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Stability for delay-differential equations
with N delays

© O RBREFALR L PG 4EKER (Shintaro Nishihira)
Consider the delay-differential equations

N :
.’L"(t) :Z E(txi)7 | (DDE)
. i=1
where F; € C(R* x C"“(H),R),iR+ = [0,00), ¢; > 0, H >0, C%H) ={p € C%:
6|l < H}, C% = {¢: [-¢:,0] — R : continuous} and z(s) = z(t+s) for s € [~¢;, 0].
We suppose that ¢ < g2 < -+ < gn.

Definition 1 (Yorke condition) We say that o continuous function F € C(R" x
CI(H), R) satisfies a Yorke condition for ¢ > 0, if there exists a > 0 such that

—aM,(¢) < F(t.¢) < adl,(~9),
for allt > 0 and ¢ € CI(H), where A\fq(qb) = max{0, supe(_q.g) o(s)}.

For a continuous function F' € C(R*xC?(H), R), there exists a continuous function
a € C(R", R") such that "

(C1) ~a(t) M, () < F(t,0) < a(t)M,(~0),

for all t > 0 and ¢ € CY(H).
For a continuous function F' € C(RTxCY(H), R), there exists a continuous function
a € C(R', R") such that

(C2) —a(t) sup ¢(s) < F(t,¢) <af(t) sup (—¢(s)),

Se[—Q:O] SE[—(],O]

for all t > 0 and ¢ € C/(H). '
Remark. If a continuous function FF € C(R" x CI(H), R) satisfies one of the
above conditions, then F'(t,0) = 0 for all ¢ > 0.

Theorem 1 Suppose that fori=1,--- | N, F; satisfies a Yorke condition for ¢; > 0.
(1) If one of the following conditions is satisfied,

: 1
1) A< —,
(1) -

. 1 1 1 =k ) 3 .
(i1) <A< — and———Zai(Aq,;—l) +A< - fork=1,---,N—1,
qN—k+1 qN—k 2A 2

=1
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1 3
i) A>— and A < <,
(111) 4 ” and A < o,

then the zero solution of (DDE) is uniformly stable.
(2) If one of the following conditions is satisfied,

1
1) A< —,
& an
(11) ! <A(< ! )anlez_kaM 1)2+A<3f0kv1 L, N-1
Py i\ — o rTrR=1,--+, - 4
AN-k+1 ANk 2A E 2
' 1 3
i) A>— and A < =,
(1) q1 5
then lim z(t; to, @) exists f0r any to > 0 and ¢ € CIN(He 24M),

]\T

where A=Y "«; and A = z:cyzq2

=1 i=1

Theorem 2 Suppose that for ¢ = 1,--- N, F; satisfies a condition (C1) for g > 0,
that is, there exists a continuous functzon a; € C(R", R") such that

—ai(t)]\'[qi(qb) < Fi(tv ¢) < ai(t)*/‘/[ql’(_¢)7

for allt > 0 and ¢ € C%(H). Moreover we suppose that for i =1,--- , N, there exist
a; > 0 and a continuous function a € C(RY. R™) such that a;(t) < a;a(t) for allt > 0.
(1) If the following condition is satisfied,

Z

1 -1

3
i(AX — 1)7 <5
) a; (AN — 1) —I—A_2

[N]

=1

then the zero solution of (DDE) is uniformly stable.
(2) If the following condition is satisfied,

P4

1 -1
— Oli(A/\i — 1)2+ A< g,
1

[N

7

then lim x(t' to, @) exists for any to > 0 and ¢ € CIN(He 24%),

t+q;

where A = ZO‘“ A= Zal)\ and \; = sup a(s)ds.

t>0
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Corollary 1 Suppose that the conditions in Theorem 2 are satisfied. If the following
conditions are satisfied:
. N .
3
w>1land A= Zai)\.,; < 37

1=1

t+q
then the zero solution of (DDE) is uniformly stable, where p = 1nf/ A A(s)ds and

=

4 a;i(t)

Remark. In the case of N =1 in Corollary 1, it is the same as the 3/2 Stabzlzty
Theorem proved by [2]. ,

Theorem 3 Suppose that for i = 1,---, N, F; satisfies a condition (C2) for ¢; > 0,
that is, there ezist a; € C(R*, RY) such that

—a;(t) sup ¢(s) < F(f ¢) < a;(t) sup (—¢(s))
SE[_Qi:O] . [_qz 0]
for. allt > 0 and ¢ € C%(H). Moreover we suppose that for i =1,--- N, there exist
a; > 0 and a continuous function a € C(R*, R™) such that a;(t) < oya(t) for allt > 0.
If the following conditions are satisfied,

1N—1 3 00
- (AN D2+ A< = d / A(t)dt = oo,
QAZQ( ) / 5 an A (t) 00,

=1

then the zero solution of (DDE) is asymptotzcally stable, where A = Z a;, At) = Z a;(t),
i=1 i=1
t+‘11
A= Zai/\ and \; = sup a(s)ds.

i—1 >0 Jt

- Theorem 4 Suppose that for i = 1,---, N, F; satisfies a condition (C1) for ¢; > 0,
that is, there ezist a; € C(R™, RY) such that

—a;(t) My, (¢) < Fi(t, ¢) < ai(t) My, (=),

for allt > 0 and ¢ € C%(H). Moreover we suppose that for for i = 1,---, N, there
ezist a; > 0 and a continous function a € C(RY, RY) such that a;(t) < aza(t) for all
t > 0 and that for all sequences {t,} / oo and ¢, € C%(H) converging to a nonzero
constant function in C%(H), SN, Fi(t,, ¢,) does not converge to 0. If the following
conditions are satisfied,

1 N-1 ) 3 t+q1
(AN — 1)+ A< - and p=inf A(s)ds > 0,

2A pert 2 t>0 J;
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N
then the zero solution of (DDE) is uniformly asymptotically stable, where A = Z o;,
Ci=1

t+q;
Zal , A= Zaz/\ and X = sup/ ! a(s)ds.

i=1 t>0

Theorem 5 Suppose that for i = 1,---, N, F; satisfies a condition (C2) for ¢; > 0,
that s, there exist a; € C(R+ R") such that

~ai(t) sup ¢(s) < Fi(t, ) < ai(t) sup (—9(s)),
o a0l [~g:,0]
for allt > 0 and ¢ € C%(H). Moreover we suppose that fori =1,--- N, there exist
a; > 0 and a continous function a € C(R*, R") such that a;(t) < aya(t) for all t > 0.
If the following conditions are satisﬁed
1 N-1 . 3 t+ ¢11
Z AN —1)? A<§ and ,u,—mf/ d8>0

1=1

‘\7
then the zero solution of (DDE) is uniformly asymptotically stable, where A = Z v,
i=1
t+q
Zal , A= ZO‘V\ and \; = sup a(s)ds.

et >0

Above theorems are proved by the following two lemmas. Give the proof of two
lemmas.

Lemma 1 For somet, > 0, let z(t) be a solution of (DDE) on [t1 — qn, t1] such that
|z(t)| > 0 for allt € (t1 — qn, 1), then

.’If(tl)l',(tl) S 0

Proof. If z(t) > 0 for all ¢ € (t; — g, t1), then Fi(t1,2¢,) < a;(t)M,,(—=,) = 0 for
1=1,---,N. Therefore

tl,.’li'tl) S 0.

‘MZ

I

nyt1), then Fi(ty, zy) > —a;(t)M,,(zy,) = 0 for

Similarly, if z(t) < 0 for all t € (¢; —
t1) S , 50 this lemma is proved.

i=1,---,N, and hence z(t;)z'(

Lemma 2 Suppose that the conditions in Theorem 2 are satisfied. Let x(t) be a solu-
tion of (DDE) on [t; — gn, t1] such that T > t; + qn and z(t,) =0, then

[z(t) <0 sup  |z(s)]

SE[tl—QqN,h]
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3 1= s . 1
for all t € [t,T], where # = max {l - (; - A) W3 Z’(vl,;(A/\,; — 12 +A- 5} and

o e =
p= %1215 t A(s)ds. |
Proof. Suppose not. Let 7o = SUpPgepy, —2qy.4) 12(5)], ta = inf{t > t1;|2(t)] > Oro}
and ty = sup{t < t3;z(t) = 0}. Then |z(t3)| = Or¢ and |z(t)| > 0 for all t € (f2,13).
We suppose that z(t) > 0 for all ¢ € (¢, 3], since the proof is similar in the other case.
Then from the definition of ¢3, there exists ¢4 > t3 such that z'(t4) > 0, z(¢) > 0 for all

te (tg, t'4] and

(ts) = sup a(s). 1)
_ s€{ts,t4] : :
It follows from Lemma3.1 that
ty <to+gqn . (2)
It is easy to see that
w(ty) 260 sup lz(t4)]. (3)

, : s€[t1—2q.n 4]
Let 7 = sup,c,, ., 7(5), then by (C1)

N‘.

. |
01 a0 sw o))< (T a) < ral
for all_f € [t — qn. t4]. and hence
0] = falta) — (0] = | ® o(s)ds| < ra /tt a(s)ds 0

for all t € [t; —qu, t4). Moreover it follows from (C1) and (4) that for s € [0, min{q;,t4—

ta}]

M=

2'(ty+s) = Fi(ta + 8, ZTy14)

-,
Il
—

in
M=

a;(ty + s) sup (—z(u))
u€fta+s—qi,t2+s]

.
—

=z |l

a(ta+s)  sup  |z(u)]

A
iNg
8

i=1 u€[ta+s—gita]
N ' ty
< rY a;min {a(tg +s),a(ty + s)A a,(s)ds}
i=1 ) tat+s—q;

N e
7> a;min {a(tg +5), a(ts + s)A/ a(ty + s)ds} .
i=1 $—q;

IN



181

Let m = sup{k;to + qx < t4,1 <k < N — 1}, then for s € (g1, ¢2)

N
d'(ta+s) = Y Fi(ta+s,Te,4s)
i=1
N
< Y Fi(ta+ 5, T1p1s)
i=2
N
< Yai(ta+s)  sup (—=z(w))

u€lta+s—gqi,ta+s)
N
< az(t2 +8) sup |z (u)]
u€[t-:+s—qi t-;] )

< rim { t2+8) (t2+sA/ t2+s)ds}

1=

s

Similarly, for s € (g, qr41]

fork=2,---,m

Therefore.

z(ts)

'ty +8) < Z Q; 111111{(1(?7 +5),a(ty + 5)A / a(ty + 5)(/5}

i=k+1

— 1. For s E (G, ta — t2]

2'(ta+s)<r Z CMﬂIllIl{ (t2+s) (t2+sA/ t2+s)ds}‘

IA

IA

1=m+1

o{ts) — a(t2) = | "R it + 5)ds

0
q1
/ Zazmln{atg—l—s t2+sA/ a(ty + s)d }
m—1 Qa1 N
+r > o mm{ (t2 + s), (t2+s A/ t2+s)ds}
k=1 "9 z:k+1

tq—1:
+7~/4 2 Z azmln{ (t2+3) (t2+SA/ t2+8)d$}
q

m t=m-+1

T‘Z/ azmln{ t2+8) (t2+sA/ t2+5)d3}

+7r /qm+l Z o; min { (to + ), a(ta + s A/ a(ty + s)ds}
q:

m i=m+1

rﬁjai/ mln{ (ta + s), (t2+s A/ t2+s)d5}



By above calculation, we have

N a ' 0
Tty <)y, aiA min {(I(t'z + 5),a(ty + S)A/ a(ty + s)ds}
i=1 874

0 B
Let %:A/ a(ts + s)dsfort=1,---
—qi

(l) v < 1.
Then (5) yields

©(ts)

IA

<

a(ty + u)duds

rZa,/ a(ty + ) A/
rAZaz/ql t2+u)/u+ a(ty + s)dsdu
——1420/

—qi

a(ts + s)dsdu

-0
alty + u) /

Uu

0 d

N 0 9
T Z O_’i)\i’)/i + —A Z ai/ —_ (/ a(t2 + S)dS) du
=1 u

—qi du

N 2
Ty QY — 42%(/ t2+5)ds>
i=1 qi
,.‘N”_i{_ll' A2 — )+ 1 (3 N m}'
";A 2( /‘L)( /Yl)_'_ - 2_‘/1> Vi
Nai 3
P25 - (5 o
3

r{1-(G-4))
Or

which is a contradiction for (3).

(ii) Case k for k=1, --
Suppose yv_x < 1 and Yy_g41 > 1.

, N —1.

182

(5)

,N. Now we discuss the following cases:

Then there exist ¢; < ¢; such that



q()_q] a(t+s)ds=1fori=N—-k+1,---

IN

IN

IN

, N. Thus we have
a(ts + u) duds

gi

rZa,/ a(ty + ) 4/
N—k

+r Z a,/ (ta+ s)ds+r Z ai/_ t2+sA/

i=N—-k+1 i=N—-k+1

utq;
-TAZ%/ t2+u / ! a(ty + s)dsdu

—rA Z al/ a(ty + u) /O (t2 + s)dsdu
+rA Z /

g; '
a(ty + u / a(ty + s)dsdu
i=N— k+1 0 '

0 u+q; .

+rA Z c\f,;/ u,(tg +u)/ a(ty + s)dsdu
i=N—k+1 74— 74 '

Nk

rA Z ;A\ /

. 0 utq;
+rA Z ai/ a(t2+u)/ ! a(t2+s)dsdu

i=N—-k+1 9i=q

() 2

fz + u)du — ;A Z o (/ a(ty + u)du)

—a;

N 0 . : 0
—rAd Z Q; / f)+u) / a(ty + s)dsdu
i:N—L+l dim u
N— N—k 0 :
r Z ;3 AV Z ay2 4+ rA Z ai/\i/ a(ty + u)du
i=1 i=N—k+1 P4
r N 0 2
-4 ) o (/ a(ts + u)du)
2, N—k+1 94
Nz—:k \ r Nk \ év: \ r iv:
r QA DA oYy +r QA — = Q;
i=1 2A =1 ' 1=N—-k+1 2A t=N—-k+1
N—k \ r N-k , iv: \ NZ—k \ r
r QA “ A Q; +r QA — T QA Q;
=1 2A =1 71 1=1 i=1 2A ;
r N-k
— ai(1 = 2AN 4+ 2ANiy; — 92) +r Zaz)\ - =
2A =1 1=1
r N-k N r
57 2o (A —1)° + rZal/\z — =

183

a(ty + u)duds
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We have a contradiction for (3).

(iti) 1 > 1.
Then there exist ¢; < ¢; such that A qu'i_qi a(ty + u)du =1 fori = 1, ,N.
Similary, we have
N r -
.’L’(t4) < Za,)w — 5 < Or.

1=1

We have also a contradiction in this case. Thus, the proof is now complete.
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