goooboooobgon
10120 19970 70-73 70

On angular estimate of analytic functions
Mamoru Nunokawa (ffijl| 38, B¥EA%), Yong Chan Kim(Yeungnam University)
Akira Tkeda( i1 %, BEKTF), Naoya Koike (/N i, BEXP)
and Ota Yoshiaki ( iiﬂa' e, ﬁ%ﬁ)
Abstract

In this paper, we obtained the following result

jarg(z8'(2) ~ p(2))| > S(B+ ~Tan~(-4))

T
= - |argp(z)| < L

where 8 and p(z) satisfy the conditions of Theorem 1.

Introduction and Results.

If f(z) and g(z) are analytic in the unit disk E = {z : |z| < 1}, then f(z) is subordinate
to g(z), written f(z) < g(z), if g(2) is univalent in E, f(0) = g(0) and f(E) C g(E).
In this paper we need the following lemma.

' Lemma 1. Let p(z) be analytic in E, p(0) = 1, p(z) # 0 in E and suppose that there
exists a point zp € E such that

jarg(a)| < 28 for |2 <zl
and 7» |
largp(zo)| = 58

where 0 < 8.
Then we have

zop'(20) =i
P(20) =kf

where
k>1 when argp(z) = %ﬂ
and

k< -1 when argp(z)= —‘;iﬂ
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We owe this lemma to [2]. ‘
In [1], Miller and Mocanu proved the following theorem.

Theorem A. Let G, = 1.21872 +-+ be the solution of

fr = E‘lr —Tan™'p8

2
and let
' 2
a = a(f) = f+2Tan"tp
for 0 < B < fo. 7
If p(z) is analytic in E, with p(0) = 1, then
1+2z.,
pl) + 28/(2) < G2y
142 B
= p(2) =< (3)

or

Iafg(p(z) + zp'(z))l < %a E

' 1r
= largp(z)] < —2-ﬂ E.
Applying Theorem A, we can obtain many interesting results.

Corresponding Theorem A, we will obtain a result which is probably useful to obtain
some results for meromorphic functions.

Theorem 1. Let p(z) be analytic in E, p(0) =1, p(z) # 0 in E and suppose that
| ‘ T 2 _ .
jarg(z8/(z) ~ ()| > 2B+ 2Tan™(-p)) in B

where 0 < 3 and the branche of Tan~'(—f) is restricted in ¥ < Tan™!(-g) < .
Then we have o : :

,|argp(z)| < -gﬁ | for E.
Proof. If there exists a point zy € E such that
largp(z)| < 38 for |2l < |zl
and

largp(z0)| = 36,
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then from Lemma 1, we have

200(20) _ gy,

P(z0)
where
(1) k>1 when argp(z)= %ﬁ
and
(2) : k< ~1 when argp(zg) = —-;Eﬁ.

When argp(z,) = 2, then from (1), we have

oP'( Z0)
argp(z )( ( o) 1)

-2-ﬂ + arg(i8k — 1)
%ﬂ + Tan™Y(-pB)

T 2 _
16+ 2Tan"(8)

arg(zop'(20) — p(20))

N

and if arg p(z) = —2Z, then from (2), we also have

| zop/(20)
arg p(zo)(—~— 2(z0) -1)

—Eﬂ + arg(ifk ~ 1)

-3B —Tan™'(=p)

-2(6+ 2Tan"t(g)).

These contradict the assumption of the theorem and therefore this completes the proof.

Remark. It is trivial that 3(8 + 2T'an")(-6)) >w for 0 < 8.
Applying the same method as the proof of Theorem 1 and from Lemma 1, we can
generalize Theorem A as the following.

Theorem A’. Let p(z) be analytic in E, p(0) = 1, p(z) # 0 in E and suppose that

arg(zop'(20) — (0))

v

larg(p(2) + zp'(2))} < g—(ﬂ + ;Zr-Ta'n'lﬂ) in E

where 0 < .
Then we have

|argp(z)|<1r-,3 in E.
2
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