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ON THE ORDER OF STRONGLY MEROMORPHIC STARLIKENESS
OF STRONGLY MEROMORPHIC CONVEX FUNCTIONS

MAMORU NUNOKAWA [#i)!l i BEB KFHE FH
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ABSTRACT. In [1], Nunokawa proved that if f(z) = 2+ Zanz" is analytic in |z| < 1 and

n=2

arg (1+ %)‘ < —ga(ﬁ) in |zl < 1.

where a(0) satisfies the condition of Theorem A, then

‘arg (zﬁi;))l < %ﬁ in lz] < 1.

oo
It is the purpose of the present paper that if f(z) = % + Zanz" is analytic in
n=0 )

0<lz] < land

zf"(2)
f'(2)

where 6(0) satisfies the condition of the Main Theorem, then we have

harg(z;;£§)>t>g(1+1—ﬁ) in Jzl <1

>‘>g(14}5(g)) in |zl <1

arg (1 +

1. Introduction

Let ¥ denote the class of the form
f(z) = L + i anz"
z n=0 "

which are analytic and univalent in the punctured disk £ ={z:0 < |z| < 1}.
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A function f(z) € T is called to be strongly meromorphic starlike of order # (-1 <
B <1)if '
- (zf'(2) ) ; T .
ar >—=(14+p in £.
l ; ( @ )| 7200
We denote by SMS(B) the class of all strongly meromorphic starlike functions of order

B. Similarly, a function f(z) € X is called to be strongly meromorphic convex of order
B (-1<B<1)if

(L)
(1 5

We denote by SMC(3) the class of all strongly meromorphic convex function of order
B.
In [1], Nunokawa obtained the following theorem.

)|>g(1+[3) in £

Theorem A. If f(z) =z + Zanz" is analytic in |z| < 1 and

n=2

2f7(2) Ea | n . z
oe (1+ )| < 300 <

where 0 < 8 <1,

.2 BaB)sin3(1—p)
) = Bt A e Bq(B) cos (1 — D)’

p(B)=(1+p8)F  and ¢B)=01-B7,

()

It is the purpose of the present paper to obtain an analogous result for meromorphic
starlike and convex functions.

then we have

< gﬁ n |z| < 1.

2. Preliminary

Lemma. Let p(z) be analytic inU = {z: |z| <1}, p(0) =1, p(z) # 0 in U and suppose
that there exists a point zg € U such that

™

agp(a) < G for |2l <lao
and ro
| arg p(zo)| = o
where 0 < . Then we have
zop,(zO) — zka

p(20)
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where
k> % (a + %) when arg p(zo) = _7122
and
k< —% <a + %) when arg p(zg) = —%o-[
where

p(z0)* = ia, and a>0.

We owe this lemma to [1].

3. Main result
Theorem. If f(z) € SMC(8(8)), then f(z) € SMS(1 — B), where

. 2 1 ,BQ(IB) sin %(1 —IB)
5(ﬁ) =p-1+ Trta'n ﬁq(ﬁ)cos%(l—ﬁ)“‘p(ﬁ),

p(B) =1+ B,  ¢B)=01-0",

and 0 < B < 1.
Proof. Let us put @
__zf'(= _
then we have " e
L) )

O O

From the assumption of the theorem, we have

2f"(2)
f'(2)
Therefore, we have f/(z) # 0 in U, because if f'(z) has a zero at z = zp in U, then
(1+ %?) can be infinite and arg(l + f—f——(%l) can take any value of 8, for 0 < 0 < 27

fl
when z approaches to zg from certain direction. This shows that

>\>g(1+5([3)) in U

arg (1 +

p(z)#0 in U
If there exists a point zg € U/ such that
’ T .
largp(2)| < 5B for 2] < |20

and -
| arg p(zo)| = §ﬂ



then from the lemma, we have
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o (0) _
| p(z0)
where k is a real
k> 1 a+ H when arg p(zp) = b
2 a 2
and . ) 5
T
E<—=la+- when arg p(z0) = ——
2 a 2
where ‘

p(ZO)% = iia)

and

a > 0.

When arg p(z) = %ﬁ—, then from Lemma and applying the same method as the proof of

[1, p.236], we have

20" (20) _
arg <1 + m) = arg p(zo) + arg (

m
2
<™

IN
|

+
B
[of]

7" -1

ZOPI (Zo) .
p(20)? 1)

B i1-8)% gL
+al'g € 7,8]{';73-—1

5 + arg (ei(l_ﬂ)%—g(al_ﬁ +a"17P) — 1)

w0 i(1-p)3 8 Lté)l—gg (l_tﬁ)_%g _
2 {e RS ((1-;3 173 !

(ié_ﬂ)(%g‘)%ﬁ sin 1'2-(1 —B)

(£5)(355) % cos 3(1-0) - 1
Bq(B)sin 3(1 - B)

= g—ﬁ +tan™!

= 5(1+6(8))

Bq(B) cos 5(1 — B) — p(B)

and if arg p(zp) = —-%, applying the same method as the above, we have

Mg(ny”’(_Zcﬂ)Z_

f'(20)

5 +6(8).

These contradict the assumption of the theorem, therefore we have

MEOE

or

5

This shows that -

This completes the proof.

in Uu

>”§(2—ﬁ) in U

f(z) e SMS(1 - B).
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Remark. It is trivial that -1 < §(8) <0 for0 < g < 1.
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