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Abstract
We prove that strong subadditibity(SSA) of entropy holds for fermion

systems.

1 Main result
Probably,strong subadditibity(SSA) is the one of the most powerful prop-

erties of entropy. In this paper, we prove SSA holds for fermion systems.
We consider Fermonic systems on an integer lattice $\mathrm{Z}^{d},\mathrm{t}\mathrm{h}\mathrm{e}$ set of $\mathrm{d}$-tuples of
integers. The creation and annihilation operators will be denoted by $a_{j}^{*}$ and
$a_{j}(j\in \mathrm{Z}^{d})$ . They satisfy the canonical anticommutation relations,

$\{a_{j},a_{k}\}=0$ ,
$\{a_{j}^{*}, a_{k}^{*}\}=0$ ,

$\{a_{j}, a_{k}^{\mathrm{r}}\}=\delta_{j}k1$ , (1)

where $\{A, B\}$ denotes the anticommutator $AB+BA$ .
The C’ algebra generated by these operators will be denoted by A. $P_{f}(\mathrm{Z}^{d})$

will denote the set of finite subsets of $\mathrm{Z}^{d}$ . For each $\Lambda\in P_{f}(\mathrm{Z}^{d}),$ $A_{\Lambda}$ denotes
the subalgebra of $A$ algebraically generated by $\{a_{j}, a_{j}^{*} j\in\Lambda\}$ . $A_{\Lambda}$ is
$*\mathrm{i}\mathrm{s}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{p}\mathrm{h}\mathrm{i}_{\mathrm{C}}$ to the tensur product algebra $\otimes_{i\in\Lambda}\mathit{1}\mathcal{V}I_{2}(\mathrm{c})$ , where $\wedge^{/\mathrm{V}I_{2}(\mathrm{C})}$ is the
full matrix algebra of $2\cross\underline{9}$ complex matrices. If $w$ is a state of $A$ , then it
will induce a $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{r}^{1}\iota \mathrm{C}\mathrm{t}\mathrm{e}\mathrm{d}$ state $w_{\Lambda}$ on $A_{\Lambda}$ for any finite $\mathrm{r}\mathrm{e}_{\mathrm{o}}\sigma \mathrm{i}\mathrm{o}\mathrm{n}$ A of $\mathrm{Z}^{d}$ . $w_{\Lambda}$ is
determined by a unique density matrix $D_{\Lambda}$ satisfying

$w(a)=\mathrm{T}r_{\Lambda}(D_{\mathrm{t}}\mathit{1})a$

for all $a\in\Lambda$ and the matrix trace of $A$ .
The entropy $S_{\Lambda}(w)$ of $w$ is defined by

$S_{\Lambda}(w)\equiv-\mathrm{T}r_{\Lambda\wedge}D\log D_{\Lambda}$ .
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The strong subadditibity property is related to the composition of three
different systems. Let $\Lambda_{i}\in P_{f}(\mathrm{z}^{d})1^{i}=1,2,3)$ be mutally disjoint. For a given
state $w$ of $A$ , we denote the entropy $S_{\Lambda}(w)$ for $\Lambda=\Lambda_{1}\cup\Lambda_{2^{\cup}}\mathrm{A}_{3}$ , $\Lambda_{1}\mathrm{U}\Lambda_{2},$ $\Lambda_{1}\cup$

$\Lambda_{3},$ $\Lambda_{1}$ by $S_{1,2,3},$ $s_{1,2},$ $S_{1,3},$ $s_{1}$ , respectively.
Our result is the following theorem.

Theorem( $\mathrm{S}\mathrm{S}\mathrm{A}$ property of entropy in the fermion systems)

$S_{1,2,3}+S_{1}\leq S_{1,2}+S_{1,3}$ (2)
$\mathrm{E}.\mathrm{H}$.Lieb and M.B.Ruskai$([3],[4])$ already proved the same type of result.

However, they considered the case where the combined system 1,2,3 is de-
scribed by the tensor product of the algebras of composed systems 1, $2,3.\mathrm{I}\mathrm{n}$

the $\mathrm{p}\mathrm{r}.\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}$ case, this is not the case, for example, annihilatition operators in
the systems 1,2,3 mutally anticommute,i.e. they do not commute.

2 Proof of Theorem

2.1 Relative Entropy and Conditional expectation

Let $w$ and $\varphi$ are states of $A$ ,the entropy of $w$ relative to $\varphi$ is defined by

$S(w,\varphi)\equiv \mathrm{T}\mathrm{r}D_{w}(\log Dw-\mathrm{p}\mathrm{o}\mathrm{g}D_{\varphi})$

Suppose that $\Lambda\subseteq\Lambda/(\in P_{f}(\mathrm{Z}^{d}))$ , and that $\tau$ is a normalized trace on $A_{\Lambda’}$ .
As is well known, there existe a unique linear mappingE: $A_{\Lambda’}$ . $\mapsto A_{\Lambda}$ such
that

(1) $E(_{X}\mathrm{r})x\geq 0$ ,
(2) $E(y)=y$ for every $y\in A_{\Lambda}$ ,

(3)$E(xy)=E(x)y$ holds for every $x\in A_{\Lambda’}y\in A_{\Lambda}$ ,
(4) $\tau(E(x))=\tau(x)$ for every $x\in A_{\Lambda’}$ . (3)

This mapping is usually called a conditional expectation.
It is known that

$s(w\mathrm{o}E|A_{\Lambda^{J},\varphi}\mathrm{o}E|A_{\Lambda}’)\geq S(w.|A\Lambda,\varphi|A\Lambda)$ (4)

This is the monotonicity property under the $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{t}_{1\mathrm{o}\mathrm{n}}^{i}\mathrm{a}1$ expectations. (see
$[6]\mathrm{O}\mathrm{h}\mathrm{y}\mathrm{a},\mathrm{p}\mathrm{e}\mathrm{t}\mathrm{z})$

2.2 Proof
Let $\alpha$ be a one to one mappin.$\mathrm{g}$ from $\{1, 2, \cdots , |\Lambda_{1}\mathrm{U}\Lambda_{2}\cup\Lambda_{3}|\}$ onto

$\Lambda_{1}\cup\Lambda_{2}\cup\Lambda_{3}$ . Thus, $\Lambda_{1}\cup\Lambda_{2}\cup\Lambda_{3}=\{\alpha(k)\}k=1,\cdots,1\Lambda_{1}\cup\Lambda_{2}\cup\Lambda_{3}|$ . Here $|\Lambda|$ denotes
the number of points in A. Noiv we fix $\alpha$ , and denote $\alpha(k)$ by $k$ . Let $\tau$ be
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a normalized trace on $A_{1,2,3}$ . (For simplicity,we drop A and write $A_{1,2,3}$ for
$A_{\Lambda_{1}\cup\Lambda_{2}\cup\Lambda_{3}}$ , etc.) Let $F,$ $G$ be a conditional expectation from $A_{1,2,3}$ onto $A_{1,3}$

, and from $A_{1,2}$ onto $A_{1}$ , respectively. We assert first that $G=F|A_{1.2}$ . From
(1)( $\mathrm{t}\mathrm{h}\mathrm{e}$ cannonical anticommutation relations), it $\mathrm{i}\cdot \mathrm{s}$ easy to see that $A_{1,2,3}$

$\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{i}\mathrm{s}\mathrm{t}_{\mathrm{S},\wedge}\mathrm{o}.\mathrm{f}$ linear combinations of $Id$ and.products
$\{ \prod_{k\in\Lambda_{1}\cup\Lambda 3}b(k)\}\{k\in\prod\Lambda 2b(k)\}$

,

where $b(k)\in\{a_{kk}^{l}a, a_{k}a_{k}^{*}, a_{k}, a_{k}^{*}, I\}$

Set

$f(k)=\{$

2; if $b(k)=a_{k}^{*}a_{k}$ , or $a_{k}a_{k}^{*}$

1, if $b(k)=a_{k}$ , or $a_{k}^{*}$

$0$ , if $b(k)=I$

From (3),

$F( \{\prod_{k\in\Lambda_{1}\cup\Lambda_{3}}b(k)\}\{\prod_{k\in\Lambda 2}b(k)\})=\{\prod_{k\in\Lambda_{1}\cup\Lambda 3}b(k)\}\cdot F(\{\prod_{k\in\Lambda 2}b(k)\})$

Thus our aim is to determine $F(\{\Pi_{k\in\Lambda_{2}}b(k)\})$

If $\Sigma_{k\in\Lambda_{2}}f(k)=2\mathrm{Z}$ we have, from (1), that

$a \{\prod_{\Lambda k\in 2}b(k)\}=\{\prod_{k\in\Lambda 2}b(k)\}a$
, for each $a\in A_{1,3}$ .

From (3),
$aF( \{\prod_{k\epsilon\Lambda 2}b(k)\})=F(\{\prod_{k\in\Lambda_{2}}b(k)\})a$ .

Thus $F(\{\Pi_{k\Lambda_{2}}\in b(k)\})$ is in the center. And by (3), we have

$F( \{\prod_{2}b(k)\})=.\mathcal{T}(\{\prod_{2k\epsilon\Lambda}b(k)\})\cdot Ik\in \mathrm{A}\cdot\cdot$. (5)

If $\Sigma_{k\epsilon\Lambda_{3}}f(k)=2\mathrm{Z}+1$ , there is a $m\in\Lambda_{2}$ such that $f(m)=1$ . $\mathrm{N}\mathrm{o}\mathrm{w}_{\urcorner}$ let
$m$ be the smallest $\mathrm{n}.\mathrm{u}$mber. with the above pr.o.perty. ..
By (1)

$\prod_{k\in\Lambda 2}b(k)=b(m)\cdot\{\prod_{mk\neq k\mathrm{e}\Lambda_{2}}b(k)\}$
. .

$\sum_{k\neq mk\epsilon\Lambda_{2}}f(k)=2\mathrm{Z}$
.

Next, note that

$a_{j}(_{\sim}9aa_{j}-j1)$ $=$ $9a_{j}\sim a_{j^{O_{j}}}^{*}-a_{j}$

$=$ $\underline{9}a_{i}\{1-aja_{j}.)-aj$
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$=$ $2a_{j}-a_{j}$

$=$ $a_{j}$

and $(2a_{j}^{*}aj-1)a_{j}$ $=$ $-a_{j}$

Similary $a_{j}^{*}(2a_{j}a_{j}^{*}-1)$ $=$ $a_{j}^{*}$

$(2a_{j}a_{j}^{\mathrm{x}}-1)a^{*}j$ $=$ $-a_{j}^{*}$

Thus
$b(m)\cdot\{2b(m)^{*}b(m)-1\}=b(m)$

$\{2b(m)*b(m)-1\}\cdot b(m)=-b(m)$

For each $a\in A_{1,3}$ , we have

$\tau(a\cdot b(m)\{\prod_{kk\neq m\epsilon\Lambda_{2}}b(k)\})$

$=$ $\tau(a\cdot b(m)\cdot\{2b(m)^{*}b(m)-1\}\{\prod_{\in k\neq mk\Lambda_{2}}b(k)\})$

$=$ $\tau(a\cdot b(m)\{\prod b(kk\neq mk\in\Lambda_{2})\}\cdot \mathrm{t}2b(m)^{*}b(m)-1\})$

$=$ $\tau(\{2b(m)*b(m)-1\}\cdot a\cdot b(m)\mathrm{f}\prod_{\neq kmk\epsilon\Lambda_{2}}b(k)\})$

:

$=$ $\tau(a\cdot\{2b(m)^{*}b(m)-1\}\cdot b(m)\{\prod_{\in k\neq mk\Lambda_{2}}b(k)\})$

$=$
$- \tau(a\cdot b(m)\dagger_{k\neq mk\in\Lambda_{2}}\prod b(k)\})$

So, $\tau(a\cdot b(m)\{\prod_{k\neq mk\epsilon 2}\Lambda b(k)\})=0$ . From this, we have

$b(m) \cdot\{\prod_{k\neq mk\in\Lambda_{2}}b(k)\}=0$
(6)

From (5) and (6), we conclude that

$G=F|A_{1.3}$ . (7)

Let $w$ be a state of $A$ , and $D_{1,2,3},$ $D_{1},2,$ $D_{1},3,$ $D_{1}$ denote the density of the
state $W_{1.2.3},$ $w_{1,2},$ $w1,3,$ $w1,2$ , and $w_{1}$ , respectively. It is easy to see that

$S(D_{1,2.3,1.2}D\otimes D_{3})$ $=$ $S_{1,2}+^{s_{3}s_{1,2}}-.3$

$S(D_{1,3,1}D\otimes D_{3})$ $=$ $S_{1}+S3^{-}s1,3$ (8)

By definition,

$F(D_{1.2,3})=D_{1},3$ , $G(D_{1,2})=D_{1}$ . (9)
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Apparently,

$D_{3}=F(D_{3})$ (10)

From (7), (8) $,(9),(10)$

$(S_{1,2}+S1,3)-(S_{1}+^{s_{1},)}2,3$

$=$ $S(D_{1,2,3}, D_{1,2}\otimes D3)-S(F(D_{1},2,3), F(D_{1},2)\otimes F(D3))$

Thus, it follows from (4) (monotonicity p.roperty of relative entropy)
$\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}\square$

$S_{1}+s_{1,2,3}\leq S1,2+S1,3$ .
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