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FEHING XA — 7 2 FOBEBOFEEIZOWVWT

Ny - ALl s Ty
Mgig fZ ( Noriyuki Umetsu )

1 FX

7 3 [2] /< ® % "second singular support DHTD V DREFEHEIEIC o 72 wave front set
DIZHER [u % b, D EfETREFE & N7z microfunction & 5. FDL X,

2-sing suppy (u) N be = ¢, ?I¢ WF,v(u) = WF,v(u)N bo=¢.

22T by = ({(230,€") € V;a” —" 6 =t € (t > 0)} DG (= (3;0,6") € V) % &iriEi
BTy &35 #BEICL T EAIVYTG X — 51T T 5 second analytic wave front set @
ZEEH” 2iEHT 5.

Hox=s

oM % R" ORERL L BRI = (21,-+,2,) £T5. BB,2 = (21, ,24),2" =
(Tdg1y 5 Zn)y Y = (T2y,+++,2a), & = (T2, +,Tn) €T 5.

oXCCr% M OBEFRILE L, BEZw= (0, -, w,) = (21 + 1y1, -+, Tp + 1yn) =
z+iy ET5. w0 wY, ® X ELFERRICED 5.

oT*Mid M ORENY VBT, T" M =T"M\M

o T*M @ involutive submanifold V % V := {(z;édz) €T* M6, = & = --- = & = 0}
TEET 5.

0 " = (Eapr, -, 6n) ERMHET B,

on = (m,---,m) € R ELT, WT*M DR¥% (¢;8"ds";n'ds) TRT. n¥ =
(M2, ma) L35,

oTyT*M =Ty T* M\ V.

o Be(a,r) :={w € C;jlw—a| <} .

2 FBIZ# & Second analytic wave front set

Definition 2.1 (FBIE#) u(z) 22 v 2 b2 B2FOBEELTS. V ICHo 7z u
D 2FBI A Tou(z; \p) ERTEERT S ¢

T‘au(z7 A?N) = /u(:ﬂ) exp {—éQLL-(z/ — w’)2 _ %(zﬂ _ :1:”)2} d(l,'

UT,zeCn <‘:L,z'=(zl,---,zd),z":(zd“,---,zn)v &EB<.
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Remark 2.2 K(CC") B0 a Vv I VEGETH. 2D L X,
for e > 0,3C. > 0 s.t. k

|T3u(z; A 1) < C.exp {)‘T'uumz/'z + %llmz”lz + 6/\}
(A>0,0<pu<1,z€K)

Proof) K(D>D supp u) 72%Eﬁﬂﬁk?ﬁ%ﬁ‘&%%%%ﬂﬁﬁﬁﬁﬁﬁ K#%:9, Ko

T,
N .

u(z) = Z i(z 4 :1';0)

F;(w) € O(K +1T';(6)) j=1,---,N
& F; & 0K B ST X 5
CITC,Li(0) =T;n{y € Ryl <k =1,---,n}
E7% B & 9T u(z) DBEFUERR % BU, FHEK +iT,(8) \oxd L, FED I 47 ’Mmotob»a
B &% JICHLT,ERZ MV y €T;(8) 2 1 0BATEETS. $72,¢: K - [0,1]: C°
BE >0 L T,

b(z) =1, forze{zecK;lz—z|>p,z€ dK}
W(z) =0, forzedK

72T E LT, tp(z)y’ €T4(6) 5 AL T,
v = {(z +iy);z € K,y = ty(a)y’}.

+3&,

ITou(z; A p)| =

[ ) exe{ -t - o - "~}
= I/Ru(:c) exp {—-{\;(z' —z)? — %(z" - a:")z}

N

S FZ:I [yg Fj(w)exp {__A_Qﬁ(z/ _ w/)2 _ %(Z” . wll)2}
N A

< ) sup |Fj(w)| sup |exp {——(z —w')? - =(2" - w”)2}
ij=1 wE'yt wefyt 2

)dw| EBL. ZDEE weq T,
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X lexp {—-%%(Re 2 —2)YIm 2 - y) + %2i(Re 2 — 2")(Im 2" — y")}‘

IA

A ! " A ! A
exp {21t = + 3m oxp {2200+ 2l )+ 5P + 20 )}

IA

exp

A
Sl + 2yt =) }

IZ + §|Im ZII|2
‘|

2 Il|2

A
-ﬁllm 2P+ §|Im z”|2} exp

= ‘exp{)‘uﬂm 2’

(3
exp {3 @t(a)ly im 21+ (507l )
{

2,282
exp A(tn&llmzl—l—tnz& )}

+§|Imz

¥/2,5=1,---,N ZHL T,
sup |Fj(w)] = *M(2)

wE’Yf _
hil < M <+4oo (t€{tity(a)y’ €T;(é)})
DT,
lT?/u(Z‘/\)l
A\ 20,262
< ZMM exp{-);z—”llm 22+ IIm z”|2}exp{/\ (thIIm z| + 1125 )}
_7—1
' Ap n2 A //2>
< ZMM(t) exp ——|Imz| +§|Imz |* 4+ t(AC + B)A
J=1
! ’\:u 72 A "2
= NM'M(t) exp 7|Imz| +—2-|Imzl +t(AC + B)A ;.
ZZT A—nJB—ﬂC—su Imzl &F5. 20L& t< S _xBtRin
) - ’ - 9 ) _zelg . k ) AC+B
W, Teu(z;\) OFFHN%Z1E 5. @]

Definition 2.3 (Second analytic wave front set) u(z) ¥ I %7 M e BEFOHEK
BeL,p= ( §" dz";n' 8(‘2’) eTyT" M £¥5.

: DEE,PEWFy(u) &1,
L 3e3r3, > 0,370, po]— R AR s.t.

A A
Ty u(z; A; p)| < exp {—;illm 2P+ 3 tm 2" - 6#/\}
(zl . <;I -‘7, 7;!) Z” _ (woll —l 5;/)

fnglg* M DEFEEWEFLy(u) &, V iZ# 272 u D second analytic wave front set &
MHIN 5. ,

<rA> f(u))

<r,
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3 1FBI/SS X — 42 #EO>BHBNIEEN
S IR ERINS A — 5 R HOBEROE FBI EROFE &7 ZHEBREME S 7
WE 2T, EREEHET 5.

Proposition 3.1 u(z) £ IV /52 e Bk HEOBERLTE. 20L&, u T DB
Tz #ERIST A — 5 XHO LT, ReWlTIEDK 6, R ¥ HFET S !
for Y¢>0,3C. >0 s.t. :

A
|TZu(z; A )| < Ce exp {%’illm 22+ Ellm 22+ 5/\}

(|Im 2| < 4,|Im 2| < R, |Re z— T|<86A>0,0<p<1)
T, 2V = (29, ,2),2=(2Y,2") £T B,
Proof) p > 0 23 L —#&IZ,

Q) := {z; € Rj |z~ T | < p}
Q,:={FecR"Y|z;—z;|<p, ] =2,---,n}
Q= {z e R |z~ a?j |<p, = 1,---,n}
U, :={w; € C;lur— o | < p}

LB, u(z) B S OFEMET oy FERINT A~ 5 IKHODT, KEMLTEOK p B
%
30wy, &) € BO(UL, x R*1) s.t.

supp @ C U3, X le,,
u(z) = 4w, i)l{lm w1 =0} on {,.
DL X,
i(z) = xay(21) X (@(w1, #)l{im wi=0})
= xay(z1) x 4(z)

LEDD. EEROMAF LD,

{ supp &t C Q,

u=14 on 2,
ThbHIEIEE Tia(z; p) RFHEL & 5.

Ty a(z; A p)

= /R exp {—i\Zﬁ(zl - wl)z} xay (1)
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X /n @(zy1, %) exp -—)‘—(z -z )2_ %(z” —2")? % d# | dz;
( {
= /Rexp {-—— (z1 — 1) }ng(ml

< [(/R_ a(wy, 3 {———(z _ vy —;—(z” _ :1:")2} da”c)

DL E,

} d.’l:l
{Im w;=0}

v(wy, 25 A; 1) :=f

n—1

@(wy, ) exp {—/\Tﬂ(zv —zV)? - %(z" - m")z} dz
EBL. v DFERARZ P VEFHET 5 &,SS(v) =¢ &% 5. U
v(wi, 5\ ) € O(UL, x C"! x C x C)
ZDT,
A
Téi(z; M\ p) = /9,1, exp {-——Qﬁ(zl - x1)2} v(z1, 2 A p)dzy

Cauchy D53 & h ,
;?1+P

= /, exp {—%H-(zl - w1)2} v(wy, Z; A; p)dw,

z1-p
Stepl F3,w € U TD v(wy, 25X p) OFHEI% 52 5.0(wy, &) RO & ) LIFFE
EREDD !
¥['y,+--,YIxy CR™ 1 : open convex cones s.t. Int(F9) U - - - U Int(['y,) = R*!
XL T, 36 > 0,3F(w) € O(U}, x Qg +iT%(8)) (k=1,---,N) st

w(wy, ) Z Fi(wy, & + iT'x0)

k=1

T, Th(@) =Ten{g € R Yly;| < 8,5 = 2,---,n} TH5B. &5, F(w) i&
| U2p X (Qz,,\fz ) DEEE CEANCOU S, EBRIZ, v 2FHEL TH 5.
k=177

ooz = 3 [, Fton e {2 - w0y __(z", '} da

CZT,yf RRDE I LEFHETHS L HRICHL T, B2 MV gk € Ti(d) ;:_»1033/\,
TEET S, £72, 900y, [0,1]: CO B %

Y(E)=1, forze Q,
() =0, for & € 693

R T LIS 0T, ()7 € Tu(6) 5B t IKHLT

V= {5+ ig)i & € Dg, i = t9(2)3)
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EBL.THE,
A Aozl e
Lk Fi(w)exp {_T(ZV —w¥)? — E(z —w 2} dwl :

exp {_’\T/I’(zv _wV)Z —%(z”—w" 2} .

< Iy sup | Fu(w)] x sup

BEY] BEVF
T v = [plldw| &8 . Remark 2.2 ® T{‘}'u(z; X p) OFFHMOFER LRI L T,

A A
< pffexp {24t = + Jii 22 sup |Fuw)

wevk

X sup exp {i(tz(n —1)28% + 2¢(n — 1)4|Im 2]}
wEVF 2

C@& %,wl GU; 720)'6‘

sup sup |Fi(wy, w)| < sup |Fi(w)| = E’M(t)

w1 €U} we~fF (wr,0)EU} X~k

7z, tp(2)g* € Th(6) BB ITHL T, |75 < 3M' < 400 ZDT, 5357 S

. 1y e t(n —1)%8? . .
K(cCHixL T, A=(n-1)§,B= — C=sup|lmzl LB &,
zeK

|o(wy, 2 A; )|
/ )\/J, vi2 A 72
< NM'M(t) exp —2—|Imz } +—2—|Imz |+ t(AC + B)A

Lz oT, K %# C OffBEoa vy s VERL TR L,
for Y¢>0,7C.>0 s.t.

A A
o(un, 523 )| < Cuenp {2t 2 + Jilm 2 + 3}
(wi €ULZ€ K,A>0,0<pu<])

Step 2 TZii(z;A;p) D&M

o
T1+p

A
Teu(z; M p) = ﬁ exp {——;—(zl - wl)z} v(wy, Z; A5 p)dw, .

r1—p

€ {aifRezi- | < Lflmal < £} CHELTHD. 3i4p & & —p RHSHAI
oy, EL,RDEICES Q) —[0,1]: C° B%E

o(z;) =1, forz € Q%p
o(z1) =0, for z, € 0N}
TR T

Yo o= {(21 +in); 21 € QL 11 = @(21) Im 21}
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THE

| T2 t(z; A )| < |7zl|wsup [v(wy, 2 A5 p)| sup

Vzq w1 €7z,

exp {—A?u(zl w1)2} |

’CTJ%J=/ WMJ&B(.C@&éﬁheﬂgfﬁﬂh=hu1&®T
Yz

A A
%(Re 2 —x)2+ —:—(Im 2 —11) <0

i f:, T € Q;\Ql%p 'C""i, I.'I?l— .’Igl | Z %p 7:('0)'6‘,

A | A A A 2
ﬂ(Re 2z —x1) + —;—(Im z1—1y)? < --—2& (Z) + 2 <£> =0

L7255 C, %% C' >0 3L T,

(T2 X )] < €' sup [o(ws, 5 A; )

w1 G‘Yzl

Yo CU DT Step 1 L VEED € > 013 T, K&W7227 C/ >0 8 HFET S !
2~ ' Ap viz L A "2
|Tya(z; A5 p)| < Ce' exp —2—|Im 2V° + §|Im 2'F 4+ e

((|Im 2| < %,IRe él— 3:1| < %,2 € I;’,{\ >0,0<p< 1)

Step 3 T@(u— @)z A1) DFE

u—u—u&T%tuﬁﬂ/h7F& RROBENKT,Q, LT0TH5. u(z) DER
fERR% |

i(z) = 3. Gi(w), Gj(w) € OR™+iT;0)
Ll

A
TWWMw)=.Lﬁ@k@{~§w—ff—gf—f¥}m

N
= > [ Gj(w)exp {—,\—u(z' —w')? — -)2-\-(2" - w”)z} dw
T, RSB AT 36( >0) LT,

. . v
¥ ={w € C*|w—z| < &,z € supp &,y € T';}
ELBH. . T5HE,

N
IT3i(z 5| < 3o b sup 165 0)] sup

wey! wey!

e@{4%@-w)-gw_wy}
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T, |7J'|=Lj1|dw| LB IDEE,

’\.“ ’ N2 ’\ " m2

Re {——2 (z' —w') —2(z —w")
A ’ N2 ' n2 A " "2 " "2
=5 {(Im 2’ — y')* — (Re 2 —x)}+§{(1mz —y")* — (Re 2" — 2")*}

THH,IR, > 0,p—26 > 3 > 0L T, |[Imz| < p,|Im2¥| < Ry, [Re 2/— 2’ | < &,
T,

(Im 2’ — y')® — (Re 2’ — z')?

(Im z; — y1)* 4 (Im 2¥ — y¥)? — (Re 2’ — z')?

< (Hm zi| + g ))* + (Im 2¥] + |y7])* — (Re 2’ — &')?

< (P + ) + (JIm 2¥]* + 2Ri8: + 8) — (p — 261)°

= |Im 2Y]2 4+ p" + 6:(20" + 2Ry + 26,) — (p — 26,)?
5 ) FL g,

< |Im 2V|?

FEARIC L T, [Im 2”| < Rg,|Re 2"— 2" | < 8, T
(Im z// _ y//)z _ (Re zn _ .’l:")2 S IIm ZII|2

L7:4%5C, min{Ry, Ry} = R,min{p, 8,8} = & & ThiE, K WLT C > 0 #5% 1
¥5: |

lT&a(z; /\;,u)l =C exp {/\Tﬂﬂm 2V + %|Im z"|2}
(JIm z1| < &,|Im 3| < R,|Re z2— z | < 6", A> 0,0 < pp < 1)
#i, min {§,2} =6 & L, K # BH PO,
ITou(z A )l < |T9a(z A p)| + 1T a(z; A p)l
< {C +C.exp(e)}exp {%Ilm 2V[* + -:2\-|Im z"|2}

IN

(C +C,)exp {%ﬁllm 22+ %|Im 2")% + 5)\}

(Jlm z,| < 6,]Im 2| < R,|Re z— 2 | < §,A > 0,0 < pu < 1)

0O

Theorem 3.2 (Hadamard ND=MFE) &K f(w) ¥ o1 <|w|<p (0< p1 <py) T
ERIZ & %‘, p1<r<p2 b:;“j’t'(,

M(r) = sup |f(w)|

fwl=r
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E¥iud, log M(r) it log r DMBKTHS. Tabb,
pr <M <r<ry<p BbHiE,

log r; —log r log r —log m

log M(r) <

log M(r1) + log M(rs) |

log r2 —log ™ log 7 —log

BE YLD,

Lemma 3.3 D = {z =z+iy € C;z + (3?;—5)2 < 1} &L, f(z) D OEHETERS
n7-EERIEEE $5.

A = suplF(z)]
zeD
B =  sup |f(z)l

—4/5<z<4/5

LB L ROFMEES

|f(z +iy)| < VAB (<§_\%—/E>z + (—\/%/3)2 < 1)

Proof) z=z(w)=§(w+$) EBEE 1< w| <2 TH, 2 KBS [-1,1], E#l

3

3, 4 "4
-2i, 5] OHFRE 3, ] & CYBAL B OEBL. Flw) = f((w)) EBLE,

limsup |F(w)| < A

|w|—2

limsup |F(w)| < B
Jwl—1

ZOT, =ZMHEBRIZLD,

|F(w)| < VAB (1< |w|<V?)

f(e+iy)| < VAB ((W)+(—\/-g/—5)§1)
xi%5. 0

&L:,

Theorem 3.4 (ERI/¥Z X —2(ZB3T % second analytic wave front set D{ZIEEE)
p= (w £ da", (o,nv) 586—,) €TyT* M, I (CR) it%, #&tBRKMET, u iz 87 b

hEPHOBERE TS L & p¢ WEFZ2y,(u) 2 u % I X (3 DEM ) T 2, 2 EASS
A—F RO BT,

{(ous & ao (o) g )i € 1} Wz () = 6

AR
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~ Proof) z; * EUGHRM J T
J x {(%, £ do", ( OV) aaé,)} NWE,y(u) =

EhBbODBANHETEOT, F0% J, £+5. Jo=1 2 REEL V. Jo= ]o, 4]
LBV, ol [REKEENsET DL,

( % € da ( )aaé)GWFQV(u)

(ﬂ,:oi; g” dz"; (0, 17°V> 865’) € WF2 v(u)

BT,
(ﬁ,%; ¢" da"; (0,7") 6‘2) € WF2y(u)

EUT, WEEREAT 5. |
w B Ix (3 OFEE) T oy ¥ ERVIT X — S ICHEO LV IREL ), K e 72T EOK S, R

BHELETS (for YL> 0,3Cr >0 st

. A A
[T2u(z; \; p)| < Ceexp {—;-Ilm 2V + Ellm 2|2+ s)\}

(IIm 21| < 28, |Im 3| < R, |Re z — (B, )] < 261, A > 0,0 < pp < 1)

7\ 2 : 2
Dk 5 { (B’—e—z;—ﬂ) + (In;le> S 1,,8’ = /B— gp} ﬁf{zl; |Im le < 2(51,
5

|Rezi—f| <26} K&EENB LT (>0) R BRE, s € [,3'— %p,ﬁ'+%p] LT,

s € Jo tﬁo)f‘,
3,%; £" dz”; (0777 ) 85') ¢ WF, v(u)

> 3¢,,36,,% 0, > 0,7 f, 1 10, pos[— R : BABE  s.t.

A
|T2u(z; A; p)| < exp {%Hm 22+ —2-|Im P esu)\}

(|z1 | < 26,,|(2¥, ") — ((wvw> i (n"V,g"")) < 26, fu(4) < A)
| 4 47 ..

ZDEE, {Be(s,8)eeip-toprtn ERBE, [ﬂ' —zp B+ gp] WAL NT P RDT, H
KE%K&J\&E BC(317651)7' : aBC('SN)(SsN) “C‘%ﬁ%ﬁa 0)'(;,

min{ds,, -+ ,0sy} = b2
min{e,,, -+ ,Esx} =€
min{gos, - Hosy } = Mo
;max f,, (k) = f(u)
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r¥ak,

A
[T3ulis )] < exp { 2elim 27+ Jltm 17 - o

(zv,z") — ((mov,a:") -1 (7;",5”))’ < 26, f(p) < /\)

\ |
@5(21; s ) = exp {—%IIm 2P - %Ilm 2"|2} Tou(z; X; 1)

(21 € [ﬂ’ - f;'P, B '+ %P]a

<‘2\I’ )) %) @i‘%if,mm {61,52} = 6 tTZ) :‘:,
|9:(21; A; )] < exp {i\g-llm z]* — 5;4)\}

(2Y,2") — ((xov,wo”) —1 (nov,fo”))l <26, f(p) < A)

|®:(21; A; )| < Crexp(LA)

| 4 4
(Zl € [ﬁ' — P B+ gﬂ],
A

o

(Im 24| < 26,|Im 2| < R, |Re z — (8,%)] < 26,A > 0,0 < u < 1)
ZZTC,Lemma 3.3 % & [0’ —p,0 +p] , E# [0 — 2pi, 0 + 2pi] OB HEH TS L,

L
[@s(215 A )| < /Crexp (£ (1)

| e z1=p"\2 mz )2 " v A o :
()’ + () < 1162 - ((+8) =i (767)) 1 < 26, ) < )
L3EELRNT, L=12ep £BLE,

. 3 ’
(1) DAL = /Ciey €xp (—-S—Eu/\)

41
9(p) = g;log Ciey

B L, g(p) RBALBETHY, A>g(u) T

ZnDL X,

C%w exp (—geu)\) < exp (—zll-eu)\)

U785 T, f(u) = max {f(n),g(n)}, ¢’ = e £ B &,
2 Ap viz , A "2 '
[Tyu(z; A p)l < expy Z-[lm 2¥[* + ZIm 2"|? — &'u

< exp {z—lﬂlm 22+ :2\-|Im 22 — e'p/\}

()" + ()" < e = () = () < 20700 <)
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