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Rigid cohomology A [

#B5E ¥k (Tsuzuki Nobuo)
IR B RFH A

1. U ®IC.

RIS HIED cohomology Fild . K& U THAMEHEIC L B b DL MAHENOEE LD LN B B,
EEH (B8 p > 0) RBEHREDOR AL, fiF L L MR, %& & L Td crystalline cohomology
& p-i cohomology L MFFSN B L DN H %, REETIL. p-1 cohomology. ¥12. Berthelot DEAL
72 rigid cohomology D ##:i & vanishing cycle 12 2WTEL,

p-i cohomology DEFHNDFIADIEE D id, 1960 40 Dwork 12 & 2 & -BMOBEEMLEDFER [9]
WCIRE B 1RIE. p-ERFOMZRICS TR ERAL 72, 60 £/ %I Monsky & Washnitzer 12, Dwork
DHFIZR# SN T, EEH affine smooth variety (8L TH L v cohomology Bt HAL 72, [18] 20D
cohomology #i% Monsky-Washnitzer cohomology & IF-08, &6 (-FMOEEER EDEHEIN 5, [17)

70 £4013 U @12 Berthelot 3 crystalline cohomology % # A L 72, [1] crystalline cohomology i . proper
smooth DIFEIIN Zy REDRVHEFRE 5 X 508, ) THRVHEIIE ) L E»R v, (28 - 61 1)

80 #XIZ A D Berthelot {3, de Rham cohomology @ —#%{L [12] \Z3M$ % T, Dwork 45 D
1 % ik T Monsky-Washnitzer cohomology ® —#%{tC% % rigid cohomology % 3L 720 FDEHIZ BV
C. Tate £ Raynaud 52 £ % rigid analytic space & ZDHTD tube O Ezg (3 &) NWEERZE T F
7L Tw» %, rigid cohomology 13 affine smooth M35 41213 Monsky-Washnitzer cohomology & . proper
smooth M35 & 1213 crystalline cohomology & FIENZ 7% ) | HBRKXTCHER Poincaré AU, BlE S A
% {729 R\> cohomology #TH %, (5 ik R &, BEAARICOVTIX, 21 [17] [11] 2R . ) 8%
f+& rigid cohomology |Z2\>Tid overconvergent unit-root F-isocrystal O #54 [22] [23] % Bavs T 5% HH
BRERTHIZ s

ARTix, Berthelot DEFHDE ) —DDHTH S coherent DI-MEIZ OV Tkl 22w, (3]

6 BHiTIX. BB BT vanishing cycle 3 & 9 2 5RENEET S,

#E 2B\ T3 [ On vanishing cycles in rigid cohomology | & # 4 M V& {HF 7245, KED ¥ £ LIt
FERRIZEHEOF TEEL 72 rigid cohomology DFNMASE % DT [Rigid cohomology AFS| & L 7=,

Rk E B p>00EK.V & k2 HRKIHOREREHEBTER. K * Z208kE T2, || %
K OfixHl, |K*| TEM (FE) 22T VI M CHLT, Mk =MQy K 35,

2. Monsky-Washnitzer cohomology.

ZOHEITIx, Monsky & Washnitzer 2% A L 72 cohomology 7 (f& & 1 formal cohomology & & fHiF
Zo 413\ Monsky-Washnitzer cohomology & IHIM 5, ) IZDWTHERD, 5EL <& [18] [16] [17] [20] %
R &

X % k L@ affine smooth variety, Spec A % X ® V E~OHRBRE smooth 2L EFE 42, 29
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V) Spec A, [10] XX VLT HET D, ADV ETOBERER Viz] > A *BEEL. 20#% I,

Vi = lim {3 anz™ € Vijal) | lamA - 0 (m| > o0)}

. AT = Vi)t /IV 2]t
EBL 2L Im|=Xm; L5, At 13 A ® V E® weak completion & %2 0, FE BV CAHESE
ROBD FIZES v, At i3 noether TH D, A D pEEfifbs 4 & BL L., V-REOBRE: 8
AcC At c ANHEET B,

K-#55 d: Ak — Ax ®4 Q) . d: A - AL ®4 QY WS, K-8tk

0— A — Ak @4y — A ®4 0%,y — -

(Al DXEE 0 L T2, ) WERBEOFTIE X OATHRE S, ZOEED cohomology # X ® K +®
Monsky-Washnitzer cohomology (EA k., MW-cohomology) & \:\>, HY o (X/K) L ET, Hw (X/K)
WL THEFHTH S,
K | Frobenius 51§ o (k £ p #HOFEL BIF) B FEETLETH, ZDE &, X OH#ixt Frobenius
FHE AT RIZHDL B2 Hiyy (X/K) B o-8FE4$% 8, ZDOE%% Frobenius 5T, X & ¢
DHIZL B,

Bl X=AL—{s1,-,8,}. 5§ %2 s DV OFLEF, A=V[z,[], 2] 35, $5&,

1,‘—§L

(Y ™ + Z Z — | @m, € V,3\ > 1 such that |am, |\™ — 0 (m; — o0)}

mo=0 1ml>0

Y #F¢ 5, ordy(n) = Olog(n)) (n — o0) £ 1

Hiyw(X/K) =

&% %, Frobenius 1d, H 12i13 1 T, HY iZid p TR %, K 2#MABIEE T5, X O crystalline
cohomology H.,.,(X/V) &, Al % p-#5efift A 2% 2 72#KD cohomology 2% 1)\ H ey (X/V)®Y K
& K ERBRRIT TRV,

Monsky & Washnitzer 13, 5 D5EL 72 cohomology A% E\> cohomology 7z HIFLskiFE-TW 5
NEEOPOME, B2, Hyy (X xp AL/K) 2 H 0 (X/K) REEEARGRENBEY IO Z &% RL
2o LU ZOBERKRTCHL Berthelot [5] # Mebkhout [15] DFEHE TREVWEASO LTV r 572, (5
BT Berthelot 12 & 2 5% B2, )

3. Tubes.

FEMILDOERDPSMD LI, FE 1 OBKEPLES $828 A TIURT 2554 BREMNE L
T Monsky-Washnitzer cohomology (3 EZEEN b, ZOLLILTEE VI EIEIZBWT, k£ LD scheme
TV EIELETF2L W) ZLEBIITELZ EAHEL VY, 20720, ZOFFORTIIIEY Sk
WO BRIEA ) @D, KIS 5 Z LSBT H 5, Berthelot 12, Tate % Raynaud & 12 & % formal
scheme (29 rigid analytic space DEEEH T, INS5 DA% KIBILL 720 B F. Berthelot |= X %
tube & @ strict neighborhood 122DV CHEHT 5, FEL <ix. [4] R X,
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P % V LOBHARE piE formal scheme, Py & €D special fiber. Pyg % P 24£9 Raynaud’s
generic fiber [14, Chap. 2, Sect. 3]\ sp: Prig = P % specialzation Bf% (AL HHZEH O E L Tid (14, 1.7)

BT ABRTH T, BAEEOIIZ oTWw5, ) £T 5,

X #% Py @ k EOHS scheme T T(P,0p) DIE fr,--+, frr g1 ++29s T Z = (M V(£)) N (U; D(g;))
EEHEESNTWELDET A,

[X[p=spH(X) = {z € Pyig | fi(x)| <1 (Vi), lg;()| =1 (37)}

i Prig PHES FESII 0TV T A, ZTNE, XD PIIBIT5 tube EF)o /2. 0< A 1L,A € [KX|®Q
WL T ‘
[X[pa= {z €]X[p | Ifs(z)] <A (Vi)}
. X OFF n O tube LV, [ X[p1=|X[p THD. A =17 £ 55 L, [X[pa & [X[p ® admissible
covering [14, Chap. 3, Sect. 1] {272 %,
LT, Y % Py DFAES scheme, X % Y OBIEE% scheme, j: X —» Y ¥ ML T5HDAA, Z =Y -X
E¥ 5%,

F# 1. |Y[p ODHESE V 2% | X[p @ strict neighborhood TH A L&, |X[pCV 2 {V,|Z[p} #* [Y[p
® admissible covering 127% 5 Z £ &\,

Y =Py £35, 0< A<, e |KX|®Q LT,
Ux =lY[p—]Z[px

3ol {Uslac 1 | X[p ®FEXK strict neighborhood 5&i27% 56
[Yip £EO Z IZiHo7BINREEDOE%E

Oy = 11‘1}1 oy Oy

TEDDL, 2IZT, HAE | X[p @ |Y[p OFTO strict neighborhood V' &% E L RMHBER T, av :
V =]Y[p 3 #EE . Oy 1 rigid analytic space V OHEREZ KT

Bl 2. X % k FOARE affine smooth scheme, Spec A % X O V _E~NOFRE smooth %¥FH BT,
B AA Spec A — AL & —2EEL T, Py OHFTO Spec A @ Zariski closure O p-1 completion
% P. P O special fiber # X £§5, ZOLE . A<LIEHLTUN = {z € Ppg | [ta(z)| 2 A7 (¢ 13
Al DEEE) 2OT,

L(X[p, ' Opxy,) = Ak
L% |

4. Rigid cohomology.

C DFEITIE, Berthelot A% A L 7 rigid cohomology D EF [2] [4] [5] ZIkDES

LLF. X % k LOA&RE separated scheme, X % k £ X ® compact 1. j: X — X 2 HET 5
DAL, P % V EOHRE p# formal scheme T k LOBEOAA X — Py 2L, P> SpfV
& X OERET formally smooth &3 %,

FORIRT, K £® | X[p @ smooth 7 & [14, Chap. 3, Sect. 2] D &K | X [p O strict neighborhood
2% %, $E-C. de Rham #fk

ty FA 1 o 2
0—y O]X{az —J O]X['P ®O]Y[p Q]?['p/K —J O]X[’P ®O}7[p Q]7[7>/K -
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NERSN L, 727201, jTO]y[P RO IZB L, TDOHEAED hyper cohomology 1. X @ compact {L5°
formal scheme ~DIDAADEY HI2 & 52wy, EFE, X 4% 2 D0 formal scheme P, P IZHEHIATH
TWwhETH, X DEH YT formally smooth ZIEDAAR L ARG P - PHHbL LTI, Z
DEA%A M { analytic space DB | X[pr D& B strict neighborhood ERFATEIC W x D(0,17)" —» W

EWI DB, 12750, W | X[p @ strict neighborhood @ admissible open T, D(0,17) IZHAL
AR E T2, £oT. BRLEARS

) ° . -\t °
7O, ®0%, Uxp,/x — Rinig (1) 0%y, B0z, N, k)
X FEENZ%2 %, compact fEIZ LB 2WwWZ &id, [5] 2 EHRE L,

Btk ' Oy ®0o%, Q].Y[? x P hyper cohomology * X ® K L@ rigid cohomology & &>,
H! (X/K) TEL, X CHL CHFHTH 5,

Z% X Ok FOBES scheme, ju:U=X-2Z - X #{05T20BORAAR,. Z% ZDO X OFT
@ Zariski closure & § 5, Z |2 support % F2OBINE section D@ %

17" 0%,,) = ker(§' 0%, = 30z,
45k, ZIZ support % FD rigid cohomology 12

HlZ,rig (X/K) = Hl (]X_[P’ FT (JTO]X ® X(p Q].Y[p/K))

TE#HEN D, Hy , (X/K) &, X © compact {t% formal scheme ~DEDHRAKIZELLT X & Z
? support 72T THED, X & Z CHLCHFENTH L, 70, Hy, (X/K) = HL (X/K) D
Hj . (X/K)=0Th%,

K Z Frobenius E{% o f)‘\z—?‘-f{j‘é t¥5hH, D L& VX @%@ﬁ Frobenius %0) P ’\@%%_t”'ci\
H, rig(X/K) FIC - ESFEL, TDEE% Frobenius HT& Y, X, Z & 0 DAIZ L 5,
Z ZC. rigid cohomology D#E2hDHEEBNT 5,

(i) K' % K OHBRRIEKR. k' % K' OBKAE, X' =X Xgpec , Spec k' Z' % Z O X' ~DFIER
LET B, 2DEE,

HlZ’,rig(X,/K) = HlZ,rig(X/K) ®K K’
e h. (EIE. EEOEMNEEOE AN L TREARD 152 L ARG TS, )
()T % Z\2&Ehd X Ok LOBFES scheme £ 5, ZDEE,
T Hé’,rzg(X/K) - HlZ,mg(X/K) - HlZ—T,r‘ig((X - T)/K) -

XL B,
(iii) X % k Lo affine smooth variety £ 35, ZD& &, 2 ODFEE»L

HEIN D, EE, Bl 2 ® | X[p 1. affinoid space 7*H % 5 A strict neighborhood &% FEOH 5 |
H'(X[p, 5" Opx; @ U i) =0 £ Y MEAREN 2o
(iv) X % k L proper smooth variety & 35, W(k) % k-4#R¥ Witt vector T& §5 &

T"Lg (X/K) irys(X/W(k)) ®W(k) K
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kb,
K 7% Frobenius % #2& &, £® (i) - (iv) i Frobenius §f& T2 %,

L)X — X[p—]X[p & T 5. | X[ |l support % ¥ section DE%
Tx1(5" Ojx) = ker(Opxp, = Oz _xt.)
& < & | compact support rigid cohomology 1

H.,.(X/K) = H (X[, T)x((5'01%|, ®0

1Xip Q]Y[P/K))

Eiﬁﬂé H., ., (X/K) &, X ® compact {£%* formal scheme ~DEDALIZL ST X L2 TRE
L CHFENTH DL, /2. X=X DL &, Hgmg(X/K) HL (X/K) TH %,
K \Z Frobenius 54§ o BT A& &, H. ., (X/K) LI o-BIEEZAEIN L, ZOTAZ% Frobenius

5t & 1.5, compact support rigid cohomology (2L Td . LD (i) & (ii) & ARROEEA KD L2,

#WE 1. 19 25, k LOHRE separated scheme X 1ZxF L T compact {LIZFFET 547, V LD formal
scheme ~DEDALD H DL DITTIE v, —HFICIE, X OBLLERFEBEL £ 52 compact LB &
U formal scheme 25 L T, Cech B # BT 5 I EATH#EL, ZOEHEMKIE, compact {EB LT
formal scheme DELY FIZ L5 %2, ZDHEKRD hyper cohomology T rigid cohomology % EFT 55

#E 2. Berthelot (X, p-#FEFT& & L T overconvergent (F)-isocrystal % BAL T, #NHE2HHET5
rigid cohomology b £ L 7= [4] overconvergent (F)-isocrystal {3 [-EH 512317 % smooth sheaf |Z3%f
BT Aa L BbRTwT, 2SO/ rigid cohomology 12X L T LD (i) - (iv) & FFEOHED
SR RVASH

5. Finiteness theorem.

rigid cohomology 1%, ARKITCHER Poincaré BAHEF % {73 B\ cohomology T 5 L EiFFS T
Wiz, LAl IhH0Z EASFERH SN 5 T, Berthelot 2% 80 £ #I5EIZ rigid cohomology #EAL T
o 10 FELFL2TNE RS LA o7, de Jong I &5 alteration DHEG [13] 288 L T, WO T—Hx
WEEBAT & B L)l o7, [5] [6] (k PAEBRMED L &, [15] TRHIZ AETHRRTHEZEHAL Tn5b, )
FREMEDOH AT, T HMIEHE TR, (R EZR L)

EI 1. ([5], [6]) X & k LOHBRE! separated scheme, Z % X ® k FOBE % scheme &35,

(1) X 7% k F smooth &§ 5 &, support ff % rigid cohomology HL .. (X/K) & K FHRBRRTT
H5b,

(2) compact support rigid cohomology H; ”g(X/K) i3 K EEBRRTTH 5,

(3) (Poincaré Bxttk) X @ k EOXRTLE n & $5 & trace § Trx : H2, (X/K) —» K " HHET %o
512, X &% k L smooth 7 51, canonical 7% JE;BL pairing

;rig

HY o (X/K) @k HHZ/K) — H2 (X/K) K

c,rig c,rig

WHET 5.

(1) Berthelot |2 & AFERRIZ . RO DD 5
(a),: dim X £d %53 HL, (X/K) & K EPERRITTH %,

Tig
(b), : dim Z<d 251 HY , (X/K) & K FERKTETH B,

rzg(
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RIRMBIIRT I L1 E B, (a), 1XBAS D (a), = (b), & support 1§ & rigid cohomology D¥EEE T
D Gysin @2 # A5,

IR 2. ([5], [6]) X % k _EOAHBRAE smooth separated scheme, Z % X O k EDFRIT e Td 5 smooth
B84 scheme & ¥4, ZD& &, canonical 72 [FE]
HY .o(X/K) 2 H/; **(Z/K)(—e)

rig

BEET S, Zh% Gysin AEIE V), 72751, (—e) I3 —e K Tate twist. $7% b 5. Frobenius D{EH
Mpe fEENDIERT,

RICIE T AEMEDS . Gysin FEIT X #° affine T global R EEX FH, Z PWEEOBF N TER
ENTVAEFITEHENTORIE TS TH S, EBIC, EEH 2B ITIOHEIERAIN, —KO%E
i¥ Poincaré BUHEE FIWTREN B, (b),; = (a),4, &+ de Jong IZ X % alteration % A\ T, crystalline
cohomology DAHRRRITTHE (1] IZEET %,

(2) 13 (1) & Ak,

(3) (2) 5 X FERMWPEHDOL &, H, (X/K)2 K(—n) &5, Lo T, trace FOFENFH S

c,rig

pairing {3, de Rham #f& jTO]Y[p R0z, Q].Y[p/K LD BERL pairing 25 E PN HLDTED S, FER

fbTHHZ Lid, (1) LR 2 2OGELRMBISRT,

#E 3. Monsky 13 affine smooth variety & € DBF D ;I Monsky-Washnitzer cohomology @
Gysin HEI% [16] THEEHL T\W 5,

2 4. Chiarellotto i¥. Z ORRTE e 55 & Hy , (X/K) ~® Frobenius DM D weight (&
26 L&ERHLERL 10 [7] '

#E 5. [23] T. overconvergent isocrystal 42$(® rigid cohomology @ Gysin [&% , AXHFTHoLE-
7 mATHI 2 35 A2 EEB L 726 rigid cohomology DA FRRTLIER> Poincaré BOEIX . BFTARE/ F o3 —
HASHI S LT B overconvergent unit-root F-isocrystal D3 EIZGEA SN 5, [22] [23] —HRDIZEIZIE,
rigid cohomology P HRRRTTHFIIFEH SN Tz,

R 6. Crew I& REHHROF AT, BRTOEHRD B 5 FED ERMEDIRED T T overconvergent isocrystal
12D rigid cohomology D& RATCMER Poincaré Btk #% crystalline cohomology D &IZIFEL 72\
BlZe FETIHEHL T b, (8]

6. Vanishing cycles.

R=k[t]]. T =V[t]] #ZnZFn. k¥, BLT, VREEOEAWNEEIREL . n. s © Spec R
? generic point, special point £ 3%, £72. V, % V[[t]][t_l] O p-#EEMRIL. K, 2 V, OEKRE § 5,
K, & k((t) #BH&E. V OETEETL THTHMBERNERTH 5,

Vanishing cycle &1, Spec R £® family @ generic fiber & special fiber T® cohomology D31 %
ETLDTHB, LT, EFEWLRET, £HRo>T 2 20 cohomology PH DTN EFRENIIDWTB
Nbo (DL ZARERERFHRTVEIDIT TR, LTIE—20EETH L, )

X = Spec R[z,y]/(zy —t) X, Xs & X @ generic fiber, special fiber & %, R[z,y]/(zy —t) O
T E~O#EHL T A=Tz,y)/(xy—t) Z—2FEEL. B=A/tA L35, AT TADT ETO weak
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completion ¥ £3 & . B D V E® weak completion ¥, Bt = AT/tAl TH 5,

dz dy, . dt
Q710 = (A_x— + A?)/AT

(4 = df + %‘i) ETh, ZDOLE, X O Tk £® log Monsky-Washnitzer cohomology %
Hllog—IVIW(X/TK) = HI(A;{ - A}{ ®a Q}‘I/T,log)

LB MEREED?S . Hl,, yw(X/Tk) & Tx EOBEEA 1 (1=0,1). 0 (1 #0,1) DHEMEICZ
D, BARLZERIZI YRR

HﬁVIW(XU/Kﬂ) = Hllog—MW (X/TK) RTk K”I

8% 7o, BUK Al @4 Q% 1, & mod t LTSN BHME Bl @5 14, v Xs ® K L0 log
Monsky-Washnitzer cohomology H} fog-arw (Xs/K) & ED

Hllog-MW(XS/K) = Hllog—MW(X/TK) Tk K

PHEET S, LORENIX, Frobenius §& a[3#i2% %,
XT. X, D K £ rigid cohomology 13, 2 E#EE

Vizll @ Viy)k — K (a,b)~ a (mod z) — b (mod y)
1
Vizidz ® Vlylldy

@ cohomology & L T#EHN 5,
Al 25

HLy(Xo/K) 1. 0K K T, Mudilz 50 BRREE Vs oVylk —

H}, (Xs/K) — Hllog—A/[W(XS/K)

TZg

%185, COBEBI I A1 DL EFET, | =1 D& FHEHDD cokernel iE K(—1) L FEEIIRE, 22
T. K(-1) |22 Frobenius 2° p fETIERT %,

ULEoEgEs proper semi-stable 72 R _EOHFRIC 1 @ family X T, T LIZEH EAD | etale local
Ik ADL S CELEN > TVAEDDODBEIIDWTER b, log-rigid cohomology % log
Monsky-Washnitzer cohomology DEEY B TERT S REDE T AEEIL log-rigid cohomology @
EREFoTVRVOT, BELIDOLIIIED LS. ) & Hyypo(X/Tk) 13 Tx LOREEAERE dNE
T LOEEL FFRD base change 258 Y 7%, Frobenius §f& £/ F 1 I —{EH (Gauss-Manin & 8-

72k EOWMSER t4 PoES BIER) EHD0 85100 HO(Xo/K) = Hiyerg (Xo/K) BEV, 5227
0 - ngg(Xs/K) - Hlog-rzg(XS/K) - donble pg?m - K(_l)
- Hrzg(XS/K) - Hlog—rig(XS/K) - 0
PHET S,
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