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1 Introduction

In order to treat dissipative systelns dynalnically, we constructed the method of Non-
Equilibrium Thermo Field Dynalnics (NETFD) $[1].- 15]\mathrm{t}$ . It is a canonical operator formal-
ism of quantum systems in $\mathrm{f}\mathrm{a}\mathrm{r}- \mathrm{f}_{\Gamma}\mathrm{o}\ln$-equilibrium state which enables us to treat dissipative

quantum systems by a method silnilar to the usual quantum field theory that accomm$(\succ$

dates the concept of the dual structure in the interpretation of nature, i.e. in terms of
the operator algebra and the representation space. In NETFD, the time evolution of the
vacuum is realized by a condensation of $\gamma^{*}\overline{\gamma}^{*}$-pairs into vacuum, and that the amount
how many pairs are condensed is described by the one-particle distribution function $n(t)$

whose time-dependence is given by a kinetic equation (see appendix A).

Recently we succeeded to construct a unified framework of the canonical operator

formalism for quantum stochastic differential equations with the help of NETFD $[1]- 15]$ .
To the author’s knowledge, it was not realized, until the formalism of NETFD had been
constructed, to put all the stochastic differential equations for quantum systems into a
unified method of canonical operator forlnalism; the stochastic Liouville equation [6] and

the Langevin equation within NETFD are, respectively, equivalent to the $\mathrm{S}\mathrm{c}\mathrm{h}_{\Gamma}\ddot{\alpha}4\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{r}$

equatioll and the Heisenberg equation in quantum mechanics. These stochastic equations
are consistent with the quantuln lnaster equation which can be derived by taking random
$\mathrm{a}\mathrm{v}\mathrm{e}\Gamma \mathrm{a}.\mathrm{g}\mathrm{e}$ of the stochastic Liouville equation.

In this paper, we will investigate the structures of the stochastic differential equations

in a systematic manner by mealls of martingale $\mathrm{o}\mathrm{p}\mathrm{e}_{\vee}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\Gamma$ by paying attention to the non-
$commu\iota ati\dot{m}\theta y$ between the annihilation alld the creation random force operators.
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2System of Stochastic Differential Equations

2.1 Stochastic Liouville Equation

Let us start the colisideration with the stochastic Liouville equation of the Ito type:

$d|0_{J}(t)\rangle=-i\hat{\mathcal{H}}_{J,t}dt|\mathrm{o}_{J(t)\rangle}$ . (1)

The generator $\hat{V}_{f}(t)$ , defined by $|0_{f}(t)\rangle=\hat{V}_{J}(t)|\mathrm{o}\rangle$ satisfies

$d\hat{V}_{J}(t.)=-i\hat{\mathcal{H}}_{f,t}dt\hat{V}f(t)$ , (2)

with $\hat{V}_{f}(0)=1$ . The stochastic hat-Hamiltonian $\hat{\mathcal{H}}_{f,t}dt$ is a tildian operator satisfying
$(i\hat{\mathcal{H}}_{J^{t}},dt)^{\sim}=i\hat{\mathcal{H}}_{f,t}dt$ . Any operator $A$ of NETFD is accompanied by its partner (tilde)

operator $\tilde{A}$ , which enables us treat non-equilibrium and dissipative $\mathrm{s}\mathrm{y}\mathrm{s}\mathrm{t}\mathrm{e}\ln s$ by the lnethod

similar to usual quantum mechanics $\mathrm{a}\mathrm{n}\mathrm{d}/\mathrm{o}\mathrm{r}$ quantuln field theory as was pointed out

before. Here, the tilde $Conjugati_{\mathit{0}}n\sim \mathrm{i}\mathrm{S}$ defined by $(A_{1}A_{2})^{\sim}=\tilde{A}_{1}\tilde{A}_{2},$ $(c_{1}A_{1}+c_{2}A_{2})^{\sim}=$

$c_{1}^{*}\tilde{A}_{1}+c_{2}^{*}\tilde{A}_{2},$ $(\tilde{A})^{\sim}=A,$ $(A^{\mathrm{t}})^{\sim}=\tilde{A}^{\mathrm{t}}$ , with $A’ \mathrm{s}$ and $c’ \mathrm{s}$ being operators and c-numbers,

respectively. The thermal $\mathrm{k}\mathrm{e}\mathrm{r}$-vacuum is tilde invariant: $|0_{f}(t)\rangle^{\sim}=|0_{f}(t)\rangle$ .

From the knowledge of the stochastic integral, we know that the required form of the

hat-Hamiltonian should be
$\hat{\mathcal{H}}_{f,t}dt=\hat{H}dt+:d\hat{M}_{t}:$, (3)

where $\hat{H}$ is given by

$\dot{\hat{H}}=\hat{H}_{S}+i\hat{\Pi}$, with $\hat{H}_{S}=H_{S}-\tilde{H}_{S}$ , $\hat{\Pi}=\hat{\Pi}_{R}+\hat{\Pi}_{D}$ , (4)

where $\hat{\Pi}_{R}$ and $\hat{\Pi}_{D}$ are, respectively, the relaxational and the diffusive parts of the damping

operator $\hat{\Pi}$ . The martingale $d\Lambda\hat{f}_{t}$ is the term containing the operators representing the

quantum Brownian motion $dB_{t},$ $d\tilde{B}_{t}^{\uparrow}$ and their tilde conjugates, and satisfies

$\langle|d\Lambda\hat{f}_{t}|\rangle=0$ . (5)

The symbol: $d\hat{M}t$ : indicates to take the normal ordering with respect to the annihilation
and the creation operators both in the relevant and the irrelevant systelns (see (23)).

The operators of the quantum Brownian motion are introduced in appendix $\mathrm{B}$ , and

satisfy the $wea\mathrm{A}$ relations:

$dB_{t}^{\dagger}dB_{t}=\overline{n}dt$, $dB_{t}dB_{t}^{\dagger}=(\overline{n}+1)dt$ , (6)

$d\tilde{B}_{t}dB_{\iota}=\overline{n}dt$ , $d\tilde{B}_{\ell}^{\mathrm{t}}dB_{t}\uparrow=(\overline{n}+1)dt$ , (7)
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and their tilde conjugates witb $\overline{n}$ being the Planck distribution function defined by (40).

$\langle$ $|$ alld $|\rangle$ are the vacu.u1.$\mathrm{n}$ states representing the $\mathrm{q}_{\mathrm{U}\mathrm{a}11\mathrm{t}\mathrm{U}}\iota \mathrm{n}$ Brownian lnotiol]. they are

tlde invariallt: $\langle|^{\sim}=\langle|, |\rangle\sim=|\rangle$ . It is assulned that, at $f=0$ , a relevant systeln starts

to contact with the irrelevant $\mathrm{s}.\mathrm{y}\mathrm{s}\mathrm{t}\mathrm{e}\ln$ representing the stochastic process included in the

martingale $d\Lambda^{\wedge}I_{t}.\dagger$

2.2 Quantum Langevin Equations

The dynalnical quantity $A(t)$ of the relevant system is defined by

$A(t)=\hat{V}_{J}-1(t)A\hat{V}_{f}(t)$ , (8)

where $\hat{V}_{f}^{-1}(t)$ satisfies
$d\hat{V}_{J}^{-1}(\iota)=\hat{V}_{f}^{-1}(t)i\hat{\mathcal{H}}f,t-dt$ , (9)

with
$\hat{\mathcal{H}}_{f,t}^{-dt}=\hat{\mathcal{H}}_{f,t}dt+id\mathrm{A}\hat{f}_{t}d\Lambda\hat{\phi}_{t}$ . (10)

In NETFD, the Heisenberg equation for $A(t)$ within the Ito calculus is the quantum

Langevin equation of the forln

$dA(t)=i,[\hat{\mathcal{H}}_{J}(t)dt, A(t)]-d’\Lambda\hat{f}(t)[d’\hat{M}(t), A(t)]$, (11)

with
$\hat{\mathcal{H}}_{f}(t)dt=\hat{V}_{f}^{-1}(t)\hat{\mathcal{H}}_{f},\iota^{d}t\hat{V}_{J(t)}$ , $d’\hat{M}(t)=\hat{V}_{f}^{-1}(t)d\mathrm{A}\hat{f}t\hat{V}_{f}(t)$ . (12)

Since $A(t)$ is an arbitrary observable operator in the relevant system, (11) can be the Ito’s

formula generalized to quantum systelns.

2.3 Langevin Equation for the Bra-Vector

Applying the $\mathrm{b}\mathrm{r}\mathrm{a}$-vacuum $\langle\langle$ $1|=\langle|\langle 1|$ to (11) froln the left, we obtain the Langevin

equation for the $\mathrm{b}\mathrm{r}\mathrm{a}$-vector $\langle\langle$ $1|A(t)$ in the form

$d\langle\langle 1|A(t)=i\langle\langle 1|[Hs(t), A(t)]dt+\langle(1|A(t)\hat{\Pi}(t)dt-i\langle\langle 1|A(t)d’\mathrm{A}\hat{f}(t)$ . (13)

In the derivation, use had been lnade of the properties

$\langle$
$1|\tilde{A}^{\dagger}(\dagger,)=\langle 1|A(t.)$ , $\langle$

$|d’\tilde{B}^{\dagger}(t)=\langle|d\prime B(t)$ , $\langle\langle$ $1|d’\hat{M}(t)=0$ . (14)

Here, the therlnal $\mathrm{b}\mathrm{r}\mathrm{a}$-vacuum $\langle$ $|$ of the relevant system is tilde invariant: $\langle|^{\sim}=\langle|$ .
$r$ Within tlle formalism, the randoln force operators $dB_{t}$ and $dB_{t}^{1}$ are assumed to comnlute witll any

relevant system operator $A$ in tlle $\mathrm{S}\mathrm{c}11\iota\cdot\propto$ ldinger representation: $[A, dB_{t}]=[A, dB_{t}^{\mathrm{t}}]=0$ for $t\geq 0$ .
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2.4 Quantum Master Equation

Taking tlle random average by applying the $\mathrm{b}\mathrm{r}\mathrm{a}$-vacuum $\langle$ $|$ of the irrelevant sub-systeln

to the stochastic Liouville equation (1), we can obtain the quantum master equation $\mathrm{c}\backslash S$

$\frac{\partial}{\partial t}|0(t)\rangle=-i,\hat{H}|0(t)\rangle$ , (15)

with $\hat{H}dt=\langle$ $|\hat{\mathcal{H}}_{f,t}dt|)$ and $|0(t)\rangle$ $=\langle|0_{J}(\iota)\rangle$ .

3 An Example

3.1 Model

We will apply the above forlnalism to the model of a harmonic oscillator embedded in an
environment with temperature $T$. The Hamiltonian $H_{S}$ of the relevant system in (4) is

given by
$H_{S}=\omega a^{\mathrm{t}}a$, (16)

where $a,$
$a^{\mathrm{t}}$ alld their tilde conjugates are stochastic operators of the relevant system

satisfying the canonical colnmutation relation

$[a, a^{\mathrm{f}}]=1$ , [$\tilde{a},\tilde{a}^{\mathrm{t}}\}=1$ . (17)

The tilde and non-tilde operators are related with each other by the relation

$\langle$ $1|a^{\mathrm{t}}=(1|\tilde{a},$ (18)

where $\langle$ $1|$ is the thermal $\mathrm{b}\mathrm{r}\mathrm{a}$-vacuum of the relevant system.
We are now confining ourselves to the case where the stochastic hat-Hamiltonian $\hat{\mathcal{H}}_{t}$

is $\mathrm{b}\mathrm{i}$-linear in $a,$
$a^{\mathrm{t}},$ $dB_{t},$ $dB_{t}^{\mathrm{f}}$ and their tilde conjugates, and is invariant under the phase

transformation $aarrow a\mathrm{e}^{i\theta}$ , and $dB_{t}arrow dB_{t}\mathrm{e}^{2\theta}’$ .
Then, $\hat{\Pi}_{R}$ alld $\hat{\Pi}_{D}$ consisting of $\hat{\Pi}$ introduced in (4) become

$\hat{\Pi}_{R}=-\kappa(\gamma^{*}\gamma_{\nu}+\tilde{\gamma}*\tilde{\gamma}_{\nu)},$ $\hat{\Pi}_{D}=2\kappa(\overline{n}+\nu)\gammatilde{\gamma}^{*}$ , (19)

respectively, where we illtroduced a set of canonical stochastic operators

$\gamma_{\nu}=\mu a+\nu\tilde{a}\dagger$ , $\gamma^{*}=a-\uparrow\tilde{a}$ , (20)

with $\mu+\nu=1$ , which satisfy the colnmutation relation

$[\gamma_{\nu}, \gamma^{*}]=1$ . (21)
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The new operators $\gamma^{*_{\mathrm{a}\mathrm{l}1}}\mathrm{d}\tilde{\gamma}^{*}$ annihilate tbe relevant $\mathrm{b}\mathrm{I}^{\cdot}\#\mathrm{a}\mathrm{c}\mathrm{u}\mathrm{u}\mathrm{l}\mathrm{n}$ :

$\langle$ $1|\gamma^{*}=0$ , $\langle$
$1|\tilde{\gamma}^{*}=0$ . (22)

3.2 Martingale Operator

Let us adopt the martingale operator:

: $d\Lambda^{\wedge}\text{ノ}I_{t}$

$:=i[\gamma^{*}dW_{t}+\tilde{\gamma}d\tilde{W}*]t-i\lambda[dW_{t}^{\mathrm{i}_{\gamma+d}}\nu\tilde{W}*_{\tilde{\gamma}\nu}]t$ . (23)

Here, the annihilation and the creation random force operators $dW_{t}$ and $dW_{t}^{*_{\mathrm{a}}}\mathrm{r}\mathrm{e}$ defined,

respectively, by

$dW_{t}=\sqrt{\underline{v}_{h}}(\mu dB_{t}+\nu d\tilde{B}_{t)}^{\uparrow}$ , $dW_{t}^{*}=\sqrt{\underline{9}\kappa}(dB_{\iota\iota)}^{\uparrow_{-}d}\tilde{B}$ . (24)

The latter annihilates the $\mathrm{b}\mathrm{r}\mathrm{a}$-vacuum $\langle$ $|$ of the irrelevant systeln:

$\langle$ $|dW_{t}^{*}=0$ , $\langle$ $|d\tilde{W}_{t}^{*}=0$ . (25)

The real parameter $\lambda$ lneasures the degree of non-commutativity among the random

force operators. There exist at least two physically attractive cases [5], i.e., one is the

case for $\lambda=0$ giving non-Hermitian martingale, and the other for $\lambda=1$ giving Herlnitian

martingale. The forlner follows the characteristics of the classical stochastic Liouville

equation where the stochastic distribution function satisfies the conservation of probability
within the phase-space of a relevant systeln (see [6] for the system of classical stochastic

differential equations). Whereas the latter employed the characteristics of the Schr\"odinger

equation where the norm of the stochastic wave function preserves itself. In this case, the

consistency with the structure of classical system is destroyed.

3.3 Fluctuation-Dissipation Theorem of the Second Kind

In order to specify the lnartingale, we need another condition which gives us the relation

between lnultiple of the martingale and the damping operator:

$d\Lambda^{\wedge}/\mathit{1}_{t}d\Lambda\hat{f}_{\ell}=-\underline{9}(\wedge\Pi_{R}+\lambda\Pi_{D)d\iota}\wedge$ . (26)

This operator $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\dot{\mathrm{n}}$

lnay be called a generalized fluctuation dissipation theorem of the

second kind, which should be interpreted within the weak relation.
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3.4 Heisenberg Operators of the Quantum Brownian Motion

Tbe Heisenberg operators of the Quantum Browniall motion are defined by

$B(\mathrm{f})=\hat{V}_{f}^{-1}(t)B_{t}\hat{V}_{f}(f)$ , $B^{\mathrm{t}}(t)=\hat{V}_{J^{-1}}(t)$

.
$B_{t}^{\dagger}\hat{V}_{J}(t)$ , (27)

and their tilde conjugates. Their derivatives

$dB_{t}^{\#}=d(\hat{V}_{J}^{-1}(t)B_{t}^{\#}\hat{V}_{f}(t))$ , ( $\neq$ : nul, dagger $\mathrm{a}\mathrm{n}\mathrm{d}/\mathrm{o}\mathrm{r}$ tilde) (28)

with respect to time in the Ito calculus are given, respectively, by

$dB(t)=dB_{t}+\sqrt{2j_{\mathrm{V}}}[(1-\lambda)\nu(\tilde{a}^{\uparrow}(t)-a(\iota))-\lambda a(t)]dt$, (29)

$dB^{\mathrm{t}}(t)=dB_{t}^{\mathrm{t}}-\sqrt{\underline{9}\kappa}[(1-\lambda)\mu(a^{\uparrow_{(t}())})-\tilde{a}t+\lambda a^{\uparrow}(t)]dt$ , (30)

and their tilde conjugates. Then, we have

$dW(t)=dW_{t}-\lambda^{\underline{9}_{l}}1-,\gamma_{\nu}(t)dt$ , $d\nu V^{*}(t)=dW_{t}^{*}-2\kappa\gamma^{*}(t)dt$. (31)

Since, by making use of (31), we see that

$d\mathrm{A}\hat{f}(t)=d’\Lambda^{\wedge}\prime f(t)=i,$ $[\gamma^{*}(t)dW_{t}+\tilde{\gamma}^{*}(t)d\tilde{W}t]-i\lambda[d\ovalbox{\tt\small REJECT} V_{t}\_{\gamma\nu}(t)+d\tilde{W}_{t}*\tilde{\gamma}_{\nu}(t)]$ , (32)

we know that the lnartingale operator in the Heisenberg representation keeps the property:

$\langle|d\hat{M}(t)|\rangle=0$ . (33)

3.5 Explicit Forms of the Quantum Langevin Equation

The quantum Langevin equation is given by

$dA(t)=i[\hat{H}_{S}(t), A(t)]dt$

$+\kappa\{(1-2\lambda)(\gamma^{*}(t)[\gamma_{\nu}(\iota), A(t)]+\tilde{\gamma}^{*}(t)1\tilde{\gamma}_{\nu}(t),$ $A(t)])$

$+[\gamma^{*}(t), A(t)]\gamma\nu(t)+[\tilde{\gamma}^{*}(t), A(t)]\tilde{\gamma}\nu(t)\}dt$

$+\underline{9}\kappa(\overline{n}+\nu)[\tilde{\gamma}^{*}(t), [\gamma^{*}(t), A(t)]]dt$

$-\{[\gamma^{*}(t), A(t)]dW_{t}+[\tilde{\gamma}^{*}(t), A(t)]d\tilde{W}_{t\}}$

$+\lambda\{d\ovalbox{\tt\small REJECT} V_{t}^{*}[\gamma\nu(t), A(t)]+d\tilde{W}_{t}^{*}[\tilde{\gamma}_{\nu}(t), A(t)]\}$ (34)

$=i[\hat{H}_{S}(t), A(t)]dt$

$+\prime_{\overline{1}},$ $\{\gamma^{*}(t)[\gamma_{\nu}(t), A(t)]+\tilde{\gamma}^{*}(t)[\tilde{\gamma}_{\nu}(t), A(t)]$
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$+(1-2\lambda)([\gamma^{*}(l), A(t)]\gamma\nu(t)+[\tilde{\gamma}^{*}(t), A(t)]\tilde{\gamma}\nu(t))\}dt$

$+\underline{9}l\backslash \cdot,$ $(\overline{r}\iota+\nu)[\tilde{\gamma}^{*}(\dagger,), [\gamma^{*}(t), A(t)]]dt$

$-\iota[\gamma^{*}(t), A(t)]d\ovalbox{\tt\small REJECT} V(t)+[\tilde{\gamma}^{*}(t), A(t)]d\tilde{W}(t)\}$

$\mathrm{t}$

$+\lambda\{dW*(t)[\gamma_{\nu}(t), A(t)]+d\ovalbox{\tt\small REJECT}\tilde{V}^{*}(t)[\tilde{\gamma}_{\nu}(t), A(t)]\}$ , (35)

with $\hat{H}_{S}(t)=\hat{V}_{f}^{-1}(t)\hat{H}_{S}\hat{V}J(t)=Hs(t)-\tilde{H}s(t)$ . Note that the Langevin equation is written

by means of the quantuln Brownian lnotion in the Schr\"odinger (the interaction) represen-

tation (the input field [7]) in (34), and by means of that in the Heisenberg representation

(the output field [7]) in (35).

The Langevin equation for the $\mathrm{b}\mathrm{r}\mathrm{a}$-vector state, $\langle\langle$ $1|A(t)$ , reduces to

$d\langle\langle 1|A(t)=i\langle\langle 1|[H_{S}(\iota), A(t)]dt$

$-\kappa\{\langle\langle 1|[A(t), a^{\mathrm{t}}(t)]a(t)+\langle\langle 1|a^{\uparrow(t})[a(t), A(\mathrm{t})]\}dt$

$+\underline{9}\kappa\overline{n}\langle\langle 1|[a(t), [A(t), a^{\dagger}(t)]]dt$

$+\langle\langle 1|[A(t), a^{\uparrow}(t)]\sqrt{2\kappa}dB_{t}+\langle\langle 1|\sqrt{\underline{9}\kappa}dB_{t}\uparrow_{[}(at),$ $A(t)]$ (36)

$=i\langle\langle 1|[Hs(t), A(t)]dt$

$-\kappa(1-2\lambda)\{\langle\langle 1|[A(t),$ $a^{\uparrow_{(t)}](t)}a+\langle\langle 1|a^{\mathrm{t}}(t)[a(t), A(t)]\}dt$

$+\underline{9}\kappa\overline{n}\langle\langle 1|[a(t),$ $[A(t), a^{\uparrow_{(t})]}]dt$

$+\langle\langle 1|[A(t), a(\uparrow t)]\sqrt{2\kappa}dB(b)+\langle\langle 1|\sqrt{2\kappa}dB\uparrow(t)[a(t), A(t)]$ . (37)

The relation between the expression (36) and (37) can be interpreted as follows. Substi-

tuting the solution of the Heisenberg random force operators (29) and (30) for $dB(t)$ and
$dB^{\mathrm{t}}(t)$ , respectively, into (37), we obtain the quantum Langevin equation (36) which does

not depend on the non-comlnutativity parameter $\lambda$ .

4 Concluding Remarks

We enumerate here the steps how to derive the quantum Langevin equation from the

microscopic point of view with the help of the field theoretical formalism, NETFD, in

order to show what was revealed and what is to be solved. We interpret that the process

in deriving the quantum Langevin equation starting with the Heisenberg equation, whose

time evolution generator is unitary, is realized by changing representation spaces, i.e.,

Changing the representation space to the one representing the quantuIn Brownian motion
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from the ordinary olle [8], tbe term given by the illteractioll Halniltonian reduces to the

martingale terln (23) with $\lambda=1[5]$ . Thell, the Heisenberg equation should be $\mathrm{i}_{11\mathrm{t}\cdot \mathrm{p}\mathrm{r}\mathrm{e}}\mathrm{e}\mathrm{I}\mathrm{t}\mathrm{e}\mathrm{d}$

as the stochastic differential equation of the Stratonovich type. Note tllat the introductioll

of the stochastic calculus is nothing but the introduction of coarse graining [9]. In rewriting

the Langevin equation of the Stratonovich type into that of the Ito type, we see that there

appear the terlns taking care of relaxation and diffusion as can be shown in (35).

Introducing the paralneter $\lambda$ in the martingale terln as given by (23), we can transforln

the equation to the non-Herlnitian version by shifting $\lambdaarrow 0$ (see (35)). In other words,

it seems that the noll-commutativity is renormalized into the relaxational and diffusive

terms. Substitutillg the solution of the random force operators in the Heisenberg repre-

sentation (the output field), we have the Langevin equation expressed by means of those

in the $\mathrm{S}\mathrm{c}\mathrm{h}\mathrm{r}\ddot{\alpha}$idinger (or, more properly, the interaction) representation (the input field).

Note that the Langevin equation for the $\mathrm{b}\mathrm{r}\mathrm{a}$-vector state $\langle\langle$ $1|A(t)$ does not depend on $\lambda$

when it is represented by the random force operator in the $\mathrm{S}\mathrm{c}\mathrm{h}_{\Gamma}\ddot{\alpha}4\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{r}$ representation

(the input field). We are illtensively investigating what is the physical meaning of the

rellormalization of non-comlnutativity by changing the parameter $\lambda$ .
We would like to close the paper by quoting several colnments. An extension of

NETFD to the hydrodynamical stage is one of the challenging future problem related to

the dynamical mapping $[3, 10]$ . An interpretation of the stochastic calculuses in terlns

of the projection operator method will be published elsewhere [9]. The system of the
$\mathrm{s}\mathrm{t}_{\mathrm{o}\mathrm{C}}\mathrm{h}\mathrm{a}$.sstic differential equations within NETFD will be applied to the problem of the

well-localized paths of ionized molecules in the cloud chamber as an example of the non-
demolition continuous measurelnents, i.e., the quantum Zeno effects [11].
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A Condensation of Thermal Pair

The tiine-evolution of the therlna} vacuuln $|0(t))$ , satisfying the quantuln master equation

(15) with the hat-Halniltonian (4) for the semi-free system specified by (16) an.d (19), is
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given by
$|0(f)\rangle=\exp \mathrm{t}[n(\iota)-n(0)]\gamma^{*}\tilde{\gamma}^{*}\}|0\rangle$ , (38)

where the one-particle distribution functioll, $n(t)=\langle\langle 1|a^{\mathrm{t}}(t)a(t)|\mathrm{o})\rangle$ , satisfies the kinetic

(Boltzlnann) equation of the model:

$\frac{d}{dt}n(t)=-\underline{9}\kappa[n(t)-\overline{n}]$ , (39)

with the Planck distribution function

$\overline{n}=(\mathrm{e}^{\omega/T}-1)$ . (40)

Here, $T$ is the telnperature of environment system, and $\omega$ represents the frequency of the

harmonic oscillator under consideration.

$\mathrm{B}$ Quantum Brownian Motion

Let us introduce the annihilation alld creation operators $b_{t},$
$b_{\iota}^{\dagger}$ and their tilde conjugates

satisfying the canonical colnlnutation relation:

$[b_{t}, b_{t}^{\uparrow},]=\delta(t-t’)$ , $[\tilde{b}_{t},\tilde{b}_{t}^{\mathrm{t}},]=\delta(t-t’)$ . (41)

The vacuums ( $0|$ and $|0$) are defined by

$b_{t}|0)=0$ , $\tilde{b}_{\ell}|0)=0$ , ( $0|b_{t}^{\dagger}=0,$ ( $0|\tilde{b}^{\dagger}t0=$ . (42)

The argument $t$ represents tilne.

Introducing the operators

$B_{t}= \int_{0}^{t-dt}dBt’=\int_{0}^{\mathrm{t}}dt’b_{t}’$ , $B_{t}^{1}= \int_{0}^{t-}dtdB_{\ell^{\dagger}},$ $= \int_{0}^{t}dl’b_{t}^{\mathrm{t}},$ , (43)

and their tilde conjugat..es for $t\geq 0$ , we see that they satisfy $B(\mathrm{O})=0,$ $B^{\uparrow_{(\mathrm{O}}=})\mathrm{o}$,

$[B_{s}, B_{t}^{\uparrow}]=1\mathrm{n}\mathrm{i}\mathrm{n}(s, t)$ , (44)

alld their tilde conjugates, and that they annihilate the vacuums $|0$ ) and ($0|$ :

$dB_{t}|0)=0,- d\tilde{B}_{t}|0)=0$ , ( $0|dB^{\dagger}t=0,$ ( $0|d\tilde{B}_{t}\uparrow=0$ . (45)

These operators represent the quantuln Brownian motion.
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Let us introduce a set of new operators by the relation

$dc_{l}^{\mu}=e\mu\nu_{dB\ell^{\nu}}$ , (46)

with tlle Bogoliubov transforlnation defined by

$B^{\mu\nu}=$ , (47)

where $\overline{n}$ is the Planck distribution function. We introduced the thermal doublet:

$dB_{\ell}^{\mu=1}=dB_{\ell}$ , $dB_{t}^{\mu=2}=d\tilde{B}_{t}^{\mathrm{t}}$, $d\overline{B}_{t}^{\mu=1}=dB_{\ell}^{1}$ , $d\overline{B}_{t}^{\mu=2}=-d\tilde{B}t$ , (48)

and the similar doublet notations for $dC_{t}^{\mu}$ and $d\overline{C}_{t}^{\mu}$ . The new operators annihilate the

new vacuum $\langle$ $|$ and $|\rangle$ :

$dC_{t}|\rangle=0$ , $d\tilde{C}_{t}|)=0$, $\langle$
$|dC_{t}^{\dagger}=0$ , $\langle$

$|d\tilde{C}_{\ell}^{\uparrow_{=}}0$ . (49)

We will use the representation space constructed on the $\mathrm{V}\mathrm{a}\mathrm{C}\mathrm{u}\mathrm{u}\mathfrak{m}\mathrm{s}\langle$ $|$ and $|\rangle$ . Then, we

have, for exalnple,

$\langle|dB_{t}|\rangle=\langle|dB_{t}^{\uparrow 1\rangle}=0$ , (50)

$\langle$
$|dB_{t}^{\uparrow d}B_{t}|)=\overline{n}dt$, $\langle|dB_{t}dB_{i}\uparrow|\rangle=(\overline{n}+1)dt$ . (51)

$\mathrm{C}$ Stratonovich-Type Stochastic Equations

By making use of the relation between the Ito and Stratonovich stochastic calculuses, we
can rewrite the Ito stochastic Liouville equation (1) and the Ito Langevin equation (11)

into the Stratonovich ones, respectively, i.e.,

$d|0(t)\rangle=-i\hat{H}_{f,t}\circ|0(t))$ , (52)

$\hat{H}J,tdt=\hat{H}sdt+i(\wedge\Pi dt+\underline{\frac{1}{9}}d\hat{\mathrm{A}}f_{t}d\hat{M}t)+d\hat{M}_{\ell}$, (53)

and
$dA(t)=i[ \hat{H}\int(t)d\iota \mathrm{O}A(t)-,]$ , (54)

with
$\hat{H}_{f(t)(t)}dt=\hat{H}sd\iota+i$. $( \wedge\Pi(t)dt+\frac{1}{2}d’\hat{M}(t)d’\hat{M}(\iota))+:d’\hat{M}(t):$ . (55)

The symbol $0$ indicates the Stratonovich $\mathrm{m}\mathrm{u}\mathfrak{l}\mathrm{t}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ in the stochastic calculus.
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$\mathrm{D}$ $\mathrm{H}\mathrm{a}\mathrm{t}-\mathrm{H}\mathrm{a}\mathrm{m}\mathrm{i}\mathrm{l}\mathrm{t}_{0}\mathrm{n}\mathrm{i}\mathrm{a}$.ns of the Model

The hat-Halniltonians (53), (10) and (55) of the lnodel are, respectively, given by

$\hat{H}_{J^{t}},df_{\text{ノ}}=\hat{\neq}Isdt+i(1-\lambda)\hat{\Pi}Rdt+d\mathrm{A}\hat{f}_{\iota}$ , (56)

$\hat{\mathcal{H}}_{J^{\ell}}^{-dt},=\hat{H}_{S}dt-i(\wedge\Pi_{D}+(2\lambda-1)\Pi\wedge R)dl+d\hat{M}_{t}$ , (57)

$\hat{H}_{J}(t)dt=\hat{H}S(t)dt+i(1-\lambda)\hat{\Pi}_{R}(t)dt+:d’\mathrm{A}^{\wedge}\prime f(t)$ :. (58)
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