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1. Introduction.
Let $G$ be an affine exponentially Nash group. In this note, we are concerned

with fundamental properties of exponentially Nash $G^{l}$ vector bundles. Our results
in the present note are an exposition of [6].

Nash vector bundles (resp. Nash $1\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{f}_{0}1\mathrm{d}\mathrm{S}$ ) are bundles (resp. $1\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{f}_{0}1\mathrm{d}\mathrm{S}$ ) inter-
lnediate between real algebraic ones and $C^{t\omega}$ ones. It is known $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ tluere are sonle

useful categories between Nash one and $C^{\infty}$ one (e.g. [3], [11], [12], [13], [14], [24],
[25] $)$ . One of them is an exponentially Nash category.

Nash manifolds have been studies for a long time and $\mathrm{t}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ are nlally brilliant
works (e.g. [1], [2], [10], [17], [18], [19], [20], [21]).

The semialgebraic subsets of $\mathbb{R}^{n}$ are just the subsets of $\mathbb{R}^{n}$ definable in the stan-
dard structure $\mathrm{R}_{stan}:=(\mathbb{R}, <, +, \cdot, 0,1)$ of the field $\mathbb{R}$ of real numbers [22]. It is
known that there are only. three useful collections of sets definable in $\mathrm{R}_{stan}[15]$ .
These collections are the sets of semilinear sets, semibounded sets, $\mathrm{a}_{i}\mathrm{n}\mathrm{d}$ selnial-
gebraic sets. However any luon-polynomially bounded function is not definable in
$\mathrm{R}_{stan}$ , where a polynomially bounded function means a, function.$f$ : $\mathbb{R}arrow \mathbb{R}$ admit-
ting an integer $N\in \mathrm{N}$ and a real number $x_{0}\in \mathbb{R}$ with $|f(X)|\leq x^{N},$ $.\gamma j>x_{0}$ . C. Miller
[16] proved that if there exists a non-polynomially bounded function definable in
an $\mathit{0}$-minimal expansion $(\mathbb{R}, <, +, \cdot, 0,1, \ldots.)$ of $\mathrm{R}_{stan}$ , then the $\mathrm{e}\mathrm{x}_{1}$) $\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}1$ function
$\epsilon.\tau\cdot p:\mathbb{R}arrow \mathbb{R}$ is definable in this structure. Hence $\mathrm{R}_{exp}:=(\mathbb{R}, <, +, \cdot, exp, 0,1)$ is
a natural expansion of $\mathrm{R}_{stan}$ . There are a number of results on $\mathrm{R}_{\mathrm{e}xp}$ (e.g. [11],
[12]. [13], [14], [25] $)$ , in particular $\mathrm{R}_{exp}$ is $\mathit{0}$-minimal. Since $\mathrm{R}_{exp}$ does not $\mathrm{l}\mathrm{u}\mathrm{a}\backslash ’\cdot \mathrm{e}$

eliminatioll of quantifiers, in $\mathrm{R}_{\mathrm{e}xp}$ Ta,rski-Seidenberg Theoreni does not hold true.
Remark $\mathrm{t}_{\sim}\mathrm{h}\mathrm{a}\mathrm{t}$ there are another expansions of $\mathrm{R}_{stan}$ with similar properties of $\mathrm{R}_{exp}$

$([3], [4]. [25])$ .
We say that a $C^{r}$ manifold $(0\leq r\leq\omega)$ is an exponentially $C^{r}$ Nash mani fold

if it is definable in $\mathrm{R}_{exp}$ (See Definition 2.5). Equivariallt such nlanifolds are defined
in the similar way (See Definition 2.8). Equivariant exponentially $\mathit{1}\mathrm{V}aSl\iota$ vector
bundles are defi.ned as well. as Nash ones (See Definition 2.11).

In this note, all exponentially Nash groups, all exponentially Nash $G_{1\mathrm{n}\mathrm{a}\mathrm{n}}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{d}_{\mathrm{S}}$

and exponentially Nash $G$’ vector bundles are of class $c^{\omega},$ , and every manifold does
not have boundary unless otherwise stated.

Typeset by $A_{\mathcal{M}}S- \mathrm{I}\prime \mathrm{E}^{\mathrm{X}}$
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Theorelll [6]. Let $G$
’ be a cornpact $\mathrm{a}H\mathrm{i}_{\mathit{1}\mathit{1}\mathrm{e}ex}l^{)}()n\mathrm{r},\tau n’,i,\gamma ll_{V}.Nt^{r}|.\backslash l_{\mathit{1}}\epsilon \mathit{1}^{\cdot}()\iota\iota l^{)}$ and let $X;$) $c$

a $c$ompact affine exponentiall.$\mathrm{y}N\mathrm{a}shG$ manifold.
(1) For es’erv $C^{\infty}Gv\mathrm{e}$ ctor $b$undle ,

$l$ over $X$ , there exists a strongly exponentially
Nash $G\tau:e$ctor $b$un$dle$ (Se$\mathrm{e}$ Definition 2.13) $\zeta^{\mathrm{L}}$ which is $C^{\infty}G$ vector $b$un$dle$ isomor-
phic to $\eta$ .
(2) For a $\mathit{1}l\mathrm{V}t\mathfrak{n}- \mathit{0}$

.
$\cdot \mathrm{s}t$ rongl $\mathrm{t}$

. cxponen $ti$ally $N\mathrm{a}shG$ vector $’$) $\mathfrak{j}1\mathit{1}dle\mathrm{s}$ over $X,$ $t,h\mathrm{e}.\gamma$ arc
exponenti $a\mathrm{J}l.1^{r}$ Nash $G$ vector bundle isomorph$\mathrm{i}c$ if and $ol\mathit{1}l.\}^{I}$ if they $a\mathrm{J}^{\cdot}eC^{0}G^{t}$ vector
$b$un $dle$ isomorphic.
(3) If dinl $X\geq 1$ and $X$ has a $0$ -dimensional $\mathrm{o}rl_{\mathrm{J}}\mathrm{i}\mathrm{f},’.t,l1el\mathit{1}$ for any $C^{\infty}G$ vector $\dot{b}$undle
$,l’$ of $po$si $t\mathrm{i}\mathrm{v}\cdot e$ rank $0\iota^{r}\mathrm{e}\mathrm{r}$ X. $th$ere exists a non-strongly exponentially $N_{\partial S}hG$ vector
$b$ un $dl\mathrm{e}\zeta’$ which is $C^{\infty}G$ vector bundle $i_{S\mathrm{o}mor}l^{J}h\mathrm{i}c$ to $?\uparrow’$ .

Ill tlue equivariant Nash category, a strollger version of $\mathrm{T}\mathrm{h}\mathrm{e}or\mathrm{e}\ln(3)1_{1}\mathrm{o}\mathrm{l}\mathrm{d}\mathrm{s}$ true
[9]. Remark that Nash structures of $C^{\infty}G$ manifolds and $C^{\infty}G$ vector bundles are
studied in [8] and [5], respectively.

2. Exponentially Nash $G$ lllanifolds and exponentially Nash $G’$ vector
bundles.

$\mathrm{R}\mathrm{e}\mathrm{c}\mathrm{a}41$ the definition of exponentially Nash $G_{1\mathrm{n}\mathrm{a}}\mathrm{n}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{d}\mathrm{s}$ and exponentially Nash
$G$ vector bundles [7] and basic facts [7].

$Defi,ni,t?,on\mathit{2}.\mathit{1}$ . (1) An $\mathrm{R}_{exp}$-term is a finite string of $\mathrm{s}\mathrm{y}\mathrm{n}\mathrm{l}\mathrm{b}_{0}1\mathrm{s}$ obtained by repeated
applications of the following two rules:
[I] $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{s}$ and variables are $\mathrm{R}_{exp}$ -terms.
[2] If.$f$ is an $m$ -place function $\mathrm{s}y$mbol of $\mathrm{R}_{exp}$ and $t_{1},$

$\ldots,$
$t_{m}$ are $\mathrm{R}_{exp}$ -terms, then

the concatenated string.$f(t_{1}, \ldots , t_{m})$ is an $\mathrm{R}_{exp}$ -term.
(2) An $\mathrm{R}_{exp^{-}}$ .formula is a finite string of $\mathrm{R}_{exp}$-terms satisfying the following three
rules:
[1] For any two $\mathrm{R}_{exp}$ -terms $t_{1}$ aiid $t_{2},$ $t_{1}=t_{2}$ and $t_{1}>t_{2}$ are $\mathrm{R}_{exp}- \mathrm{f}\mathrm{o}\mathrm{r}\mathrm{n}\mathrm{u}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{S}$ .
[2] If $a$) and $\uparrow \mathit{1}$’ are $\mathrm{R}_{exp}$ -formulas, then the negation $\neg\emptyset$ , the disjunction $\phi\psi$ , and
the conjunction $\phi$ A $\iota l$’ ar$e\mathrm{R}_{\mathrm{e}xp}$ -formulas.
[3] If $\phi$ is an $\mathrm{R}_{exp}$ -formula and $v$ is $\mathrm{a}$

. variable, $\mathrm{t}\mathrm{l}$)$\mathrm{e}\mathrm{n}(\exists v)\phi$ and $(\forall v)\phi \mathrm{a}r\mathrm{e}\mathrm{R}_{exp^{-}}$

formulas.
(3) An exponentially de.finable set $X\subset \mathbb{R}^{n}$ is the set defined by an $\mathrm{R}_{exp}$-formula
(with parameters).
(4) Let $X\subset \mathbb{R}^{n}$ and $Y\subset \mathbb{R}^{m}$ be exponentiall$y$ definable sets. A map $.f$ : $Xarrow Y$

is called $e.\tau ponentially$ definable if the graph of $f\subset \mathbb{R}^{n}\cross \mathbb{R}^{n}$
’ is exponentially

definable.

On the other hand, using [12] ally exponentially definable subset of $\mathbb{R}^{n}$ is $\mathrm{t}1_{1}\mathrm{e}$

image of an $\Re_{n+m}$ -semianal$y$ tic set by the natural projection $\mathbb{R}^{f?}\cross \mathbb{R}^{??}’arrow \mathbb{R}^{n}$ for
solne $r\gamma?$ . Here a subset $X$ of $\mathbb{R}^{n}$ is called $\mathfrak{R}_{n}$ -semianalytic if $X$ is a finite union of
sets of the following form:

$\{_{\backslash }\tau\in \mathbb{R}^{n}|f_{i}(x)=0, g_{j}(X)>0,1\leq i\leq k, 1\leq j\leq l\}$ ,

$\backslash \backslash ^{\vee}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}.fi,$ $gj\in \mathbb{R}[.\tau_{1}, \ldots, X_{n}, e.\tau p(X_{1}), \ldots , exp(X_{n})]$ .
The following is a collections of properties of exponentially definable sets (cf.

[7] $)$ .
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Proposition 2.2 (cf. [7]). (1) Any exponentially definable set $co\mathrm{n}s\mathrm{i}_{StS}$, of $onl.\gamma$

finitel.v $man.\mathrm{t}’-Conn\mathrm{e}ct,ed$ components.
Let $X\subset \mathbb{R}^{n}$ and $l^{r}\subset \mathbb{R}^{m}$ be exponentially defina $ble$ sets.

(2) $Th\mathrm{e}$ clos$\mathrm{u}recl(X$ I and the interior $I7\tau t(x)$ of $X$ in $\mathbb{R}^{n}\mathrm{a}\mathrm{J}^{\cdot}\mathrm{e}$ exponentially defin-
able.
(3) $Tl_{l}ed\mathrm{i}St,anc\mathrm{e}$ function $d(\alpha\cdot, X)$ from $.\tau$ to $X$ defined by $d(. \iota\cdot, X)=\inf\{|\}\backslash \mathrm{D}-y|||y\in$

$X\}$ is a continuous exponentially defina$blefu$nction, $wh\mathrm{e}re||\cdot||$ denotes the stand$\mathrm{a}\mathit{1}^{\cdot}d$

norm of $\mathbb{R}^{n}$ .
(4) Let.f : $Xarrow Y$ be an exponentiall.$Y$ defina$blem\mathrm{a}p$ . If a subset $A$ of $X$ is
exponentiallv definable then so is.$f(A)_{i}$ and if $B\subset \mathrm{Y}$ is exponent.iall.$Y$ definable
then so is $f^{-1}(B)$ .

$(\overline{\mathrm{D}})$ Let $Z\subset \mathbb{R}^{l}$ be an exponentiallv defina$bl\mathrm{e}$ set and let.$f$ : $Xarrow \mathrm{Y}$ and $l_{l}$ :
$\mathrm{I}^{-}arrow Z$ be exponentiall$)’$ defina$ble$ maps. Then the composition $h\mathrm{o}.f$ : $Xarrow Z$

$\mathrm{i}..\sigma$

. also exponen $tiall_{\mathrm{J}}\cdot d\mathrm{e}$fina $bl\mathrm{e}$ . In particular for an $\mathrm{v}$ two polynomi$\mathrm{a}\mathit{1}f_{\mathrm{u}nCt},ions$

$f.g$ : $\mathbb{R}arrow \mathbb{R}$ . the function $h$ : $\mathbb{R}-\{.f=0\}arrow \mathbb{R}$ defined by $h(x)=e^{g(x)/f}(x)$ is
exponentiall.$\mathrm{v}$ definable.
(6) The set of exponen tiall.$v$ defina$bl\mathrm{e}$ functions on $Xfo\mathit{1}^{\cdot}ms$ a ring.
$(\overline{/})$ Ant$\cdot$ two disjoint closed exponentially defina $ble$ sets $X$ and $\mathrm{Y}\subset \mathbb{R}^{n}$ can be
separated $\mathrm{b}v$ a $co\mathrm{n}$ tinuous exponentially defina $blef\mathrm{u}$nction. $\square$

Let $U\subset \mathbb{R}^{n}$ and $l^{r}/\subset \mathbb{R}^{m}$ be open $\exp_{\mathrm{o}\mathrm{n}\mathrm{e}}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ definable sets. A $C^{r}(0\leq r\leq\omega)$

map.f : $Uarrow l/^{r}$ is called an exponentially $C^{r}$
‘ lVash $r$)$\tau ap$ if it is exponentially

definable. An exponentially $C^{r}$
’ Nash map $g:Uarrow V$ is called a7? $cxpo7?ej1$tially $C^{r}$

$\mathit{1}\backslash _{\mathit{0}^{\mathrm{q}}}^{\mathrm{v}}.lldi.f.f\epsilon on?orphi_{S}\prime n$ if there exists an exponentially $C^{r}\mathrm{N}\mathrm{a}s\mathrm{h}_{\ln}\partial \mathrm{p}h$ : $l^{\prime’}arrow U$

such that $g\mathrm{o}h=id$ and $h\mathrm{o}g=id$. Remark that the graph of an $e\mathrm{x}\mathrm{p}_{\mathrm{o}\mathrm{n}}e11\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}1\}’G^{\Gamma}$

Nash lnap may be defined by an $\mathrm{R}_{exp}$-formula with quantifiers.

Theorem 2.3 [14]. Let, $S_{1},$
$\ldots,$

$S_{k}\subset \mathbb{R}^{n}$ be exponen$ti$ally definabl$e$ sets. Then
there exists a finite family $2\mathrm{D}=\{\Gamma_{\alpha}^{d}\}$ of $su$ bsets of $\mathbb{R}^{n}sa,tisfying$ the following four
conditions:
(1) $\Gamma_{\alpha}^{d}$ are disjoint $\mathbb{R}$

i
$\eta=\bigcup_{\alpha,d}\mathrm{r}_{\alpha}^{d}$ and $S_{i}=\cup\{\Gamma_{\alpha}^{d}|\Gamma_{\alpha}^{d}\cap S_{i}\neq\emptyset\}$ for $1\leq i\leq k$ .

(2) Each $\Gamma_{\alpha}^{d}$ is an an$a\mathrm{J}\mathrm{v}tic$ cell of $dim$ension $d$ .
(3) $\overline{\Gamma_{\alpha}^{d}}-\mathrm{r}^{d}\alpha$ is a union of some $c$ells $\Gamma_{\beta}^{e}$ with $e<d$ .

(4) If $\Gamma_{\alpha}^{d},$
$\Gamma_{\beta}^{e}\in \mathfrak{U}\mathrm{I},$

$\Gamma_{\beta}^{e}\subset\overline{\Gamma_{\alpha}^{d}}-\Gamma^{d}\alpha$ then $(\Gamma_{\alpha’\beta}^{d}\Gamma^{e})$ satisfies VVhitney $\mathit{1}s$ conditions $(a)$

and $(b)$ at all points of $\Gamma_{\beta}^{e}$ . $\square$

Theorem 2.3 allows us to define the $d,ime7?sion$ of an exponentially definable set
$E$ by

$\dim E=\max$ { $\dim \mathrm{r}|\Gamma$ is an analytic submanifold contained in $E$ }.

$Exa,m_{P^{le}}\mathit{2}.\mathit{4}$ . (1) The $C^{\infty}$ function $\lambda$ : $\mathbb{R}arrow \mathbb{R}$ defined by

$\lambda(.\tau)=\{$

$0$ if $x\leq 0$

$e^{(1/x)}-$ if $x>0$

is an exponentially $C^{\infty}$ Nash map. This example shows $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ an exponentially
definable $C^{\infty}$ map is not $\mathrm{a}\mathrm{l}\backslash \mathrm{v}\mathrm{a}\mathrm{y}\mathrm{s}$ analytic. This phenomenon does not occur in the
usual Nash category. Notice that every $C^{\infty}$ Nash nlap is a $C^{\omega}$ Nash map.
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(2) The Zariski closure of the graph of t,he exponcnt,ial funct,ion c..r $l$) : $\mathbb{R}arrow \mathbb{R}$ ill
$\mathbb{R}^{2}$ is the whole space $\mathbb{R}^{2}$ . Hence the dimension of the graph of $exp$ is snlaller tllall
that of its Zariski closur$e$ .
(3) The continuous function $h:\mathbb{R}arrow \mathbb{R}$ defined by

$h(x)=\{$
$e^{x-n}$ if $n\leq x\leq n+1$

for $n\in 2\mathbb{Z}$ ,
$e^{n+2-x}$ if $n+1\leq x\leq n+2$

’

is not exponentially definable, but the restriction of $h$ on any bounded exponentially
definable set is exponentially definable. $\square$

$Defi,niti_{\mathit{0}},n\mathit{2}.\mathit{5}$ . Let $r$ be a non-negative integer, $\infty$ or $\omega$ .
(1) $A\uparrow?\epsilon xpo\uparrow \mathit{1}er\mathit{1}tiallyC^{r}$ Nash mani.fold $X$ of dimension $d$ is a $C^{r}$ nlanif(ld

a $\mathrm{c}\ln\dot{\mathrm{u}}\mathrm{t}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ a finite system of charts $\{\phi_{\mathrm{i}} : U_{i}arrow \mathbb{R}^{d}\}$ such that for each $\dot{\iota}$ and $j\phi_{i}(U_{i^{\cap}}$

$[^{\tau_{\dot{J}}}$ ) is an open $\mathrm{e}\mathrm{x}_{1^{)\mathrm{O}}}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}1_{\}^{l}}$
. definable subset of $\mathbb{R}^{d}$ and the nlap $\phi_{j}\circ\emptyset_{i}-1|\phi_{i}(U_{i}\cap$

$\iota_{j}^{\tau})$ : ($b_{f}.(L_{\dot{r}}^{\tau}\cap \mathrm{L}_{j}^{\Gamma})arrow\phi_{j}(U_{i}\cap U_{j})$ is an exponentially $C^{r}$ Nash diffeomorphism (an
exponentially Nash $\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{r}_{\mathrm{P}}\mathrm{h}\mathrm{i}_{\mathrm{S}}\mathrm{n}1$ if $r=0$ ). We call these atlas exponentially $C^{r}$

$\lrcorner\backslash ^{\vee}\mathit{0}.\backslash l\neg 7$ . Exponentially $C^{r}$ Nash manifolds with compatible atlases are identified. A
subset $I\mathrm{t}I$ of $X$ is called $e\mathrm{J}^{\cdot}pone7\mathit{1}tially$ de.$fi\uparrow,\mathrm{z}$able if every $\phi_{i}(U_{i}\cap M)$ is exponentially
definable.
(2) An exponentially definable subset $X$ of $\mathbb{R}^{n}$ is called a $d-di\uparrow?1$ensional exponen-
tially $C^{r}$ Nash snbmani.fold $\mathit{0}.f\mathbb{R}^{n}$ if for any $x\in X$ t,here exists an exponentially
$C^{r}$ Nash diffeolnorphisln $\phi$ from some open exponentiall$y$ definable $\mathrm{n}\mathrm{e}\mathrm{i}\mathrm{g}1_{1}\mathrm{b}$ orllood
[ $’\tau$ of the origin in $\mathbb{R}^{n}$ onto sonle open exponentially definable neighborhood $V$ of
.1 in $\mathbb{R}^{n}$ such that $\phi(0)=x,$ $\phi(\mathbb{R}^{d}\cap U)=X\cap V$ . Here $\mathbb{R}^{d}$ denotes $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ subset of
$\mathbb{R}^{n}$ those which the last $(\uparrow?-d)$ components are zero. An exponentially $C^{r}(r>0)$

Nash subnlanifold is of course an $\mathrm{e}\mathrm{x}_{1}$) $\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{U}\mathrm{y}C^{\prime r}$ Nash $111\mathrm{a}\mathrm{J}\mathrm{l}\mathrm{i}\mathrm{f}_{0}1\mathrm{d}[7]$ .
(3) Let $X$ (resp. Y) be an exponentially $C^{r}$ Nash manifold with exponentially $C^{1r}$

Nash atlas $\{\phi_{i} : U_{i}arrow \mathbb{R}^{n}\}_{i}$ (resp. $\{\psi_{j}$ : $V_{j}arrow \mathbb{R}^{m}\}_{j}$ ). A $C^{r}$ map.f : $Xarrow \mathrm{Y}$

is said to be an cxponentially $C^{r}$ Nash map if for any $i$ and $j\phi_{i}(.f^{-1}(V_{j})\cap U_{i})$ is
open and exponentially definable in $\mathbb{R}^{n}$ , and that the map $\psi_{j}\mathrm{o}f\circ\emptyset_{i}-1$ : $\phi_{i}(f^{-1}(V_{j})\cap$

$U_{i})arrow \mathbb{R}^{m}$ is an $e\mathrm{x}\mathrm{p}_{\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{a}1}1\mathrm{y}c^{r}$ Nash map.
(4) Let $X$ and $\iota^{J}-$ be exponentially $C^{\iota_{\Gamma}}$ Nash manifolds. We say that $X$ is $e.\iota$ :ponen-
tially $C^{r}$ Nash di.ffeomorphic to $\mathrm{Y}$ if one can find exponentially $C^{1r}$ Nash nlaps

$.f$ : $Xarrow l^{\Gamma}$ and $h:Yarrow X$ such that $f\mathrm{o}h=id$ and $h\mathrm{o}f=id$ .
(5) An exponentially $C^{r}$ Nash manifold is said to be $C^{r}$ a.$f$fine if it is exponentially
$C^{r}$ Nash diffeomorphic to some exponentially $C^{r}$ Nash submanifold of $\mathbb{R}^{l}$ . We
simply write a $f$fine instead of $C^{r}$ affine if $r=\omega$ .

Remark that any $C^{\infty}$ Nash manifold is a $C^{r\omega}$ Nash manifold, but there exists an
exponentially $c\infty$ Nash manifold which is not an exponentially $C^{\omega}$ Nash $\mathrm{m}\mathrm{a}\mathrm{J}\mathrm{l}\mathrm{i}\mathrm{f}_{0}1\mathrm{d}$

(See Example 2.4).

Definition 2.6. (1) A group $G$ is called an exponentially Nash $g?’ O?lp$ (resp. $\mathit{0}7$?

$\mathrm{c}\iota.f.f?’?\epsilon\epsilon.rp_{\mathit{0}}7?Cn\dagger iolly$ Nash $g_{\Gamma O\mathrm{t}l}p$ ) if $G$ is an exponentia.lly Nash $1\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{f}_{0}1\mathrm{d}$ (resp.
an affine exponentially Nash manifold) and that the $\mathrm{n}\mathrm{u}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}G\cross Garrow G$

and the inversion $Garrow G_{\dot{\mathrm{C}}}\iota Xe$ exponentially Nash maps.
(2) Let $G$ be an exponentially $\mathrm{N}\mathrm{a}s\mathrm{h}$ group. A representation of $G_{\mathrm{l}}’\mathrm{n}e$ans a group

$1_{1\mathrm{O}}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}_{\mathrm{S}\mathrm{m}}$ from $G$ to some $GL(\mathbb{R}^{n})$ which is an exponentially Nash map. We
use a representation as a $\mathrm{r}e$presentation space.
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Example 2.7. Subgroups

$\{exp(t)|t\in \mathbb{R}\}$ and $\{exp(t)|t\in \mathbb{R}\}$

of $GL_{2}(\mathbb{R})$ are exponentially Nash groups but not Nash ones.

Definition 2.8. Let $G$ be an exponentially Nash group and let $r$ be a non-negative
integer, $\infty$ or $\omega$ .
(1) An exponentially $C^{r}$ Nash submanifold in a representation of $G’$ is called $\mathrm{c}’,n$

$\epsilon.\iota\cdot po’?e\uparrow?ti\mathrm{c}lllyC^{r}$ Nash $G$ submani.fold if it is $G$ invariant.
(2) $Ar$? exponentially $C^{r}$ Nash $G,7$mani.fold is a pair (X, $\theta$ ) consisting of an ex-
ponentially $C^{r}$ Nash $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{f}_{0}1\mathrm{d}X$ and a group action $\theta$ of $G$ on $X$ , such that
$\theta$ : $G\cross Xarrow X$ is an exponentially $\dot{C}^{r}$ Nash map. For silnplic\

$\cdot$

ity of notation, we
write $X$ instead of (X, $\theta$ ). .
(3) Let $X$ and $l’$ be $\exp_{\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}1}\mathrm{a}1\mathrm{y}c^{r}$ Nash $G$ manifolds. An exponentially $C^{r}\mathrm{N}\mathrm{a}\mathrm{S}1_{1}$

nlap.f : $Xarrow l^{r}$ is called an $e_{\backslash }\tau p_{\mathit{0}\mathit{1}}’$ entiolly $C^{r}$ lVash $G^{1}$ map if it is a $C_{7}\mathrm{n}\mathrm{l}\mathrm{a}_{\mathrm{P}}$ . An
exponent,ially $C^{r}$ Nash $c111\mathrm{a}_{\mathrm{P}g}$ : $Xarrow Y$ is said to be an $e_{\backslash }\iota\cdot...l^{Jo}ne\uparrow?tiallyc^{r}$ Nash
$Gdi.f.f$ eomorphism if there exists an exponentially $C^{r}$ Nash $G$ map $l\iota$ : $Yarrow X$

such that $g\mathrm{o}h=id$ and $h\mathrm{o}g=id$ . .
(4) We say that an exponentially $C^{r}$ Nash $G1\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{f}_{0}1\mathrm{d}$ is $C^{r}a.f$fine if it is expo-
nentially $C^{r}$ Nash $G$ diffeomorphic to an exponentially $C^{r}$ Nash $C_{\tau}$ ublnallifold of
some representation of $G$ . If $r=\omega$ , then we simply write $a.f$ .fine instead of $C^{\gamma}$

affine.

We have the following implications on groups:

an algebraic $\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{p}\Rightarrow \mathrm{a}\mathrm{n}$ affine Nash $\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{p}\Rightarrow \mathrm{a}\mathrm{n}$ affine exponentially Nash group
$\Rightarrow$ an exponentially $\mathrm{N}\mathrm{a}\mathrm{s}\mathrm{l}_{1}$ group $\Rightarrow$ a Lie group.

Let $G$ be an algebraic group. Then we obtain the following implications on $G$

manifolds:

a nonsingular algebraic $G$ set $\Rightarrow$ an affine Nash $G$ manifold
$\Rightarrow$ an affine exponentially Nash $G$ manifold $\Rightarrow$ an exponentially
Nash $G$ manifold $\Rightarrow$ a $C^{\infty}G$ manifold.

Moreover, notice that a $\mathrm{N}\mathrm{a}s\mathrm{h}G$ manifold is not always an affine exponentially Nash
$G$ manifold.

In the equivariant exponentially $\mathrm{N}\mathrm{a}\mathrm{s}\mathrm{l}_{1}\mathrm{c}\mathrm{a}.\mathrm{t}\mathrm{e}.\mathrm{g}.\mathrm{o}\mathrm{r}\mathrm{y}.$’ the $\mathrm{e}.\mathrm{c}_{1}\mathrm{u}\mathrm{i}\mathrm{V}^{\cdot}\mathrm{d}$ riallt tubular
$\mathrm{n}..e$igh-

borhood result holds true [7].

Proposition 2.9 [7]. Let $G$ be a compact affine exponentially Nash group and
le$tX$ be an affine $e\mathrm{x}pone\mathrm{n}t,i\mathrm{a}ll\mathrm{y}N\mathrm{a}shG$ submanifold $possibl_{\dagger^{\gamma}}$. with bounda$ry$ in a
$r^{\supset}‘ pr\mathrm{e}$sentation $\Omega$ ofG. Then there exists an exponenti $\mathrm{a}Jl_{\mathrm{J}}$

, Nash $G$ tubular neighbor-
hood (U. $p$ ) of $X$ in $\Omega_{\mathit{1}}$. namel.y $U$ is an affine $exp_{\mathit{0}}nentiall_{\backslash }\gamma$ Nash $C\tau S1\iota bm\mathrm{a}nifold$ in
S2 and the $orth_{0^{\circ_{on}}}\partial l\circ\cdot$ projection $p:Uarrow X$ is an exponentially Nash $G$ map. $\square$

The following lemma is useful to prove the existence of nonaffine exponentially
Nash manifolds, which is a generalization of the usual $\mathrm{N}\mathrm{a}s\mathrm{h}$ case (I.2.2.15 [21]).
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Proposition 2.10 [7]. Le $t\Lambda I$ and 1V be $\mathrm{e}x_{l)}onen\mathrm{f}i\mathrm{a}ll_{1^{r}}$. Nash manifolds and let
$h$ : $\mathit{1}\mathrm{t}Iarrow N$ be a locall.$\mathrm{v}$ exponentially Nash ma$p$ . If $l\mathrm{V}$ is affine then $hi.\mathrm{s}$ an
exponentia$ll.\iota$

. Nash map. Here we say that $h$ is $loc\mathrm{a}\mathrm{J}l.\mathrm{v}$ exponentially $\Lambda^{T}\mathrm{a}sh$ if for
ant: $x\in \mathit{1}\lambda,I$ and.$f(x)\in \mathit{1}\mathrm{V}_{i}$ there exist $op$en $\mathrm{e}\mathrm{x}p_{o\mathrm{n}e}\mathrm{n}tiaJly$ defin$\mathrm{a},bl\mathrm{e}ne\mathrm{i}gl_{l}borl_{\mathit{1}O}odS$

$Uof.\tau$ in $\Lambda^{J}f$ and $Vof.f(x)$ in $N$ such that $f(U)\subset V\mathrm{a}nd.f|U$ : $Uarrow V$ is an
$\mathrm{e}\mathrm{x}\overline{p}_{\mathrm{o}nen}\mathrm{t}_{1\mathrm{i}\mathrm{a}}\mathit{1}lV$ Nash map. $\square$

$Definiti,on\mathit{2}.\mathit{1}\mathit{1}$ . Let $G$ be an exponentially Nash group and let $?$
’ be a llon-negative

integer, $\infty$ or $\omega$ .
(1) A $C^{r}G$ vector bundle $(E,p, X)$ of rank $k$ is said to be on exponentially $C^{r}$

Nash $G$ vector bundle if the following three conditions are satisfied:
(a) The total space $E$ and the base space $X$ a $r\mathrm{e}$ exponentially $C^{r}$ Nash $c_{\tau}$

manifolds.
(b) The projection $p$ is an exponentially $C^{r\gamma}$ Nash $G$ map.
(c) There exists a family of finitely many local trivializations { $U_{i},$ $\phi_{i}$ : $U_{i}\cross$

$\mathbb{R}^{k}arrow p^{-1}(U_{i})\}_{i}$ such that $\{U_{i}\}_{i}$ is an open exponentially definable
covering of $X$ and that for any $i$ and $j$ the map $\phi_{i}^{-1}0\phi j|(U_{i}\cap U_{j})\cross \mathbb{R}^{k}$ :
$(U_{i}\cap U_{j})\cross \mathbb{R}^{k}arrow(U_{i}\cap U_{j})\cross \mathbb{R}^{k}$ is an exponentially $C^{r}$ Nasll lnap.

We call these local trivializations exponentially $C^{r}$ Nash.
(2) Let $\eta=(E,p, X)$ (resp. $\zeta=(F,$ $q,$ $X)$ ) be an exponentially $C^{r}$ Nash $G$ vector
bundle of rank $n$ (resp. $\uparrow n$ ). Let $\{U_{i}, \phi_{i} : U_{i}\cross \mathbb{R}^{n}arrow p^{-1}(U_{i})\}_{i}$ (resp. { $\mathrm{f}_{j}^{r}/,$ $\psi_{j}$ :
$\iota_{;}^{r},’.\mathrm{x}\mathbb{R}^{m}arrow q^{-1}(\mathrm{T}_{j}^{r}\text{ノ})\}_{j})$ be exponentially $C^{r}$ Nash local trivializations of $?\mathfrak{j}$ (resp.
$(^{-})$ . A $C^{r}G$ vector bundle lnap.f : $?\mathfrak{j}arrow\zeta^{\mathrm{b}}$ is said to be an $e.rp_{\mathit{0}?}’$ elltially $C^{r}$ Nash
$G\mathrm{c}’\epsilon ct_{\mathit{0}\Gamma}$ bundle map if for any $i$ alud $j$ the nlap $(\psi_{j})^{-1}0.f\mathrm{o}\phi_{i}|(U_{i}\cap V_{j})\mathrm{x}\mathbb{R}^{n}$ :
$([T_{i}\cap l_{j}^{\mathit{1}}’)\mathrm{x}\mathbb{R}^{n}arrow(U_{t}\cap V_{j})\mathrm{x}\mathbb{R}^{m}$ is an exponentiall $yC^{\dot{\Gamma}}$ Nash lnap. A $C^{r}G$

section $\llcorner \mathrm{q}$ of $\eta$ is called exponentially $C^{r}$ Nash if each $\phi_{i}^{-1}\mathrm{o}s|U_{i}$ : $U_{i}arrow U_{i}\cross \mathbb{R}^{n}$

is exponentially $C^{r}$ Nash.
2

(3) Two exponentially $C^{r}$ Nash $G$ vector bundles $\eta$ and $\zeta$ a $r\mathrm{e}$ said to be exponen-
tially $C^{r}$ Nash $G$ vector bundle isomorphic if there exist exponentially $C^{\mathrm{r}}$ Nash $G$

$\mathrm{v}e$ctor bundle maps.$f$ : $\etaarrow\zeta$ and $h;\zetaarrow\eta$ such $\mathrm{t}1_{1\mathrm{a},\mathrm{t}}f\mathrm{o}h=id$ and $h\mathrm{o}f=id$ .

Recall universal $G$ vector bundles (cf. [5]).

$Defi,ni,t\uparrow_{\text{ノ}}on\mathit{2}.\mathit{1}\mathit{2}$ . Let $G’$ be a compact exponentially Nash group. Let $\Omega$ be an l1-
$\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}_{0}\mathrm{n}\mathrm{a}1$ representation of $G$ and $B$ the $\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{r}e\mathrm{s}e\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}11111\mathrm{a}_{1}\mathrm{J}Garrow GL_{n}(\mathbb{R})$ of
$\Omega$ . Suppose that $\mathrm{J}I(\Omega)$ denotes the vector space of $n\cross n- \mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{i}_{\mathrm{C}}\mathrm{e}\mathrm{S}$ with the action
$(g.A)\in G\cross\Lambda f(\Omega)arrow B(g)^{-1}AB(g)\in M(\Omega)$ . For any positive integer $k$ , we
define the vector bundle $\gamma(\Omega, k)=(E(\Omega, k),$ $u,$ $G(\Omega, k))$ as follows:

$G(\Omega, k)=\{A\in M(\Omega)|A^{2}--A, A=A’, TrA=k\}$ ,

$E(\Omega, k)=\{(A, v)\in G(\Omega, k,)\cross\Omega|Av=v\}$ ,

$u$ : $E(\Omega, k)arrow G(\Omega, k)$ : $u((A, v))=A$ ,

where $s4’$ denotes the transposed matrix of $A$ alld $\tau\Gamma A\mathrm{s}\mathrm{t}\mathrm{a}\iota \mathrm{l}\mathrm{d}\mathrm{S}$ for $\mathrm{t}1_{1}e\mathrm{t}r$a,ce of $A$ .
Then 7 $(\Omega. l\cdot)$ is an algebraic set. Since tlue action on $\gamma(\Omega, \mathrm{X}^{\wedge})$ is algebraic, it is an
algebraic $G$ vector $\mathrm{b}\iota \mathrm{l}\mathrm{n}\mathrm{d}\mathrm{l}e$ . We call it the universal $G$ vector bundlc $c\iota ssociated$

$?\iota’ ith\Omega a’?dk$ . Since $G(\Omega,$ $k\rangle$ and $E(\Omega, k)$ are nonsingular, $\gamma(\Omega, k)$ is a Nash $G$

vector bundle, hence it is an exponentially Nash one.
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$Defi,niti_{\mathit{0}},n\mathit{2}.\mathit{1}\mathit{3}$ . Let $G$ be a compact $\mathrm{e}\mathrm{x}\mathrm{p}\mathrm{o}11\mathrm{e}\mathrm{n}\mathrm{t},\mathrm{i}_{\mathrm{T}\mathrm{l}1}\mathrm{C}\mathrm{y}$ Nash group and let $X$ be an
exponentially $C^{r}$ Nash $G’$ manifold. An exponentially $C^{r}$ Nash $G$ vector bundle
$”=(E.p, X)$ of rank $k$ is said to be strongly $exp_{\mathit{0}}?\mathit{1}e?$ ? tially $C^{r}$ Nash if the base
$\mathrm{s}_{1^{)\mathrm{a}}}\mathrm{C}eX$ is $C^{r}$ affine and that there exist sonze represcntation S2 of $G$’ and $\mathrm{c}\gamma \mathrm{n}$

exponentially $C^{r}$ Nash $G$ lna.p.f : $Xarrow C\tau(\Omega, h\cdot)$ such tllat ?7 is exponentially
$C^{r}$ Nash $G$ vector bundle isomorphic to $f^{*}(\gamma(\Omega, k))$ . If $r=\omega$ , then strongly
exponentially $C^{r}$ Nash is abbreviated to strongly exponentially $\mathrm{N}\mathrm{a}\mathrm{s}\mathrm{l}_{1}$.

Let $G$ be a compact Nash group. Then we have the following implications on $G$

vecttor bundles over an affine Nash $G$ manifold:

a Nash $G$ vector bundle $\Rightarrow$ an exponentially Nash $G$ vector bundle $\Rightarrow \mathrm{a}$,

$c^{\omega}c_{\mathrm{v}e}$ctor bundle, and
a strongly Nash $G’$ vector bundle $\Rightarrow$ a strongly exponentially Nash $G$ vector

bundle $\Rightarrow$ an exponentially Nash $G$ vector bundle.

3. Sketch of proof.

Sketch of proof of Theorem (1) and (2). We now give a sketch of proof of (1).
Since $G$ and $X$ are colnpact, there exist a representation $\mathrm{t}l$ of $G$ and a $C^{\infty}G$ map
$.f$ : $Xarrow G(\Omega, k)$ such that $\eta$ is $C^{\infty}Gve$ctor bundle isomorphic to.$f^{*}(\gamma(\Omega, k))$ ,
$\backslash \mathrm{v}1_{1}\mathrm{e}\mathrm{r}el$. denotes the rank of $\eta$ . Averaging a polynolnial $\mathrm{a}_{\mathrm{P}}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}_{1}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of.f and by
Proposition 2.9. we have an exponentially $\mathrm{N}\mathrm{a}s\mathrm{h}G$ lllap $h$ : $Xarrow\gamma(\Omega, k)$ which
approxinlates.f. By [24], $\zeta:=h^{*}(\gamma(\Omega, k.))$ is the required one.

NVe now sketch the proof of (2). Let $\zeta_{1}\mathrm{c}T\mathrm{J}\mathrm{l}\mathrm{d}\zeta_{2}$ be two strongly $e\mathrm{x}\mathrm{p}_{\mathrm{o}\mathrm{n}\mathrm{e}}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}1,\mathrm{y}$

Nash $G$ vector bundles ov$e\mathrm{r}X$ . Then $Ho?n(\zeta_{1}, \zeta 2)$ is a strongly exponentially Nash
$G$ vect,or bundle. By the assumption, there exists an element $F$ in $Iso(\mathrm{t}^{k}1, \zeta 2)$ .
Approxinuating $F\mathrm{b}.\mathrm{Y}$ an exponentially Nash $G$ section of $Ho7?1(\mathrm{C}_{1}\cdot(‘ 2)$ , we have the
desired isomorphism because $Iso(\zeta 1, \zeta_{2})$ is open in $Ho?\gamma\tau(\zeta 1, \mathrm{t}^{k}2)$ . $\square$

We prepare the following result to prove Theorem (3).

Proposition 3.1 [7]. Let $G$ be a compact affine $ex\mathrm{p}_{\mathit{0}}nent,\mathrm{j}\mathrm{a}ll_{1’}.\cdot N$ash group and let
$\eta=(E. p, Y)$ be an exponentially Nash $G’$ vector $b$undle of $ranl\sigma k$ over an affine
$exp_{on\mathrm{e}n}tri\mathrm{a}\mathit{1}l\mathrm{J}$ ’ Nash $G$ manifold Y. Then $\eta$ is strongl.$\gamma$ exponentiall.$Y$ Nash if and
only if $E$ is affine. $\square$

Sketch of proof of Theorem (3). By Theorem (1) we $11\mathrm{l}\mathrm{a},\mathrm{y}$ assunle tha,t $\eta’$ is expo-
nentially Nash $G^{t}$ vector bundle. Since $X$ has a $0$-dimensional orbit $G(x)$ and by
Proposition 2.9, one can find an open $G\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{a}\mathcal{I}\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{x}\mathrm{p}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\rfloor \mathrm{l}\mathrm{y}$ definable neighbor-
hood $U$ of $G(x)$ such that

$\eta|U\mathrm{i}\mathrm{s}e\mathrm{x}\mathrm{p}_{0}\mathrm{n}e\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a},11\mathrm{y}--$
Nash $G$ vector bundle isolnorphic

to $U\cross---\mathrm{f}\mathrm{o}\mathrm{r}$ some $\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}_{\cup}}$. Using Proposition 2.9, we can construct three
open $G$ invariant exponentially definable subsets of $U$ which cover $U$ . We paste their
overlaps with a collection of exponentially Nash $G\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}_{\mathrm{S}\ln}\mathrm{s}$. By Proposi-
tion 2.10. we can show that the total space of the $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{i}$ exponentially Nash $G$

vector bundl$e\zeta’$ is nonaffine. Therefore we have (3) by Proposition 3.1. $\square$
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