda s)dS(\lambda)(t)\cdot M\cdot\int_{0}^{t}||\psi(_{S)-\omega(S})||d_{S})dt+\epsilon\cdot a.(4.16)$

Integrating by parts one can estimate the right-hand side of (4.16) in the
following way:

$\int_{T}(e^{-\int^{t}()}\mathrm{o}(\lambda)sd\epsilon$ .$L(2M \cdot L\lambda)(t)\cdot M\cdot\int_{0}^{t}||\psi(S)-\omega(S)||ds)dt$

$\leq-\frac{1}{2}e^{-\int_{0}}t2M\cdot L(\lambda)(s)ds$ . $\int_{0}^{t}||\psi(_{S})-\omega(S)||dS|_{0}a$

$+ \frac{1}{2}\int_{T}e^{-\int_{0}^{t}s}\cdot|2M\cdot L(\lambda)()ds|\psi(t)-\omega(t)||dt$. (4.17)

By adding (4.16), (4.17) we obtain that

$P( \lambda, \alpha-\beta)\leq\frac{1}{2}P(\lambda, \psi-\omega)+\epsilon\cdot a$ .

$i^{\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{m}}$ this it follows that

$d_{L}( \lambda)(\Phi(\xi, \psi, \lambda), \Phi(\xi,\omega, \lambda))\leq\frac{1}{2}P(\lambda, \psi-\omega)$

146



and, interchanging the roles of $\psi$ and $\omega$

$d_{L}( \lambda)(\Phi(\xi,\omega, \lambda)\Phi(\xi, \psi, \lambda))\leq\frac{1}{2}P(\lambda, \psi-\omega)$ .

So, inequality (4.15) is proved.
If the multifunction $\lambdaarrow F(t, x, \lambda)$ has a closed graph $\mathrm{a}.\mathrm{e}$ . on $T$ , then it is

easy to prove that the multifunction $\lambdaarrow\Phi(\xi, \lambda, \psi)$ has a closed graph.
Let us show that the multifunction $(\xi, \lambda)arrow\Phi(\xi, \lambda, \psi)$ has a closed graph.

To this end, fix sequences $\{\xi_{n}, \lambda_{n}\}$ in $X\cross\Lambda$ converging to $(\xi^{*}, \lambda^{*})$ , a sequence
$\{\alpha_{n}\},$ $\alpha_{n}\in\Phi(\xi_{n}, \lambda_{n}, \psi)$ , converging to $\alpha^{*}$ a sequence $\{\epsilon_{n}\}$ , converging to $0$ .
Then there exist a sequence $\{\beta_{n}\},$ $\beta_{n}\in\Phi(\xi^{*}, \lambda_{n}, \psi)$ such that

$||\alpha_{\pi}-\beta_{n}||_{L}\leq d_{L}(\alpha_{n}, \Phi(\xi*, \lambda n’\psi))+\epsilon_{n}$

$\leq d_{H}^{L}(\Phi(\xi_{n}, \lambda_{n}, \psi), \Phi(\xi*, \lambda n’\psi))+\epsilon_{n}$.

The latter and (4.13) imply

$||\alpha_{n}-\beta_{n}||_{L}\leq r(\lambda_{n})||\xi n-\xi*||L+\epsilon_{n}$ .

$i$From this it follows that $\lim_{narrow\infty}\beta_{n}=\alpha^{*}$ . Since the multifunction $\lambdaarrow$

$\Phi(\xi^{*}, \lambda, \psi)$ has a closed graph, we obtain that $\alpha^{*}\in\Phi(\xi^{*}, \lambda^{*}, \psi)$ . Hence the
multifunction $(\xi, \lambda)arrow\Phi(\xi, \lambda, \psi)$ has a closed graph.

As the final result we obtain that the mutifunction $\Phi$ : $X\cross\Lambda\cross L_{1}(T, X)arrow$

$L_{1}(T, X)$ satisfies all assumptions of Theorem 1.1 and Corollary 1.2.
For all $(\xi, \lambda)\in---\cross\Lambda$ we put

$\mathrm{F}\mathrm{i}\mathrm{x}\Phi(\xi, \lambda)=\{\varphi\in L_{1}(\tau, X);\varphi\in\Phi(\xi, \lambda, \varphi)\}$ .

Taking into account Theorem 1.1 and Corollary 1.2 we have:
$\mathrm{a}’)$ For all $(\xi, \lambda)\in---\cross\Lambda$ the set $\mathrm{F}\mathrm{i}\mathrm{x}\Phi(\xi, \lambda)$ is non-empty and there exists

a continuous function $v:X\cross\Lambdaarrow L_{1}(T, X)$ such that

$v(\xi, \lambda)\in \mathrm{F}\mathrm{i}\mathrm{x}\Phi(\xi, \lambda)$ ; (4.18)

$\mathrm{b}’)$ if $D\subset X\cross\Lambda$ is a closed subset of $X\cross\Lambda$ and $v_{D}$ : $Darrow L_{1}(T, X)$

is a continuous function, $v_{D}(\xi, \lambda)\in \mathrm{F}\mathrm{i}\mathrm{x}\Phi(\xi, \lambda),$ $(\xi, \lambda)\in D$ , then there exists
a continuous function $v$ : $X\cross\Lambdaarrow L_{1}(T, X)$ such that (4.18) is true and
$v(\xi, \lambda)=v_{D}(\xi, \lambda),$ $(\xi, \lambda)\in D$ ;

$\mathrm{c}’)(\xi, \lambda)arrow \mathrm{F}\mathrm{i}\mathrm{x}\Phi(\xi, \lambda)$ is the closed-valued lower semicontinuous multi-
function and for every $(\xi, \lambda)\in X\cross\Lambda$ the set $\mathrm{F}\mathrm{i}\mathrm{x}\Phi(\xi, \lambda)$ is an absolute retract
in space $L_{1}(T, x)$ and, consequently, arcwise connected.
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$\mathrm{d}’)$ if the multifunction $\lambdaarrow F(t, x, \lambda)$ has a closed graph $\mathrm{a}.\mathrm{e}$ . on $T$ , then a
retraction can be chosen which depends continuously on $(\xi, \lambda)$ , namely, there
exists a continuous map $v:X\cross\Lambda\cross L_{1}(T, X)arrow L_{1}(T, X)$ such that

$v(\xi, \lambda, z)\in \mathrm{F}\mathrm{i}\mathrm{x}\Phi(\xi, \lambda),$ $\forall z\in L_{1}(T,X)$ ,
$v(\xi, \lambda, Z)=Z,$ $\forall z\in \mathrm{F}\mathrm{i}_{\mathrm{X}\Phi(\xi},$ $\lambda)$ .

Now, consider the operator $\mathcal{T}$ : $X\cross L_{1}(T, X)arrow C^{*}(T, X)$ defined by
putting

$\mathcal{T}(\xi, \varphi)(t)=S(t, \mathrm{o})\xi+\int_{0}^{t}S(t, S)\varphi(S)dS,$ $t\in T$

for all $\varphi\in L_{1}(T, X)$ and all $\xi\in X$ . Observe that

$\mathcal{H}(\xi, \lambda)=\tau(\xi, \mathrm{F}\mathrm{i}\mathrm{x}\Phi(\xi, \lambda))$ . (4.19)

Thanks to Proposition 4.1 the operator $\mathcal{T}$ : $X\cross L_{1}(T, X)arrow C^{*}(T, X)$

is a topological isomorphism. Now, Theorem 4.2 and Corollary 4.3 follows
directly from (4.19) and $\mathrm{a}’$ ) $- \mathrm{d}’$ ). This ends the proof of Theorem 4.2 and
Corollary 4.3.

COROLLARY 4.5. Let $(\mathrm{H}1)-(\mathrm{H}4)$ be satisfied and the $multifunct\dot{i}on\lambdaarrow$

$F(t, x, \lambda)$ has a closed graph a. $e$ . on T. For $i=1,2$ let $u_{i}$ : $X\cross\Lambdaarrow C^{*}(T, x)$

be a continuous map such that $u_{i}(\xi, \lambda)\in \mathcal{H}(\xi, \lambda)$ for every $(\xi, \lambda)\in X\cross\Lambda$ .
Then there exists a continuous map $g:X\cross\Lambda\cross[0,1]arrow C^{*}(T, x)$ satisfying

$g(\xi, \lambda, 0)=u_{1}(\xi, \lambda),$ $g(\xi, \lambda, 1)=u_{2}(\xi, \lambda)$ , for every $(\xi, \lambda)\in X\cross\Lambda$ ,
$g(\xi, \lambda, \tau)\in \mathcal{H}(\xi, \lambda)$ , for every $(\xi, \lambda, \tau)\in X\cross\Lambda\cross[0,1]$ .

Proof. Thanks to Theorem 4.2 d) there exists a continuous map $h:X\cross$

$\Lambda\cross C^{*}(T, x)arrow C^{*}(T, x)$ such that

$h(\xi, \lambda, u)\in \mathcal{H}(\xi, \lambda),$ $\forall u\in C^{*}(T, X)$ , (4.20)
$h(\xi, \lambda, u)=u,$ $\forall u\in \mathcal{H}(\xi, \lambda)$ .

Define $g:X\cross\Lambda\cross[0,1]arrow C^{*}(T, x)$ by

$g(\xi, \lambda, \mathcal{T})=h(\xi, \lambda, (1-\tau)u1(\xi, \lambda)+\tau u_{2}(\xi, \lambda))$ . (4.21)

Clearly $g$ is well defined, since $(1 -\tau)u_{1}(\xi, \lambda)+\tau u_{2}(\xi, \lambda)\in C^{*}(T, x)$ for
every $(\xi, \lambda, \tau)\in X\cross\Lambda\cross[0,1]$ and continuous as composition of continuous
functions. Furthermore, from (4.19), (4.20) it follows that $g$ is desired. This
completes the proof.
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Corollary 4.4 means that any two continuous selections of the multifunc-
tion $(\xi, \lambda)arrow \mathcal{H}(\xi, \lambda)$ can be joined by a homotopy with values in $\mathcal{H}(\xi, \lambda)$ .

5. Comments

(1) Theorem 3.2 is proved by using some ideas of [14].
(2) Theorem 1.1 is obtained in the standart way by using Theorem 3.2.
(3) Continuous selectors of fixed point sets of multifunctions with noncon-

vex values were studied in $[15, 18]$ . Our result contains as a special case the
selection theorem in [15] and supplements the result in [18].

(4) Proposition 4.1 is proved analogously to Proposition 2.1 in [10].
(5) The absolute retractness of fixed point sets for multivalued contraction

with closed decomposable values were proved in [2] under severe constraints
then ours.

(6) The problem (H) under severe constraints were studied in [10]. The-
orem 4.2 contains more information about properties of the multifunction
$(\xi, \lambda)arrow \mathcal{H}(\xi, \lambda)$ .

(7) It should be mentioned that the continuous selections and properties
of solution sets for different classes of Lipschitzean differential inclusions were
studied in [4, 5, 6, 7, 10, 11, 13, 19, 20, 21, 22]. The majority of these results
can be obtained easily by using Theorem 1.1 and Corollary 1.2.
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