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Starlike or convex of complex order
functions with negative coefficients

SHIGEYOSHI OwA* GRIGORE STEFAN SALAGEAN!

Abstract.  Inthis p@per we study some relations between classes of analytic functions
with negative coefficients and which are starlike or convex of complex order and other classes
of analytic functions with negative coefficients. In the same time we give an answer to a
conjecture due to S. Owa [3, p.163-164]. In the particular case when n € N and m =0 we

obtain the same results as in [4].
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Let U denote the unit disc, U = {z € C; || < 1}, let N denote the set of positive
integers, N = {1,2,3,...}, let No = NU{0} and let H(U) denote the set of functions which
are holomorphic in U. '

For m € Ny we define the differential operator D™ by D™ : H(U) — H(U),
D°f =f, le(‘z) = Df(z) = zf'(z) and D™f(z) = D(D™ ' f(2)), m > 1 (see [5]).

We denote by T, ,, the classes o

Tom =

{f € H(U);—szjfJ #0,(z€ C—{0}), f(z) =2z— i arz®, a0, > 0,(k € Nk > n)}
k=n+1
where n € N and m € Np.
For n€ N, m € Ny and b€ C— {0} we define the next subclasses of Tom
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Tam(b) = {feTn,m:Re{H%(%—l)} >0,(z€U)}§

Onm(b) = {f € Tom : i E™(k — 1+ [b])ax < Ibl}

k=n+1

and - :
Pom(b) = {f €Tm: > k™ [(k - 1)% + |b|} ar < |b|} .

k=n+1
The functions in T, 0(b) are the starlike of the complex order b functions with negative
coefficients (see [1, 2]).
The classes T10(1 —«) and T13(1 — @), @ € [0,1) (o is real) are the classes of starlike
and convex of order a functions with negative coefficients introduced and studied by H.

Silverman [6].

The class Ono(b) and O,:1(b) were introduced by S. Owa in [3, p.163-164], where he
conjectured that T, 0(b) = Onp(b) and T,:(b) = O,1(b). In this paper we give an answer
to this conjecture in the more general case of T, ,(b) and O, .. (b). In the particular case

when n € N and m = 0 we obtain the same results as in [4].

THEOREM . Let n € N, m € Ny and let b € C— {0}; then
1) Onm(b) C Tom(b);

2) Tom(b) S Prm(b);

3) if b€ (0,00) (b is a positive real number), then

Onn(B) = Turm(b) = Porn(b);

4) if b€ (—00,0) or —n/2 < Reb <0, then Pyu(b) € Tnm(b);
5) if b€ (—00,0), then T,m(b) L Opnm(d).
Proof. 1). Let f € Onm(b). We prove that

D™ f(z)
D™ f(z)

1’ < b, zeU.
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If f has the series expansion

(2) f(z)=2— Z arz®, ax>0.
k=n+1
then
D™ f(z) > rengr K™ (k — 1)ag|z[*!

3) — o]

i) 1. ~ <

1= ki K ak|z[*

We use the fact that D™f(z)/z # 0 when z € U — {0} and lim,,o[D™f(2)/2] = l;v
these imply
(4) 1— Y kmalz* >0,
k=n+1

when z € U.
From (3) and (4) we deduce

Dm+1f(z) _ 1‘ _ Ibl < ZZC):n+1 km(k -1+ |b|)ak - Ibl
D™ f(z) 1= ke K7k .
By using the definition of Oy (b) from this last inequality we obtain (1) and this impliés
L (D)
Red = [ 22 -
©®) e{b(Dmf(z) 1)}>~ boeel

hence f € Tnm(b).

2). Let f bein T,.(b). Then (5) holds and, by using (2), this is equivalent to

1 ch_)__.n_l_l km(l — k)akzk"l
e { b 1= lns Frarzt! >-1(zel)

(6)

For z=1t¢€ [0,1) if ¢t = 17, from (6) we obtain

Zilnﬂ k™(1 —k)ar Reb > 1
1- ZZ‘LM kmap |62 T :

wich is equivalent to
o

m Rebd
> k= IS o] e < e,

k=n+1
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hence f € P, ..(b).

3). If b is a real positive number, then the definitions of O, (b) and P,.(b) are
equivalent, hence Oy ;(b) = P m(b). By using 1) and 2) from this theorem we obtain 3).

4). Case I: b€ [-n,0).
Let f = fna, where

(7) fra(2) =2z —a(n+ 1) ™"

and let o > 0. We have

k;rlkm [{b{ lb?Reb}ak:(nﬂ-l) [b—}-n—b—b] ofn +1)"™

(8) Z k™ [Ib! (k__)_l_%e_b] ar =—(n+b)a <0< |b

k=n+1 Ibl

and then fno € P, m(b) (see the definition of P, ,(b)).

Py =1+ (G o1), cev

Let now

‘ D™ fra(2)
Then, by a simple computation and by using the fact that

D" foa(2) =2z~ (n+1)"a(n + 1) 2" = z — az"t!

we obtain

F(z)=1+m= 1+ ¢((),
where ( = z™ and
©) o0) = s

For a > 1 we have ¢(U) = Co — U(c, p), where U is the disc with the center

na?

(10) ' c=
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and the radius

na

(11) = =)

We have F(U) = Co —U(c+1,p) and we deduce that Re F'(z) > 0 for all z € U does
not hold.

We have obtained that for a > 1, foo € Pum(b), but foo & Tnn(b) and in this case
Pom(0) € Tom(b)- ‘

Case II: b € (—o0,—n).

We consider the function f,. defined by (7) for @ € (1,b/(n + b)). In this case the
inequality (8) holds too and this implies that fno € Pom(b).

We also obtain that f ¢ Ty, (b) like in Case L.

Case III: Reb € (—n/2,0).

Let now f = f,1, thatis

far(2) =z —(n+1)"m"

Then fn1 € Pom(b) because the inequality

> k™ (b + (k — 1)Reb/|b]lax = [b] + nReb/[b] < [b]

k=n+1

holds for all b when Reb < 0.

Now let »r = Reb < 0 and let s be a negative real number such that
n+2r(l—s)>0

for n € N fixed. If we choose z, one of the rooth of the equation

T n4b(1-3)’

then zo € U and for f,1 we have

1 Dm+1fn1(20) )
14 =2 _ 1) =5<0
b( D™ fo1(z0) s

hence fn1 & Tnm(b).
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5). Let f = fna be given by (7), where a > |b|/(n + [b]). Then

o0

S (n41)"(k— 1+ bl)ax = (n + b > 8

k=n+1

and this implies
fro & Onm(b) for n € N, m € Ny and b € (—00,0).

We have

Dm+1 o2
P =g (et -1) =140,
where ¢ is given by (9).

From @(U) = U(c, p) where c and p are given by (10) and (11), we obtain

(n+bda+bd
> rTEeTe
(12) Re F(z) > batl)
If
b€ (—oo,—n)and a € ( 9 1)
’ n+ 'bl? 7
then
(n+bda+b
—— >0
(13) batl)
and if

1] || )
be(—n,0 andae( , n(0,1),
(=m.0) ar o) "

then (13) also holds. By combining (13) with (12) and the definition of T, ,.(b), we obtain
that

B lb
Jao € Tum(b forae( , N (0,1) and b € (—o0,0).
®) wr B ) (%Y end b (Fee0)
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