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1 Introduction.

We consider the Cauchy problem for a system of quasilinear wave equations
O’ = F'(0u,8%u) in [0,00) x R", ' (1.1)
u'(0,-) =ef, 0u'(0,-) =g’ inR™i=1,...,m, (1.2)

where 0; = 83 — ¢ X7 8%,¢; > 0,0, = 8/02°,t = 2%, z = (2',...,2"). We denote by 9

the space-time derivatives, i.e.
ou = (aaui)a,i, 62u = (Baaﬂui)a,ﬂ,i,

where «, § range over 0,1,2,3 and i over 1,2,3. F' are C* functions near (du, 8%u) = 0
which are linear with respect to 8%u and satisfy |F*(0u, 0%u)| < C(|0u|? +]6%ul?). f'and ¢'
belong to C§°(R") and ¢ is a positive small parameter.

We give a condition of global existence for the initial value problem (1.1)-(1.2) in three

space dimensions. Small solutions exist globally when F*(du,8%u) do not have quadratic
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parts, but in general we cannot expect global solutions when they have quadratic parts even
if ¢ is small. However, Klainerman [5] introduced the null condition for the quadratic parts
of single wave equations (or systems of wave equations with the same propagation speeds)
and proved a global existence theorem on that condition. We extend the Klainerman’s null
condition to the case where the propagation speeds are different. And we give a global
existence theorem in this situation.

Let n = 3. We assume that each F*(9u, 0%u) takes the form

Fi(0u, %) = 3 Z 5 (0u)dadpu + Di(Ou), (1.3)

.. .‘J 101,,3 0
Cy(0u) = CF,(9u), | (1.4)
Ci5(0) = 0, D'(0) = dD*/3(8,u) = 0. (1.5)

We also assume that the propagation speeds ¢; are different from each other. Then we call

the following condition the null condition:

3 3
>, CHXiXpXi=0,> DEXIXj=0 (i=1,...,m)
a7ﬂ77=0 a,B=0
for all real vector X' = (Xé,X{,X%,X};) satisfying (1.6)

3
(Xp)* =i >(X;)* =0,
j=1

Here we have set -
0Cy 0>D' (0)
(0, uk) 0(0au?)0(dguk) "
When n = 2, it was shown in [1] that the null condition for the systems (1.1) with dif-

Cgﬂk'r =

(0), D5 =

ferent propagation speeds could be derived by applying John-Shatah observation provided

D#(du) = 0. Similar argument is applicable to the case n = 3.

Theorem 1 Let n=3 and ¢; to be different from each other. Assume that the nonlinear

terms F*(Ou, 8*u) given by (1.3)-(1.5) satisfy the null condition (1.6) and
Cap(Ou) = CI5(0u). (L.7)

Then there exits a positive constant ey such that the initial value problem (1.1)-(1.2) has a

unique C*°-solution in [0,00) x R? for ¢ with 0 < ¢ < ¢,.
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When n = 2, Hoshiga and Kubo have proved in [2] a corresponding global existence theorem.
They obtained necessary estimates with the use of only the angular derivatives and the

scaling operator to avoid the difficulty coming from the difference of speeds. We improve

their method to prove our theorem.

2 Notation.

Set

B = 802", 2° = 1,
d= (80581702783)’
V= ((91,82,83),

r=|z| forz € R3.

We denote by I' = (', ..., ['7) the collection of differential operators 9, Q, S where

Q=zAV, (2.1)
T;= S=t8 +rd,, (22)
9 ==-V. (2.3)
r
Then we find that the bracket [['s,T'g] of any 'y and I'g is written by another I',. Moreover,
we have
['e,0;]=0for 0 <a<6and[[7,0] = —-20,. (2.4)
We also note that
V=20,—Z Q. (2.5)
r 7

For a = (a1,...,ar) (a; € {0,...,7},1 <1 < k) we define
I'="~, T, and |a| = k. (2.6)
Let u = {(ul,...,u™) be a vector and set

wit,r)=1+r)1+|at—r]) (t=1,...,m). (2.7)



Then we define

m 3

[Buli, = > D> sup sup

la|<k i=1 a=0 0<s<t zcR3

wy(s, |2])T0.u' (s :c)‘

m 3
[ou(t)llx=D>_ > > M*da u'(8, )| 2wy -
la|<k i=1 a=0
m 3
Oullea= > D> Sup, ITBau’(s, )|l r2(rs) -
la|<k i=1 a=005s

3 Weighted L*-estimates.

Let v = v(t, z) be the smooth solution of the Cauchy problem
v—ciAv=F in [0,T)xR?
v(0,-) =8w(0,-) =0 in R?
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(2.8)

(2.9)

(2.10)

(3.1)
(3.2)

where F € C=([0,T) x R3) and F(t,-) € C§°(R?) for each t. We first present the decay

estimates for v that we will use later on.

Propbsition 3.1 Let v be the solution of (3.1)-(3.2). For 1 < pu, 0 <v and 0 < ¢, we set

Zup(8,A) = (T4 |es = A)*(1+ 5+ )",

Bo(t) = log(2+1t) (6=0)
’ 1 (6 >0),

M, ,.(F)= > sup sup |ylz..(s, [y])TF(s,y).

, [<k. 0<s< tyeR

Then we have
[o(t, )] < CL+ £+ [al) ™ @ucr (9,1 (1) My 0(F)
for1 <p, 1<y,
|0v(t, z)| < C(1+ |2])7H (1 + |eot — |2][) 7 @pe1(t) My (F)
for1 < u,0 <v,c# ¢y, and
90(t,)] < C(1 +Jal){(L + [eot — [2l]) ™D, (2)
+(1 + [eot — |z||)7#®y—1(8)} My v1 (F)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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for1 <u,1 <v,c=c.

These estimates are proved by making use of the representation formula of F. John [3]. The

proof of the proposition is elementary, but rather troublesome. For the proof, see [8].

Proposition 3.2 Letu = (ul,...,u™) be the smooth solution of
O = Fi(0u,8%) in[0,T) x R, (38)
u'(0,)) = ef?, 8u'(0,) = eg' in R3, (3.9)
t=1,...,m.

Assume that F* satisfy (1.6) and c; are different from each other.
Ife <1 and [Qulyn47y/2, < 1, then

[0u]n;: < Cn{e + [0y 10Ul 410} (3.10)

Proof. Let u{ be the solutions of the homogeneous equations

Ou' =0 in [0,00) x R?, (3.11)
u'(0,)) = ef', 0u'(0,-) =eg* in R?, (3.12)
r=1,...,m.

From (2.4), each I"uj, satisfies (3.11). Hence

|T%ul(t,z)] < Cye(l+t+7)7, (3.13)
|oT%ui (t, 2)] < Cne(L+ 7)1+ |et — )72, (3.14)
for |a| < N.
Set
Uy = U — Ug. (315)

Then, each T'“u} satisfies the equation of the form

O,0%: = > CulPFi(0u,0%u) in[0,T) x R?, (3.16)

b<a
I*ui(0,.) = 8,/ (0,-) =0 in R3. (3.17)



We apply Proposition 3.1 to (3.16)-(3.17) by setting the weight 2, ,(s, A) to be

- ; (@)
Z(S, )‘) - 1511.2};1_'_1 Z1,1(31 )\)7

#0(5,0) = (L [eis = AP (145 + A", ey = 0.
Then it follows from (3.5)-(3.7) that

[P (t,2)] < Cx(1+t + 1) {log(2 + 1)} M (FY),
|0Tul (¢, 7)| < Cn(L+ 7)1 + |eit = r]) " og(2 + t) My 41 (FY),

for |a] < N, where

My(Fi)= 3 sup sup [ylz(s, [y)|T*F¥(du, 0%u)(s, )]

la|<k 0Ss<tyeR3

In order to estimate My (F*), we use the Sobolev inequality (Lemma 4.2 in [6]):

W) < CLY N9 fllemsy + 20 10:92° fll p2ms) }-

|a|<2 |a|<1

If || + |¢| < k and 0 < s < t, we have

lylz(s, [y)IOT*w (s, |OTu! (5, y)| < Cr[Oulirsa)e |0ullrays,

and hence

Mi(F?) < Cr[0u)irs1y/21.4 10l ks, -
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(3.18)

(3.19)
(3.20)

(3.21)

(3.22)

Therefore, from (3.19),(3.20) and (3.22) we obtain the estimates of Iy} and dT'*u}. Com-

bining these estimates with (3.13) and (3.14), it follows

|F“ui(t,x)| < Cn(1 +t+7")—1{log(2+t)}2-
(& + [Ou]yv11)/2,e |0U]| v 4are)s
laf“ui(t, z)] < Cy(1+ 7")_1(1 + |eit — 7"|)"1 log(2+1) -

(e + [Ou]y(v+2)/21.0 |0l Nts,0)

for |a] < N.

(3.23)

(3.24)
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Next, we estimate the nonlinear terms by making use of (3.23), (3.24). We separate F"

into three parts:

Fi(du, 8%u) = N(du, 8%u) + R'(0u, 0*u) + G'(0u, 8%u), (3.25)
where
N{(0u,8%u) = > 32;787ui8a8,3ui+ > Dif;;@aui@ﬂui, (3.26)
0<a,B,7<3 0<e,B<3
R'(0u,0%) = Y ( Y. CUE o a0 + Y D:jgaauﬂ'aﬂu’“) , (3.27)
(]7k)7£(171) 05017/37‘753 . 0Sa,,3§3

and G*(du, 0%u) are higher order terms. Moreover, by the null condition (1.6), N*(0u, 8u)

can be expressed in the form

N{(Ou,0%u) = > TiQ'(u',0u’)+ Y T;ﬂanﬂ(ui,aA,ui)

0<a<3 0<a,8,7<3
+ Y TLou'Ou' +TQ(u',u'), (3.28)
0<a<3
where
Q' (u,v) = udw — c:Vu - Vv, (3.29)
Qag(u, U) = 8au8gv - aﬁuaav. (330)

These forms gain good decay near ¢;t —r = 0. Indeed, the following estimates hold for
leit — 7| < cit/2:
1Q(u,v)| < Clet —r|(1+1t+7)"|0u||ov]
+C(1 4+t + )7 Y(|Tu||0v] + |0u||Tv]), (3.31)

|Qap(u,v)|
|Diu| < Cleit —r|(1+t+7)71 0%

IN

C(1 4+t + r)~Y(|0u||Tv| + [Tu||dv]), (3.32)

+C(1 4+t + r)"(|0u| + |8Tul). (3.33)
Let us give a sketch of (3.31)-(3.33). Following [2], we define

SF =0, +¢0,. (3.34)
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Noting
Stu =t"Ycit — r)du +t7 Su,

|r~1Qu| < C|Vu,

(3.31) follows from the identity

Q' (u,v) = Q‘I(S;qu{v + S;uS;v)

—cIr 2 (& A Qu) - (8 A ), & = z/r,

which is derived from (2.5). If we rewrite Q,p(u,v) by using (2.5) and

Owu = —rt™10,u + t~ 1Sy,

we can prove (3.32). Finally, (3.33) is the consequence of

O;u = S S7u — 2(2r ' 0u + r72Qu - Qu).

Hence, it follows from (3.28), (3.31)-(3.33) that

IT*N'(0u,d%u)] < Clet—r|(L+t+r)"" > |or%|oT |

[B]+el<|a]+1

+C(1+t+r)"t S Phf||oreu] (3.35)
b +lc|<|al+2 :

for |c;t — r| < ¢;it/2. Therefore, if |c;it — 7| < ¢;it/2, the estimates (3.23), (3.24) and (3.35)
yield

TN (0u, 0%u)] < Cn(1+t+7)2(1+ |t — r|) " {log(2+1)}° -
(e + [Pl vy 10Ul 17,) (3.36)
for |a| < N. In case |¢;t — 7| > ¢;t/2, from (3.24) we obtain

IT°N'(0u,0%u)] < Cyx > |00%!||oTu

[b]+c|<N+1
< Cn(1+7)2(1+t+47r)"Hlog(2+ 1)}

(& + [0u]vray/21 10| Ryr)- (3.37)
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Similarly, by (3.24)

IT*Ri(0u,0%u)] < Cy 3 S |artud||areut|
(Jk)#(1,5) bl el <N +1
< Oyl )

+3 (1 +t47)72(1+ |ejt — 7)) H{log(2 + £)} -

J#
(& + [0 v 4ay/21, 110Ul X i7.0)s (3.38)
TG (0u,8%u)] < Cn ) ST |artud||areut||ord’|

1<5,k1<m [bl+|e|+]d| <N +1
< Cy{(1+ 7")"3(1 +t+ r)‘?’

+ 3 (A+t+r)3(1+ et —r))*Hlog(2+ 1)} -

1<j<m

(e + [0u) a2 10Ul 3 47.4)s (3.39)

for |a| < N.
Therefore, it follows from (3.36)-(3.39) that
|7 F(Qu, 8%u))|
S CN{(]- +1+ T)—1Z§27,1+n(ta T)—l
F(1+t 4+ St
J#i
: — m+1 -
+(1 4+ ) A Dt 1) e + [Bulisayae 10Ul r,)

for0<y<1,0<k<1—7and0< p< 1. Hence, by Proposition 3.1 and (3.14),
|oTeui(t,2)] < Cn(L4+7)" Y1+ et —r])71**-
(e + [Bulivasy/21,e 10Ul 4s.0)- (3.40)
Using (3.40), we estimate ['“R'(du, 0*u) again. Then

IFaR’(au,a2u)| S CN{(1+,’,_)—2(1+t+r>—-2+2p

+ Z(l +t+4 T)_2(1 + ]cjt — r|)"2+2”} .
it
(& + [0 v+6y/21,¢ 110U Nr0,0)s (3.41)
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for |a| < N. We take p < 1/2 and replace the estimate (3.38) with (3.41). Then we have
T F*(Ou, 6%u)|
<Cn{(l+t+r)” 1z1+71_|_,€(t r)—l

+(1+t+7) Z 31+7 1
J#i
1 L) (¢, ) ] B 3.42
(1 +7)7 2y 1t m) 7 He + [Ou]ivry/2ne 10X vo,) (3.42)
for some 0 < 7, x < 1. Then, applying Proposition 3.1 again, we have

oTui(t,z)] < Cw(147) 1+ |et — )"

(e + [Ouliovanyape 10Ul 10,0)- (3.43)

Consequently we have finished the proof.

4 Energy estimates.

Proposition 4.1 Let u be the solution of (3.8)-(3.9). Assume that F' satisfy (1.6) and c;
are different from each other. Assume moreover that C”ﬂ(au) satisfy (1.7). Then,

||8u||N,t§ CN€, (4.1)
provided [Ou]((n411)/2), s small.

Since we know the local existence of the smooth solution to the Cauchy problem (1.1)-(1.2),

we can prove Theorem 1 by Proposition 3.2, Proposition 4.1 and the usual continuation

argument.
Proof. If v = (v!,...,v™) satisfies
>y agﬁ(?a@ﬂvj =bi=1,....m (4.2)
0<e,f<31<5<m
with

Wy = afy = all, (43)
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then we have the energy identity

> 2 {9alads000'05v7) — BaalsBov' ) — 271 80(a5050%) + 27 800000 B }
0<e,B<3 14,5 <m
= Y bop, | | (4.4)

1<i<m

by multiplying both side of (4.2) by dpv'. Integrating (4.4) on [0,#] x R3, we obtain_
9-1 /R (9u(t), Bo(t))dz — 27" /R (9v(0),30(0))dz

— /0 ds [ {323 (Baalistov'dpe’ — 27 a0’ 0p0) + 3 Hon'}de,

0<a,B<3 1<i,j<m 1<i<m
(4.5)
where
(Ov,0w) = > (afhOv'dpw’ — 3 afdvi o). (4.6)
1<i,j<m 1<k,I<3
We first set
agﬂ = U;ﬂfsﬁ_cgﬂ(au)» (4.7)
o= > Y {050,050 0 — I%(a50,05u7)}
1<j<m 0<e,3<3 '
+I*{D*(0u) + G'(du, 6*u)}, . (4.8)
where
1 0 0 0
; 0 —c¢2 0 0
(Meplo<a,o<s = (4.9)
0 0 - 0
0 0 0 —c?

Then each agﬁ satisfies (4.3), and I"u is a solution of (4.2). Therefore, it follows from (4.5)
that

9-1 /R (Bru(t), T u(t))dz — 27" /R (OTu(0), OT*u(0)) dx

:/ ds | { Y D (Oatds0Tu 8Ty’ — 271 8pallp0. T u 95T u?)
0 R? 0<a,8<31<ij<m
+ Y bvgreu}de.

1<i<m
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Noting

2 Z {agﬂaaaﬁrauj - I‘a(agﬁaaagu])}

1<j<m 0<a,8<3

=[0I — Y S {CH(0u)0a0sTu — I*(Clls(Ou)dadpT u},

1<5,k<m 0<e,B,7<3

we obtain
-1 a a _o—1 a a
2 /R (Br*u(t), OTu(t))dz 2 /R (8r°u(0), T*u(0))dx

t . .
<Cy 3, > ‘/0 ds Aa |T20u’ || T 0u?||T°0u*|dx

Bl+lelSN+1 1<i,j,k<m
lbl Jel0

t
< Cwloulvsnye || (1+ )" ou(s)]} ds
for |a] < N. Since

S [ (oreu(t), oreut)de > Cu ou(d)ly

la|<N
if [Quo; is small, it follows that

Bu(e)3< Coie? + Puliovsnme [ (1+9)™ [0u(s)l ds}.

“ Hence, by Gronwall’s lemma,

10u()||% < Cre?(1 + )V IPdv+n/a, (4.10)
Next, we set
aly = g6, (4.11)
b = [0, T +T*F(Ou,0%u). (4.12)
Then by (4.5), we have
u@l< Cx(eE+ 50 /0 ds /R |T*F(9u, 0%u)|| 00T ui|dz). (4.13)

la],|b|<N 1<i<m

Using (3.42) and (3.43), we have

[P Fi(Qu, 8%u)||8pT *u'|
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< On{(L 4 s+ 7)Y (s )T

+(1+s+7)" Zz&)vl (s,7) -1
JF#i

F(1 4 )LD ()T A 4 ) T+ Jes — )7L
(g% + [Ou]i(v+7)/2],5 ||‘9“”N+103)
<Cn{(1+4+s+ 7")“3_"‘(1 + |cis — 7"|)‘2“'7

+HI+s+r)T > (14 ]gs — )7

i
H(L 7)1+ 5+ 1)} + [Bul iy 10Ul Rit0,s)
m-+1 . '
< Cn(L4+ )77 3 (L + fejs — 7)) T2 (€2 + [Qulvanyals 10Ul War0,)- (4.14)
i=1

Moreover, by (4.10) and (4.14) it follows that

TP F (0w, 0%u)||0pT |

m+1 )
SCN(L+8) 77" D0 (L4 Jejs = )T (ER + [y 6 (L 4 8) NP
i=1
m+1
< Cne®(1 4+ [Dun 2,0 (1 + 8) T OO/ 37 (1 4 [ejs — )71 7720 (4.15)
=1 |

Therefore, if [Ou]jx411)/2),¢ 18 sufficiently small, we obtain (4.1) from (4.13) and (4.15).
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