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STARLIKE AND UNIVALANT SOLUTIONS OF SECOND ORDER
LINEAR DIFFERENTIAL EQUATIONS

HE®RE  FE A (HITOSHI SAITOH)

We. consider the differential equation
w@) 4@ WE) B wWE)=0
where (%) and b(2) are analytic inthe unit disc 4. In |
this note, we show that the above differential egua%{on
has o solution WE) univalent and starlike in A under
some conditions. It is reloted to results of S.5.Miller
and M.S. Robertson .

I . lntkOdMC"Ef.O'ﬂ‘

Lot ff2)= Z o+ Z:‘:a,,z" be an analytic function
defined in the unit disc A={2:121<1 ). We denote the
class of such functions by A. If in addition fz) s
univalent | then we say fz)eS. Suppose Fle)zo n A,

then we deﬁ‘ne



SGF.z) = )(z) -L 2))

Ts be the Schwarzian derivative of ]L(Z).
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Oup stayfz‘ng point s the ﬁ//owirmg result of S.S Milley

Theo reas A ( Miller T4H1)  Let pee) be analytic in the
unit disc A with 1zp@i< . Let vi), 2ed be
the wnique solution of

(1. 1) V() + pBVI(Z) =0
with v@)=0 and V)=, Then

V' (7)
(1.2) i—;ﬁz—)—— 1l i,

and UR) s o starlike conformal map of the unit disc.

Theorewn A js related to the next results of M.,S. Roberfson

and Z Ne hak‘i .

/TthrewL B (Robertson (81) Let 2'/7(2‘) be anq//ffc, n

A ond



2 7[:2 2
. 2°pz)r = =% (ze A)
(1.3)  Re[zpwr}s I

_”\en the unique solution W=wI(Z), w()=0, w'to)=] iof
(f.4) wiz) + pRIW®R) =0
's univalent and starlike in A . The constanl T/ is

best possible one.

Theorgm C ( Nehari (61 ) If f@)€A and it satisfies

2

(1.5) [S(f,2)] =

NIH

(e A)

then f@) is univalbnat . The result is s/mr/x

Remark 1. The constant T72 is best foss:'!:/e as Shown

57 the ZXample_ e ~ We nete that L)/ fuﬂ'l‘n; p(2)= 2LS(]‘,Z)

17T

in (1.3) oF Theovem B , then (1.5) of Theorem C fmp//'es

(1.3). Therefswe , Nehari's theotesn. has a stronger A/fo’[%esis,

Thus  Roperfson proved that the unique solution of the
eguo\ffm (1.4) is starlike whereas Nehari Fmveal the
anffenf of the l/‘near// independent solutiom of (1.4) /s

univalent.
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WC, O\fSo {10.\/6'_

Theomm D (Gobriel[21) SuPPose, ffi) ¢ A and that
(r.6) IS8 20,2273 (2ed),

where  Co is the smallest pos}{ive rool of the equa'bon

5 X ~teeadd =0, then F2) maps A onto a starlike

AO MC(;yL .

Reall that f2) €S is starlibe with respect to theorgin

ff and on// }f RQ{Z%%)—} 70 faraﬁ ze . We denole

the class of slarlike functions ﬁ/ N
2. A class of bounded H}ncf:‘ohs

[et 8] dendle  the class o)t bounded ]Luncf/'ons wI(Z)
= W%+ w, 2+ - analytic in the unit disc A for which
a2y < J. If 3@eB; , then by using the Schwarz

lomma. we can Show that the function w(z) defined by

W(R)= z‘%f %(t),t-liolt /s also in Bj _ \/\/Hb‘n; Jthfs
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result in ferms of derivatives we have
(2.1) lé—mzu zw') |< T zed)= |lwiz)l< J(zed)
I]C we el f\.(u,U)-‘— %(,(,—f— v owe dan erfc (2. 1) as

(2.2) lh(.wlz),Zw'(z>)|<.T = jwi(z)|< ]

Tn this section, we will that (2.2) holds For Functions

hw, v) Satisg/fng the -F_o“owi'ng detinition .

DQ%‘nh‘?\'oml [_et HJ })é_ ’[‘_L\a Set o‘f‘ Qow\FiQx

funchions  h (w,v) satistying

() hawov) s continuous in o domain D CLxC,

(i) (0,0)eD and lhio,0)| < J,

G | h(Je®, Ke®)[> T when (Je®, Ke®)eD,
5 is real and K2J.

Exomple 1 It is easy To check that the Foflowing

funckion h, v) is in Hy

hﬁl«l,'\f) = KU+ Y WL\QY@_ & 1s C.om}?lex wiTh

Rex2o , ond D=0CxC .

Delinttion 2 Let heHy with Coresponding




o\omcxin D \/\/e oleno‘te b)/ B_}(h) H\ose {:uncjc\'ohs MWR)=
Wiz + w2 - which ore analytic in A satisfying

) (w2 ®) ED

i) [Thiw@), zo'®)|[< T (2ed)

The  sel Bj@\) 1S nol evn,?ty since  for Oy hEHS

s true thal wizy= wiz € Byt for funl sulficiently
Small o\epenc\‘mc} on h.

We need the following lemma To prove our results.

Le_mmo\ ( Miller ond Mocanu €51) Lol wi(z) =aunz+

2

W2+ --- be Qna(/JCiC in A V\/fﬂ\ ’W(Z)$0 I]t Zo'—'roewol

o< <1, and %M*m“xlw 2)|  then

C i ) ZDW’(ZO>

= m
A (Z5)
and.
zw(zo
" 0 >
U RQ[ w(Z)J lzm

where mz 1
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Theorem 1 For any he Hy , By(h)C BJ
<proof > Let wi@)e By(h). Suppose that 7=

roef\@" e/l (o<t < 1) such that

mox | ar(2)| = [wz,)| = J
l7l<t, '

16
The"n. wiz,)=Je and. Since l?)/ Levv\m&

Z’o’W‘I Qo)

=m =1 we have
WH(Zo)

Zow'(2)= Ke'® (K=mJ=T) oand thus

hw@), Zow'12,)) = h(Jet®, Ke®)
Since. h €Hy this implies that

| h (wize), Zew' @) | 2 T which contradickion
ot wiye By(h).  Hence lw@l <3 (2¢A), and

thus  wiz)e B5 . Q.E.D.

Remark 2 Ln other words, above theorew shows that

i+ ohe Hp ) with Corresponding dowain D, and if wid)

=WiZtwaZ - s analytic in A and (w(@),2w'@)eD
then

[h(we),zw'@)|< ] = lw@®|<]

Furjc\nermo\fﬂ , W%rewx { can Be -\ASQA\ T s‘(\ow Jt\r\of[



certain First order differential equations have bounded
solutions.  The Proof of the -ﬁoﬁ()ang theovem Lollows

immediafe’/ Lrom Theorem 1.

neomrm Z | Let he HJ and b(@) be « ana/fh‘c
Function in A with 1b@®|<J. If the d.‘fferenffq/

equation

h (wi@), 2w'@)) = b(z)  (w)=0)
‘10&8 Qa S‘o[u‘[‘l'o*r\ ur(Z) ,anq/)/fr'c n A , flleTL ‘W(z)'<l
3. Man  result

Our mam result is the ﬁo//ow:‘nj theorem .

Theorem 3 Let a(z) and b(2) be analytic in 4

with | z(b(z)—%d@—%a?m) l< —é— and [a(B)|< |
Let ar(z) (Z€A) be the Solution of the following
second order [inear differential eguation

(3,.1) W (2)+a@)w' @) +b(B)W(E)=0

with w0)=0, 4 ©0)=], Then wi(Z) js starike in 4.
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< proof > The Jcmns'ﬁormaﬁon

{ Z
(3.2) w(Z)= exP(—gf a@)d?)ww
0

to the normal form

- ? Lty L2 i}
(3.3 '@+ (bo-La@m-gat®)u@=o
and v)=0, vi)=1. If we pul

/
(3.4)  wz)=2Y® _ 4 (zep),
()

them W(Z) s anaf/ﬁ‘c n A uc)=0 and (3.3)

bocomes

(3.6) uP@)+u)+ 2 ®= -2 (b~ Jow-Ldw)
or eguivalently

(3.6) h(uw, zurz))=-% (b(Z) l—afﬂ —G(ZZ))
where  hu,v)= d+u+v. - (hw,v) js obtamed
by (3.3) and (3.4) ) Itis easy To check heu,v)e

HrE . e,

(i) "L(H,U) 'S Con{/‘nu(ous In D= (CX(I: ,

() (0,0)eD , lhto,0)l =0 <+

i [h($e®, ke®)| >3 (kzl)

FYO‘M O\SSU(W\FHU’Y\ ) we han



117

[*zl(k(z)v——;—a’@)-%—az(z)) | <—;— (2eA) |

B)/ usiv\% Theorem. 2 , we have

up < 5 (2ed)
Th'eve]cwa, we obTaln
z '@ | {

o) — 1 |’<—E— (z2el)

This tmplies thal

1 2@ 3
(3.7) — < Re{ 02) } <45 (7).

From (3.2) , we have

\ 2
(3.8) %X?(y&oa(c)o\g)w(z)-- V(2D

Lo%o\rtf\«m}caﬁ/ diﬁemnﬁating ot 3.8) feads T

! !
3 9) Ew @) Zv(R) _E
( W(Z) nr(2) 2 ()

C—Dm\o;m\v\% (3.9) and KQ(Z)\ < | we. ok'tm"v\

’

1w @) 2V _ 12012
Re_{ i }g RQ{ T } > [Zza@)] >0 (zeﬂ)/

omd thus W) is sTarlike 4.
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