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A an-Zero—S'uin Repeated Game —— Criminal vs Police

Minoru SAKAGUCHI" (%‘éf;_,%ﬁﬁk hme R)

Abstract In this paper a conflict between a potential criminal offender and a
law-enforcement authorities is studied. The m e del is a non-zero-sum n-period game
with perfect information, where each player has to”act”at most a permitted times
during the n reriods. We formulate the game by dynamic programming and derive
equiliblia of the four two-period games each in an explicit form depending on the
parameter values of the game. It is shown that in equilibrium the offender is more
pushed to making a crime, and the defender invests more effort in law-enforcement,
both in the second period than in the first. The fact that the expected payoff to the
offender is non-decreasing as his illeagal income coming from an unpunished crime
increases, but the expected payoff to the dedender is not necessarily non-increasing,
is also established. '

1. Formulation of the Multistage Game —— Criminal vs Police.

The game is played as a repcated game over n periods betwceen a potenti al criminal
-offender ( hercafter called a criminal, or-playcr 1) and a law-enforcement authorities
(hereafter called police, or playcr 11) Being a rcpeated gamc implies  that the

fundamentals of the gamc arc the same in each period. There are two pure strategics
available in each period to player I: to commit a crime (C)and to act honestly (H) .
Similarly, player II has two pure strategies: to enforce the law( E)or to do nothing
(N), If player I chooscs H he carns his lcagal income r >0 ( dollarsy If he chooscs

C, illegal income in amount of T >0 , in addition to his lcgal income r, may be

eamed. However if I's crime is detected and arrested by 11, I is punished by having to

pay a fine in amount of f >© , and Inprisoned until the end of the game. When
~ caught in prison, I earns no income at all, of course. .

If playcr 11 chooscs E, witha cost of ¢ >0 (do!lars)z he can(cannot),cat.ch P’s crime
with probability p(p=/-p) In case that | commits crime that goes unpunished, a loss
of | 20 is inflicted upon socicty. . '

So a single stage of this gamc has the game tree as shown by Figure 1, and is

represented by a bimatrix game with payoff bimatrix (1),

We assume that €< Pf, _Le.the strategy E for player Il has a positive merit of -
choosing. This condition is very important as is seen in the proofs of the subsequent
theorems. _ :

We shall disacuss the n-stage game, where player I wants to commit crime at most k-
of n periods, and player II attempts to prevent I’s illegal act by taking enforcement
action at most m times during n periods. After each period is over, the outcome in

that period becomes known to both players. The total payoff during n periods is the
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sum of the payoffs on each period. We assume that all of the above information is
known to both players. ‘ ‘
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Let [Zmr) denote the game described above. (M, %,m) denotes the state of
the system in which players I and 1l possess k and m times to take actions,
respectively, and they have n periods to go as their“mission time>’Let ( u m), Va.mn))
represent the equilibrium values of this non-zero-sum n-stage game [, , (n) - Then
theOptimality Equation of dynamic programming gives a systcm of equétions.

| (‘uﬁ'm\“); Vf;m(")>= Eg.Val.
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c i+ F{ramrugy )3, T U (),
2) | (AP F Vg () | v, ()
H W (), “‘“""’%m L) rug , n-1), Vém(”")
(if the equilibrium values exist uniquely), with the boundary conditions 2
(22)  (Ugm™),Vemn))=(n1, 0 for ISmEn,
(2b) {"H‘ o), vy, o(n))-_-. (nr+ kw, %) ), for | §“‘ﬁz§_ n,
2 (Uoplm), Vipn) )= (nr, o), for 21,
(2d) U @)= Vam(0)=0, VA&m20, .
* and ! ! ,

(26)  (Ugm(m, Vimn))= (g ) Vg (n), with K=RAR m=mAn,

The four conditions (2a)~ (24)  imply thats (a)If II has m times of law-
enforcement and his opponent has none of the opportunity of violation, then the
decision-pair H-N is repeated throughout the whole period, (b) If I has k times of
'violating law and his opponent cannot do anything becaause of lack of budget, then
I chooses (é and H k and n-% times, respectively, during the n periods, (c) If both

no :
player ave any law-violation and law-enforcement intentions, the decision -pair H-
N is repeated throulghout +the whole period, and (d) The problem with n=}
reduces to the bimatrix game with payoff matrix (n. '

If release - from prison and a second offense are not taken into account, we need
not consider large n, and the optimality equation (2, with (2 a)~(2€), can be, in
principle solved by backward induction. The two-period games [}, ) T;,(n), Mn(n)
and T3, , (n), all for n=2, are explicitly solved in the subsequent sections 2,5,4 and 5,
respectively. v .

Concerning the n-period games of the kind discussed in this paper, Sakaguchi (37

‘studies a zero-sum game of smuggler vs customs, and Dawid, Feichtinger and
Jorgensen [1Jand Sakaguchi[4Jinvestigate non-zero-sum games, with k=m=n the
latter being related to full-informattion optimal stopping games. Also Kilgour[ 2}
studies a zero-sum game with fR=m=n , where the offender is not restricted to the
two pure strategies and is asked to choose the “level of violation”qe& o, 1] in each
stage. '

2. The Game [ n(mM), . . o

First we consider the case | =m = n, which is discussed by Dawid, Feichtinger
and Jorgensen[1]. Let us simply write {J, = Up, (1) and V, =V, ,(n) - Then (2)
becomes ' . ) ’
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(Tn, Vo) =Eq V. [Ty AP+ PV r4 w400y, —14Voy
r+ Unq, —Ct Vg r+ Upal, Vo
(3) =(Opy Vo )+ Eg WL M,

~where M, is a bimatrix o o _

A Form—pF+ 0p0), bl ply)| vem, L

() M= o, ¢ | r- 0
— , (nz2l; UosVo=10)

which is identical to(1)for n=1. . :
The two theorems that follow are not new, and essentially reproduction of the

main results in {1Jbut with more simpler description of the proofs.

Theorem 1. Let T, =G_:__)({+r),Then the solution to the game [ ,(|) _is

Case OCT<T,  Tw=T, ™
| | q-an with (2 3H »E
Eq. play X=or Y= e——  Yael o=
q.p —F[, ‘J—P(f”‘\"'_ﬁ) | e[0,1] ‘
Gt U,=r =—pt+prem)
Eq.values Vl‘z ~p _TNi=—(c+ple) V,'.-,--( c+pf)

{4,5) The strategy zC+Z H means  the  mixture of the pure strategies C and

The mixed-strategy equilibrium is denoted by 'lr“Hr with XT--—-( X, R and aj
H, with probabilities z and Z, respectively.

Proof We have -(c#}:j )>~L , since we assumed ¢< plL . So by thef{:ircular
rulé’of finding the eq.of 2X2 bimatrixéame, which of —pft pUr+w) and r is larger

becomes important, Clcarly‘-tih'ﬁfrtn‘), M‘_,if, =\, lf. PCWLT therq is a mixed-
strategy eq. x¥-Y*  which together with the €q, values is found by solving

E - —(e+Pl-ci=-lx=V, |
{“\’{'+F(l(+1r)}8+(r+1r) y=r=\U |
If w>w, thereisa pure-strategy eqC-E, [} -

Theorem 2 _le_ﬂz:(%)ﬂ.fr);(l]';s r. Then the solution tto the gamé F, 2(2) is ¢
. > N . ’
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‘Case | o<m<T, | TH<T<Ty LY
Oy Wb, iy, with |
Eq play xX= ‘C/@l—e—o) L= 9/1'{ (+0+F),Q } , ¢k
Y =/ p(f+ir4T). =(T £+ (BN ) —
Eqvalues | U= Qg( ] U=~ }:F‘r*‘“‘)""' ‘01:('“7)8'\’1:*“"”?}
- ~ _ Clzpl+e) c V(e
[t 7 W e 21753 M g I e ‘f) (b0

- The solutions for the bordering cases MW=Wand =17, .are omitted. The
mixed-strategy equilibrium is denoted by ":"3: with Z=(x ) and g:e.( ¥.957 )

Proof  Substituing the values of U, ahd V), which was found in Theorem 1, into
Mzin (4)we obtain the bimatrices .

sy ] “;T(.‘fﬂ?);\»ﬁ Yr), :-'Ep_, - H;:IT’ '—-g. | b o<Tem
| ' . ? g ).

O] FE GE L it o
(52) | Y, | —cC v, o '

Since 0<Tr< T =/p)Er) > w7+ 2r) € FUrem—p<r,
the bimatrix (5,)has the mixed-strategy solution and it is found,together with eq.
values by solving ' v. :

{ Flr—cX=—fx= BT,
B w-plr) )y F )y =¥ =00, |
and giving the result mentioned in the theorem (lst column of the table)
Since c< pl<pl( 1+ Y/F )€ p(cHL) <fand .
Bl TS LA Bt Y Y= el ),
the bimatrix (5?_ as the mixed-strategy eq. x¥-y? if W, <<k, and pure-strategy
eq, C-E,if 72, This mixed-strategy eq together with eq_values is found by

solving -
| { _ ~Pletp)a—cx = =fx = V-V,
Fi-‘rﬁ Prem ) y+(rmwy = r=T- T,

and giving the result mentioned in the theorem (2nd column of the tab_le) The
pure-strategy eq, C-E for >, gives the eq.values

- (Uz,vv,_):‘(u.-*r» (=pF+Fr+m), Vi=F(ctFL)),
which are mentioned in the 3rd column of the table in the theorem.

Hereafter we shall omit considerations about the bordering cases, where a
continuum of equilibria in the first period and correspondingly in the whole game
exist. Direct calculations show that the game value for the offender is continuous,

non-decreasing in T, and the game value for the defender involves the mixing
parameter z¢ [0, 1] chosen arbitrarily by the offender.



255

In the game I, (1), ) W={{4)(F+ )means that commiting crime for I has a positive
expected payoff to I. Theorem 1 implies that I is not motivated to commit crime as
long as <7, and C-Eis in equilibrium if T>r,. = II should take p and f larger, in
order to make law-violater get low profit. :

In the game % ,(2), > means that commiting a crime for I in the first
stage has a positive profit in that stage since 7 p(f+ 2r+Fw—p(fwr)f. Theorem 2 implies

that 1is not motiVatedto commit crime in both stages as long as < T, the choice-
pair C-E is in eq.in the first stage if 7> 2., and the intermediate situation arises if

T<T<T=.

3. The Game [} ().
4 The Game {7, (m),

- 5, The Game Pn, ,‘('h),"

6, Remarks and a Numerical ;'Examplek :

1°>From Theorems 1 and 2 , the ‘two—p\eriod equilibrium play in the game [} (2)
is as follows ¢ SO ' o 72

==

-Case—: ‘ Two-period eq play in r;,g(z)‘ B
ocmer | PEA 08 J it () = Aptee), 92, = Tplbv2rew )y
| 1. and (1) =pLy, G0 =Tfp(feremyy .
memer | CEWSCE], Wit ) =0 celirp)ty, and (1), =
/R 0epxm Y. -

™, - {CES cE]

USRS

in the 1sat period, and if the gariie is not over('cf. the game is over if and only if it

For example E'i;f 43: 5 tf-—‘;;:“ ’) means that players employ mixed-slratégy pafr "f:;a:
( results in C-E and 1 is punished by 11D £-4* T Emr_QoyeA in the 24 period,

| 2°)For the game r;‘ &(?-7 we easily find, from Theorems 1 and 2, that
C(@DEE), and (43),2l)), foral T>O

This means that pldyer I is more pushed to nlakihg a crime, and Il iﬁvests more effort .
in law-enforcement, both in the 2nd period than in the 1st. From Theorems 4 and 5,
the above is true in the games [} ,(z) and [ ,(2) also. _



256

: 3)Throughout Theorems 2~/5, the following fact is observed. As functions of >0
the two-period eq.payoff U, for I is continuous and non-decreasing, but V, for II is
piece-wise constant and not necessarily decreasing as . increases.

4 )Wc; gnt/lf by Table 2, a mjl}lencal example of the solutions to the four two- -period
games for the parameters r=} p.- /3 ¢ < = d th
Sistied and T ey T‘i-SP Y3 c=1, f==2 an. erefore C< pL  being

‘Table2. Example of Solutions 1o the Five Games

Game |Case Eq,playvf'-}j‘ in the lst period Eq,payoffs , ased on
3 Y TR |
;‘;,(') ' </‘I-/#> <11r+5 Ty | \/2 72) T8 )
2 C-E UG- (-95) |

| <) -(Goms)- z(7r+3> BRI |
[322) | Sty 5%%‘.3 (BYr—2)-(~5%53) | Th2
2 C-E (FDer-1)-(294)
| S gy | el (Ll

‘l‘,l(z) . t T -
| o (i B | n | T
oy | U A(FES AN -ED |
l"’ k?_) , 4 2(m+3)° 2(1*1.3)) T
2 2| (3 V) »—< 2Ty “1[.,.2 ()/ )('T'Z)" t 2’?1) ¥
, g TH N\ 3wemrsb
| || (e e Sl ol

N (0
2 . &V" /Z> Q Pl 21n-3) 2};{:#3) 61(‘-1:1?11-7: )L (-.%D

(Case 1,2,22/means D<Tic &, TOL I(TKB‘ T“)S’ respectively, >

We can make sure that, forall - 0,

W@ <4 ® T g u, ), fr T
uzlz(?.) .

and

V?-,I(Q < i 1) v, @) for .

V2,(2)

Furthermore, we can check-that the facts mentioned in 3°)are true.
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