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1 Operator space &3 ?

Operator space theory & i B(H) @ subspace Z 72T 2 HH T T B(H) D subspace
iXH.7%2 % normed space TId% {. operator space £ L TOHES o TE T,
TEFE 1 operator space E £ 13 Banach space E £ 4 M, (E) ICEEENT/z norm || ||, ®
HME |ln) ThoT. kD200 Bz THDLT 5,

(R1) [lazBlln < llafllizll. 18] wherea, € M, and =z € Mn(E)

(R2) 112 yllnem = max{ 2], lyllm} wheres € Ma(E), y € Mon(E)
Z 2T azf id matriz multiprication. =z ® y i diag(z,y) DT L & T 5,
E % B(H) @ closed subspace £ 5, TDk &, M,(F) I norm %
M,(E) ¢ M,(B(H))

X oTANS, TNT E I operator space & %25, ‘
operator space @ subspace I relative norm {2 & o T* 13 Y operator space & % 5,
RIZ operator space BB T EZL L 9o

E$E 2 E,F % operator space . L, u : E — F % linear map L 5, 2D Xyl
linear maps

u®idy, : M (E) 3 [z45] = [u(zij)] € M, (F)
Z induce § 50 My(E),M,(F) 2T norm Ao TW5DT, RPERTE 5,

l[ulles = sup [lu @ idy||
n

ZLT|ulley < coDEE. u % completely bounded map(chb map) & LT, || || %
completely bounded norm(cb norm) & X &, '
EHi, u®id, BTXT contraction D & X u % complete contraction.,

U @ id, 3T isometry D& = u & complete isometry & X 5,



operatospaces E, F |2} L completely isometric isomorphism v : E — F PIAET A L
XE=FtEX, ThoZRALIDELTAL,
operator space D& DHRITKD Ruan DEHIZL 5,

T 3 ([11],[5]) EE D operator space E & B(H) D operator subspace \Z completely

isometrically isomorphic Th 5%,
E 7% separable % b H b separable & LT X\,

2 Spatial tensor product & cb maps

A C"‘-al_gebra D& xM,(A) b C-algebra TH o T, C*-algebra B ® *-homo T H
B)IYIT contractive 7545 *-homo 13 EIBIHYIC complete contraction ¥ % 5, F 77, *-iso
i3 complete isometry & 72 5, '
cb map #Z 2 AFIRITROERICE 5,

T2 4 ([6],[7]) A % C*-algebra. E C A % operator subspace, u : E — B(H) % cb
map &3 %, |

ZDE &, Hilbert space K & *homo w : A — B(K), V,W € B(H,K) "L T,
IVIHIW = llulles T

u(z) = V*rn(z)W  forz € E
%J)‘f—:';_o
¥i2. operator spaces E,F & cb map u : E — B(H) 123 L ¢b norm £z WLk
w: F — B(H) ©®FET %,
E C B(H), F C B(K) % operator spaces £ 5 & &, Z® tensor product £ ® F iZ
B(H ® K) @ subspace & % T operator space TéH %, (completion L TH<, )
Zh % C*-algebra ® & X L [ABKIC spatial tensor product & X &,
L@%}EKIV) uz‘:Ei—-)F,' (221,2) OZﬁL'C\

U1®u2:E1®E2—+F1®fF2
i3 completely bounded T |juy @ uz||et = |Ju1||et||uz||cs & %2 Z LD D5,
FFIZ. u;  (i=1,2) #* complete isometry % 5 u; @ ug b complete isometry TdH %,
FEFE L ) operator spaceE I3 LT EQM, = M,(E) T&%%, M, C B(H) TH»525
w:E— FIiZxLT

lulle = lfw © idagro|

Thb,

3 Dual operator spaces % MDfth

E#E 5 ([1],[4]) CB(E,F) % E %% F ~® cb maps DEEGE ST H, Titid ¢cb norm T
Banach space iZ7% o T\ b, ROF—HII L o TM,(CB(E.F)) Il norm & Al 5,

M, (CB(E, F)) = CB(E,M,(F))



ZNIZ & o T CB(E, F) & operator spaces E @ dual space E* 13 CB(E,C) 1T isomet-
rically isomorphic Téh %, E* % CB(E,C) L [@—4R L T operator space \ZF %o Il
# E @ dual operator space & X 5,

E%LY) E*@M, = CB(E,M,) Th%s, —#ic B*@F C CB(E,F) %Y [2]
BT, E F7:id FAAHBRARIG R b %5 A L0, | |

I ultraproduct operator space * &S 5,

Ep, k € N % operatore spaces DFlt T%, we fN\N% 12D, E, =[] E/w
% ultraproduct & T 5, KRDOFE—H T NLid operatore space iZ72 5o

M ([ Bx/w) = [ Ma(Ex)/w
k k

ukEk—eFk @k%@?fsbi UwZEwHFW ﬁiﬁiéo Dk %\

luw @ idy]| = li‘in flur ® idy||

S h}}n ”uk”cb
X o T |luwllew < limy, ||urlles IS up © Ex — M, D& X, : E, — M, T,

o lleb = It © il = lim fJug, © idn] = lim [[u |

EHRBEDT (MORT3O2HOESIIOWTIH[12] R L. )
HE;/LU C (H Ei/w)* complete isometrically

ThHb, 5T EL HTXT n-dim % 6FFPHKY) L2,

quotient operator space % direct sum operator space b LEICEETE D,

4 Operator Space Dl

(i) E #% Banach space & § %, E i C*-algebra C(Bg~) ® subspace & AT opera-
tor space Th b, ZZT. Bp. = {f € E*:||f]| =1} with weak* topology |
—J%12. A % commutative C*-algebra, E % operator space &3 5 & ZEED bounded
mapE — A3 completely bounded T |Julle, = |||l £ %%, T (Banach spaces ,
bounded maps) @ category #° (operator spaces , ¢cb maps)  subcategory T %
EERERT b

(i) {es;} & M, ® matrix unit £ 5 & &,
R, =span{e;j:j=1,---,n} , Cn=span{en 1= 1,---,n}

EBL, Thbid M, @ subspace 72725 operator space, £11€1 row Hilbert space,column
Hilbert space & X ¥ 5, T 5Hid Banach space & LT n-dim Hilbert space {3 i< iso-

metrically isomorphic T& %7, completely isometrically isomorphic T7% 2 SRR,



INODRD map w124 LT ||uf|a = ||ul|ms ( Hilbert-Schmidt norm) & %5 Z & AV
bR Twb, o T, u: R, — C, % isomorphism & T 5 & X

lulleolle™ lleo > [luw™ lus =n
Gii) CB(",B(H)) %1 5,

T:(3, e — z; € B(H)
&E¥%, TZTe i=1,---,n i3 {7 D canonical basis,
ITllee = |IT @ idp(K)l|ex, Bix))—B(r0 2B(K)
= sup{[|Y zi@ai:[laif| €1 i=1,---,n)
= sup{ ”E:v, ®u;|| :u; aunitary i=1,---,n}

3HF B DEFIZ Russo-Dye DEH % F o 72,

Foo % free group with countably many generators & L, Uy, Us,--- € C*(F o) % canon-
ical generators & 3 5, ‘

E} 2 Uy, -+, U, TEKE NS n-dim operator space ¥ T 5,

EEDu; € BK) ¢ = 1, ,nicxLTmap ¢ : B} 3 U; — u;ld*homo § :
C(Foo) — B(K) % induce $2 DT, completely contractive Té 5, fitoT.

ITles = 11>z @ Ui

LB, TR
B(H) @ E} = CB(t",B(H))

EERT 5,

5 Exact operator spaces

EF 6 ([8]) operator space E % exact TH 5 ¥ id, £ D C*-algebra B EZD closed
ideal T 124 LT '
0—>I®E—-—>B®E———>(B/I)®E—-+O:

MWevact THAHI L LT b, TNLE, EED C*-algebra B & %0 closed ideal I 125 1L

T complete contractive map
T:(BQE)/I®F)— (B/I)®E
ix linear space isomorphism. % 2T
ex(E) = sup{[|T~"|| : B, I}

£B<, Edezact2b ex(E) < oo THb,



EEE. ED supremum i B(H) & K(H) THG26N5ZEHFMLNTWE, 22T, HiZ
I AHERR R IC Hilbert 220,
T = Zfil b;e; € B EXfEEICL D, 2Dl X {e;:i=1,---, N} TIRONLARK
JC operator space ¥ F &£ §5 &
dist(z,I @ F) = dist(z,I @ F)
Tdhbo [T,
ex(E) = sup{ex(F) : F a finte dimensional operator subspace}
&b, ARARIC operator space F 12X L
dox (E) = inf{|Ju||es||Ju " ||ct : u a linear isomorphism from E onto a matrix space}
EEDDH, T T, matrix space & I3 full matrix algebra @ subspace D Z & L § 5, |
FRRIC operator space F {ZxF LTl
dsi (E) = sup{dsx (F) : F a finte dimensional operator subspace}
LERT Do
EI8 7 ([8],[10]) operator space E 1Zxf L LU [n)i,
(i) ex(E) < C
(1t) =D operator space DFY (X ) 1Zxt L HIARZ inclusion

(J[Xn/w)® E < [[(Xn @ E)/w

D norm B C LT,
(iii) dyxc (E) < C

Proof. L THR7-ZE XD EIZARRILE LTI,

()=(ii):X, C 4, &% 5EY % C-algebra A, % L T L\,

(ii)=(iii):E C B(H) £ L P, : B(H) — M, & Bk’ compression & L. u, = P,|g &
Blo DL Ez e BT LTHLMNIC

llzll = sup [|un(z)[| = lim ||un(z)]]

ThiHHb, TOKER I LT u, tidinjective, UL, ZOT5 K&k n 2% 2 5,
E,=u,(B) &BLEE, uy IZXDET S map

u,: FE— HEn/uJ

IZ completely isometric isomorphismn T b, £ T, v=uj!' £B <,

CB([[En/w.E) = (J[Bn/w) ®FE
= ([E:/v)0E
— [[(E 0 E)/w

n



Thoshbv e[ (EL2E) w | <Ctihltsd,

v=(vy). vn€El@E=CB(E, E) with ||un] < C

n o~

LEREIE, ERABRXTLY 2
lim lvn —w ™ =0

ﬁo <. dsK(E) < Co
(i) = (i): M,

6 Norm »—EICTE £ % tensor product
12 8 (E.Kirchberg)

B(H) ® C*(Foo) = B(H) @maz C*(Fo)

FEHCIE LT @ Lemma 2S48,
Sublemma. fEED s EED A1y 7y Ap, bl: T b, € B(H) IZxF LT

I abill < | D asaf |2 bibal|'?
=1 =1 =1

Proof. fi#, (Cauchy-Schwarz inequarity 9, )
Lemma. BED n, £ED ;- 2, € B(H) I LT

1> 2 @Uilserpocw. = 12,20 Uillsppe,.. @)

i=1 i=1-

= inf{| Z a.ia;flll/ZH Z b;‘biHlﬁ tay = agb}
=1 =1

I TU, Uy, - € C*(Fy) 1 canonical generators & § %,
Proof. MHOX | “HFHONX IIHL2, “HFHONX ZFHOK 1 Sublemma % a; @ U;
Eb; @ 1ICHLTHZTIV, ZFBOKX WHORX % LUFRT, operator space DFl
(i) TR~z X9

T:(2 de;— z; € B(H)

X LT

1T|es = || Zl’i ® Uz‘”B(H)@C’*(Foo)
i=1

Lo EHACLY
T(a) =Vir(a)V

Thbd, 2 Ta: Ll — B(K)IE *homo,V, W € B(H, K) with ||[V|[|IW]| = |T||

COLEUL BAERRTZOTH=K LTIV, BRI, a; = Vir(e), by = m(e)W
EBITFIE L,



Remark. U7 #EHOM|MIF LI LICEkoTU; =1L LTh I, (DL XU, Us, - €
C"(Foo) #* canonical generators, )

Proof of Theorem.[9] E % 1 =U;,Us,--- € C*(Fx) TR 51 % operator space & %o
S:B(H)@ E — B(H) @ma C"(Fx) CB(K)

i Lemma 2 X 1) unital complete isometry, & - T unital complete contraction(=unital

complete positive mapping)
S:B(H) & C*(Fx) — B(K)

R TE %, S @ multipricative domain[3] 1% C*-algebra TB(H) @ E # &, o
T S iZ *-homo T algebraic tensor product B(H)® C" (Fx) ®_ET identity mapppingo
Thbb,

B(H) @ C"(Fx) = B(H) @maax C"(Feo)
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