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Difference Sets in Generalized Quaternion Groups
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Abstract

We shall determine all the difference sets in generalized quaternion groups: If there
exists a nontrivial difference set D in a generalized quaternion group. then the group is

Q15 and D is a (16.6. 2)-difference set.

Existence of difference sets in non—abevlian groups are not so much known.

For example, there is a famous conjecture: "There is no nontrivial differences sets in dihedral
groups” (see v[2].[4]). For known non-abelian difference sets. see [3],[6].

The group

ol=2

ol— 5 ’
Qo =< a.b|d? "=1.0ab = a7 B = a >

of order 2! is called generalized quaternion.

In this paper. we classify all the nontrivial difference sets in Q.

A k-subset D of a group G of order v is called a (v.k, )\)-difference set of G if the list
{ey~Ya.y € D)} contains each nonidentity element of G exactly A times. We call n := k — \
the order of D.

We write exp(G) for the exponent of G.

A prime p is called self-conjugate mod e. if there exists an integer 4. such that p' = —1 (mod
€'). where ¢’ is the p-free part of e. If each prime divisor of n is self-conjugate mod e, then we
say n is self-conjugate mod e.

Let & be a primitive ¢-th root of unity and let [k] be the set {0.1,....k — 1}. The cyclic
group Z/kZ and [k] are often identified without explicitly mentioning it.

The following lemma is proved in [1].
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Lemma 1 Let N = Z, X Z,. where w is an odd integer. (u.w) = 1.u > 1. Suppose that
D € ZK satisfies the fqllowing conditions for some integer m: (1) I—};\'(D) 18 a root of unity
for all nontrivial characters \ of K. (2) %\I(D) = +1 where \1 is a cha}acter of order uuw.
(3) (m.w) =1. and (4) m is self-conjugate mod ww. Then |

L\(D)==1

m

holds for any character \ whose order is a multiple of u.
Theorem 2 Suppose D is a (2'. k. \)-difference set in G = Q. then | = 4. k =6. A = 2.

Proof. We may assume that & < 271, Then the order n = k — X is a square. since the
order of G is even. Let n = 2%m?. where 2 f m. Since A\20 = k2 — 22m?, we see 2%||k2.
Let k = 2'h. Then N = k —n = 2/(h — 2'm?) = 2'u. where 2 J p. Then 2==4h — m or
2="=Un + m. since ;27" = h? — m? = (h + m)(h —m). Since m < h <2717 h 4 m = 2771,
h—m =2u=2h— 21 m2 Hence 21+1m? = 2!=~1, Then m = 1. 2/ = 2%+2,

Let D = Dy +bD,, where D; = 3 .co11 dyia*. Then
pD"Y = DDV 4+ Dy DS Vbt 46D, DY 4+ 0D, DY
= n+A<a>4+MN<a>.
This implies
DD+ DD =n4 N <a>

and

-2

1+ 7DD =N <a>=(1+a® )D.DVY.

Let H be a cyelic group of order 2! generated by g, and

Eyi= Y dug™ Eyi= Y dg®™"!

ke2i-1 ke2i-1

be elements of ZH. Then

EE M+ EE ™ =n+r<g >

Sl-1

1+ @ EET =)< g®>= (145" BB
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Let p: ZH — ZK = ZH/(1. ¢2™") be the ring homomorphism which is induced by the
surjection H — N = H/{lﬁg2’_l}. Let g = plg), F1 = p(E1) and Fy = p(E»).
Then
PR+ B =n+20< g% >.
2R Ry =225 < 7 >=2FRF .
Hence F = Fi + Fy = Yjepi- frg" satisfies FF"Y = n 4+ 2\ < 7 > and all the coefficients
fir € {0.1.2}.
Since n = 2% is self-conjugate mod exp(L’). we see that %\(F ) is a root of unity for all

nontrivial characters \ of I\, i.e..

1 o .
f(0)1=ﬁ ST Al

kef2!=1]

is a root of unity for any a € [2/71]\ {0}. where n := Ey-1. We may assume
f(1)==1

by translating D if necessary. From Lemma 1. we see

for all a € [2'71] such that (a.2) =1.

277 4+ 1. Then the projection

Let A(x) be the cyclotomic polynomial of -1, i.e. A(x)
h:ZK — ZK/(A(g))
satisfies
h(F ¥ vn)=0.
This means. in ZK\,
F = /n is in the principal ideal (A(g)).

Then |fy — fupo—2| = /7 for some k € [2'73]. Hence \/n < 2 follows from fi. € {0.1.2}.

Since D is a nontrivial difference set, we see n = 4 and the only possible parameter is

(r.k.)\) = (16.6.2). O
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Note that {1.a.a?.a®.b.ba®} and {1.a.a3 a*.b,ba®} are the only non-equivalent (16.6.2)-
difference sets in Qg (see [3]). By Theorem 2, these are the only non-trivial difference sets in

Q>

However. this result is contained in a nonexistence theorem of difference sets in certain

2-groups (see [3]). We want to generalize this theorem for the group

Qu =< a.,b]a'zl =lbabt=at VP =d >.
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