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1 Introduction
ASTIXR D preprint (ZE SN TENPNZHDTH 5!

T.Furuta, T.Yamazaki and M.Yanagida, Operator functions implying generalized
Furuta inequality, to appear in Mathematical Inequalities and Applications 1 (1998).

EAL RZER H EORRBRBAERARICOVWTEZD, UT, BI/ERARLMESEZ &
W23 B, FOHTHEIT positive RIEATIZONWTE X DM, I I TEMARE T 28 positive
Td B &% positive definite, BIH (Tz,z) >0forallz e H LEEL. T>0&K7, X
7=. T %S positive 7> invertible T#H 5 & &, T iL strictly positive THD LW T > 0
L FE3.- kD Theorem F 1354 72 Lowner-Heinz D EH: A > B > 0 ensures A* > B® for
any a € [0,1] DILFRTH 5,

Theorem F ([6]).
If A> B >0, then for eachr > 0,
()  (BiAPB)7 > (BiB"B)s

and
()  (A5APA3)T > (AFBPAS):
hold forp > 0 and ¢ > 1 with (1+r)g > p+r. 0, —7)

Figure

Theorem F @ (i) £721% (ii) i2BWVWTr =0 &< Z &12 & Y Lowner-Heinz D EE DB H
Hi5, Theorem F ORBIFERHIX [3][13] TEAX ON TRV, F7-[7] T 1 X—T DFERAN
SRENTWSD, Theorem F D/F A—% p g, r O&FHER LT=DB ERTH DD, &KL,
Z DFEIRIT best possible TH D Z LRI NT [14], 2L DHRELLLDE L - T,
Theorem F DISHIZS B E TICRD L 9 R4 RGE TR N TV D,

APPLICATIONS OF THEOREM F

(A) OPERATOR INEQUALITIES

(1) Characterizations of operators satisfying log A > log B
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- (2) Generalizations of Ando’s theorem
3) Other order preserving operator inequalities

(
(
(4) Applications to the relative operator entropy
(5) Applications to Ando-Hiai log majorization

(

6) Generalized Aluthge transformation
(B) NORM INEQUALITIES

(1) Several generalizations of Heinz-Kato theorem
(2) Generalizations of some theorems on norms
(3) An extension of Kosaki trace inequality and parallel results

(_C) OPERATOR EQUATIONS

(1) Generalizations of Pedersen-Takesaki theorem and related results

Theorem F ®O#:3E & LT [10] TR D Theorem G 2SHEIL S N7,

Theorem G ([10]). If A > B > 0 with A > 0, then for each t € [0,1] and p > 1,
Fpi(A, B,r,s) = AF{A3 (AT BPAT ) AT} o0mr AT
is decreasing for r > t and s > 1, and F,4(A, A,1,s8) 2> F,:(A,B,r,s), that is, for each
te[0,1] andp>1,
AT > (A5 (AT BPAT) A3} T

holds for any s > 1 and r > t.

Ando-Hiai[2] TIZ# ® log majorization ZB89 5 EEH & ki, Th & FUERIEART

ZXRELTRLEBIAENTVD:
IfA> B >0 with A> 0, then
| AT > {AF(ATBPAT ) AR}
holds for any p>1 and r > 1. |
Theorem G % Ando-Hiai IZ & 5 EDORER L Theorem F % interpolate 2 D TH Y,
T [4)[8][9] PRERDILETH D, &Kl [5] T Theorem G DRFEARE X b, £Tc
Theorem G 7% best possible T&H 2 Z & ARSI TN [15]

T B, Theorem G OHEIEE LT [11] TROFEEBIB SiL. £ O ELRFEHA
2 [12) TRE T,

Theorem H ([11]). Let A > B > 0 with A > 0. For each t € [0,1},¢g > 0 and p >
max{g, t}, : ‘ ' | :

GPaq,t(A7 B1 T, 3) = A%{A%(A:%BPA%)SA%}G?—T)%A—TT

is decreasing for r >t and s >'1.
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LA, Theorem F Z AW T Theorem 1 Z7~RL., & LT Theorem 1 *# AV T Theorem H
DILFE T D Theorem 2. F(Z Collorary 3 #7R9,

2 Results
Theorem F DS H & LT, IR® Theorem 1 355415,

Theorem 1. Let A and B be positive invertible operators satisfying
. 1 1, _Po
A > (A2BAz)=o+h  for fized ag > 0 and By > 0 with ag + [y > 0.
Then the following (i) and (ii) hold and they are mutually equivalent:
(i) For any fized 6 > —f3,
FOu) = AT (AE B AY) s 4%

is decreasing for > 1 and A > 1 such that apg) > 6.
(ii) For any fized 6 < ay,

FO, ) = A% (A% BA A% )7orther AT
is decreasing for A > 1 and p > 1 such that Gopu > —0.
Theorem 1 Z V5 Z &£1Z2X Y, Theorem H DILIE T HR D Theorem 2 BB SN 5,

Theorem 2. Let A> B > 0 with A > 0. For each t € [0, 1] andp > t, the following (i)
and (ii) hold and they are mutually equivalent:

(i) If ¢ > 0, then
Gradl A, Byrys) = A% {43 (A7 BrAT) U3} F9Fs T
is decreasing for v >t and s > 1 such that (p —t)s > q —t.
(i) If p > q, then
G4, B, 1,5) = AT { A3 (A% BPAT) 43 ) Tor g
is decreasing for s > 1 and r > max{t,t — q}.

positive invertible 72 {EFFE A, BIZ 2>\ T, logA > log BIZ L > TE® Bﬂ’b % ordef %
chaotic order & FETY, A > B £&¥ [4], chaotic order IZBE T 2RI [1][4] th TR E N

TW3,
Theorem 1 DS & LT, KR® chaotic order ? characterization 2548 5115,
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Corollary 3. The following assertions are mutually equivalent:

(i) A> B (i.e.,logA >logB).
(i) For any fized ¢ > 0,

Fy(p,v) = A7 (A2BPA%)rr AT

s decreasing forp > q and r > 0.
(iii) For any fized ¢ < 0,
Fy(p,r) = AT (A BPA%) - AT
1s decreasing forp > 0 and r > —q.

(i) & (i) P FHEBIRIE [4])9] TEEICR SN TV S

3 Proofs of results
ETROMEZHET D,
Lemma F (Furuta lemma[10]). Let A > 0 and B be an invertible operator. Then
(BAB*)* = BA*(A:B*BA?)*'A: B*
holds for any real number M.

Lemma 1. Let A and B be positive invertible operators satisfying
A> (A2BA )ao+ﬁo for fized ag > 0 and By > 0 with ag + By > 0. (3.1)
Then the following inequality holds:

A* > (A5 B*AS )aoA‘Q—+Bou forA>1and p> 1. (3.2)

Proof of Lemma 1. o =0D3%FE, BLNIXA>T LRV, FEOu > 1ITRLTA* > 1,
15 (3.2) BV LD, ap = 0DFA, 31) XTI > B&720, £EDA > 1ITHLT
I > B BIH(3.2) BV IO, koTa > 0,8 > 0 0BEAEEXITLL, (31)
Theorem F @ (ii) Z@HT 2 &

Bory 1473

At > {A (A 2BA? )“o+ﬂ0A }ri#r for any p; > 1 and r; > 0. (3.3)

(33) Tpy =2 > 1 L &

Altm > (A2(1+"1)BA2(1+“))ao+ﬁo+)§0'1 for any r; > 0. (3.4)



B4) Tu=1+r>1&B &

AF > (ASBA%) @ for p> 1
%% %, Lemma F £V (3.5) I

(B%A”B%)%—i%m_ﬂ >B forp>1

CLEETH D, (3.6)IZ Theorem F D (i) Z AT 5 &

{B%(B%A“B%)“g%iﬂB:}}Pl;:fz > BY"™ for any p; > 1 and ré > O.V
(3.7) Tpy =20t > 1 LS &
(BY(+72) gp Y1)y aticiiats > B for any 1y > 0.
(38) TA=14rm>1L8< &
(B3 4*B}) %57 > B> for A>1land pu> L.
Lemma F £ Y (3.9) 1%(3.2) L FHEZR DT, &> T Lemma 1 253EHA s,

Proof of Theorem 1.
Proof of (i). (i) {2V %4, ag, Bo, MZBEIT D RMEZHD THER L TR,

for any fixed § > —f(, and A > 1 such that agA > 4.

(a) Proof of the result that f(A, p) is decreasing for A > 1 such that aX > 6.
Theorem 1 D{XED* S Lemma 1 £V :

__Bor__
agA+Bop

A* > (A5 B A%) for A\ >1and p > 1.
(3.2) iIX Lemma F &£V _

(B} A*B3)5%5 > B* for A>1land u> 1
ERMETH B, (3.9) » 5 Lowner-Heinz DEH L Y

(B%ANB%)%—LC/\!;;M > BY for A>1,u>1 and any w such that A > w > 0.
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(3.5)

(3.6)

3.7)

(3.8)

(3.9)

(3.10)

(3:2)
9)

(3.11)

T I TN = (ASBAAR) s LEET B E f(\p) = AT VAT THY, o

S+Bgp
g(\) =(A% B*A%)0x+s0r
ao>\+ﬂou+aowr S+Bgu

= A%BAA% agA+Bou agA+Bgu+tagw
{( ) }
,={A’%B%(B%AuB%)—"—ao‘L‘SMB%A%}ﬁﬁ%W by Lemma F

A A __ S4Bor
>(A% B2 BYB? A% )= +hontaow
S+Bgp
=( A5 M A“%) aoOFw)thor

=g(A +w).
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TREED L Z AT FHE(3.10) LY SHRE— e [0,1] THDHZ A5, (3.11) & Lowner-
Heinz DEF L VLY LD, W R f( ) =ATgNATIHaA > 6THDH LI BA> 11
DWTHFABS TH 5. . ,
(b) Proof of the result that f(\, ) is decreasing for p > 1

Lemma F £V f(A pu)iZ

O = A*(A%B*ﬁ)c‘%%ﬁ
- = B3(B}A*BY)ahos B} (3.12)
EERTE Z); F72(3.2) » & Lowner-Heinz D EFE L Y | B
A > (A%B’\A%)ao_fi%o7 for A\> 1, > 1 and any v such that u > v > 0. (3.13)
Z ZTh(y) = (BXABY) 5o L EET S E(3.12) £ 9 (A ) = BXh(u)BF THY,
EJ

S—ag

h() =(B7 A*B) 7o+

A, 20X +BoptBov S—cgX

:{ (B 3 A*B?2 ) g i +BgH }a0>\+ﬁou+ﬁov

={B%A%(A B*A% )“0*+ﬁo#A : B2 }“0*+ﬁo#+ﬂov by Lemma F
>(B3 A% AV A B} ) 7o ssatoos
— (B3 AFTYBY) e eteter = R+ ).

TEBEDL Z AT, ##(3.10) £V 50— € [-1,0) THBHZ 3:751%\ (3.13) & Lowner-
Heinz DFEHE, RIZEHED inverse & & 5 2 LIZK VALY LD, WAIT f(A 1) = B2h(p)B?2
i > 1OV TERBDTH D, Lo T (1) BPIEFHI N,

Proof of (ii). (ii) {2381} 54, ag, Bo, plZ BT 252 WD THERR L TR,
for any fixed § < o and p > 1 such that 60“\?- —9. (3.14)
{R7E(3.1) i Lemma F & FZ D inverse & & 5 Z &2 &Y
B> (BT A™1B¥)%+% for fixed ap > 0 and f > O with ag + fp >0 (3.15)

LEMETH B 25, (3.15) ixHx ) £(3.1) LRLHE LTS Z LITERET %, 7 Lemma
FXY f(uix

fm) = AT (A% B*A%)sorthor A7

= (BY)R(B Y AYB (BT (316)
LERTEX S, (3.15),3.16) 00 (1) ZEATHZLI2L Y, FEOBEESNIZ—6 > —ag
(22T, f(A p) [ E5RH(3.14) DT TA > Ly > LIZOWTHRABD TH D, LT (i) 8
RSNz, (1) & (i) BRETHD 2 LIXZOEAP AL RO T, LAk XY Theorem
LIEEE s iz, | O
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Proof of Theorem 2. A, BiXinvertible T2 L{REL TELV, t = 0 DIFE X [8, Theorem
JIMOBEZITEINDEDT, LoTp>t>0DHEAEEZNITIW, '
Proof of (i). X = A3 BPAT 3<, T5 & X X positive invertible TH Y, KE A > B
XA > (AzXAz) LEXHBZIOND, hh=t€ (0,1],ap=p—-t>0&BELA>
(A2 X Az )°‘0+ﬁ0 & 720, Lowner-Heinz DEE N H

Bq

At > (A%XA%)“O'*‘ﬁO

DY AL, 7= ;U',BO = ut > t,5 =q-—t B, Eﬂ:f(g,u,) — (A2 X5A5 );E;_E;;A
LERT DL
Fls,u) = AF (AT XA otz o478
= AT {AS(AT BPAT ) A3 ) o0 AT
P,q;t (A7 B,r, 3)' (317)

g>0266> —FyTH2HDT Theorem 1 D (i) BEHTE T, f(s,u) 1Faps > TH D &
2725 > 1Lpu > LIZOWTHEFABD TH D, 2T Gpeu(4,B,r,s) i (p—1t)s>qg—t T
HDEIMRs>1,r >t ITOWTHEFBDTH Y. Lo T (i) BFEA S 7,
Proof of (ii). LLBEBRIZTHLE, &M p > q,r >t — g5 Theorem 1 @ (ii) D5
6 < ag, fopr > —6 ZWWi7F, Ko T Theorem 1 D (ii) & (3.17) &V G, q4(A, B, 1, 8) 1%
s > 1,r > max{t,t — ¢} TOWTHEEABD TH D, LoT (i) BEERHEI N, /2 () &
(ii) SEMETdH 2 Z & 1% Theorem 1 LV EHhh 3,

LA &K Y Theorem 2 iXFERA 72, O

Proof of Corollary 8. Y (3.18) iX [4][9] TRENTHRY, [I]| DRROILETH B,
A > B holds if and only if A” > (A3 BPA?)s+ for all p >0 and r > 0. (3.18)

(i) = (ii). (i) Z{RET B, (3.18) BH YLD T, Theorem 1 ® (1) £ Y. EEOEES
Nizg>0ic>NT ,

fh ) = AT (AT BPAT) A 4

EpA> ¢ THBEIRA> L,u > LIZOWTHABRLDTHY, B, £EOEEShE
¢ 2 0IOWT Fy(p,r) i p 2 q,r 2 0OV THEBD TH 5,
(i) = (iii). Theorem 1 ® (i) A2 Z 2ic &V, (i) = (i) L AEIC LCHEHTE 3,
(i) => (i). Fylp,r) Br > 0ICOVWTHABD TH D LEET D, ZOL &, £ED
p> 0,7 > 0122V T Fy(p,0) > Fo(p,r) BB I > AT (A5BPAS) AT, LoTA™ >
(AEBPAR) v MELY SLOM, Zhik(3.18) 1> A> B LRETH 5,
(iil) = (i). (il) = (i) & FRRIC LCHEBTE 3, | |

PLEE Y Corollary 3 1X5EBH S iz, o O
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