oooooooogon
10730 1998 O 84-97 84

ON THE EXTENSIONS OF W, 4 BY G, 4

TSUTOMU SEKIGUCHI® AND NORIYUKI SUWAD

1. MOTIVATION

Let (A, M) be a DVR with K = Q(A) of characteristic 0 and k = A/9t of charac-
teristic p > 0. ‘
The so called Artin-Schreier-Witt exact sequence

(1) 0—Z/p" — Whi Frd, Wy — 0

describes any étale p™-cyclic coverings, where W, . is the group scheme over k of Witt
vectors of length n and F' is the Frobenius endomorphism.

On the other hand, when K contains p,~, any étale p™-cyclic coverings are descrived
by the Kummer sequence

‘ O,n

(2) 0 — pyn g — Gmx = G x — 0.

But we do not like to have two Gods (1) and (2) in the world.

In fact, we can constract a Kummer-Artin-Schreier-Witt exact sequence over DVR

A = Z(p) [,upn]:

(3) 0= (Z/p")4 —= Wn — Wa/(Z/p") 4 — 0
with an exact sequence of Kummer type as the generic fibre:
(4) 0= ppn g = (Gmx)" = (Gmx)" — 0

and with (1) as the special fibre (cf. [12, 15]).

In n =1 case, the exact sequence (3) is given explicitly as follows:

Let ¢ be a primitive p-th root of unity, A = ¢ — 1 and A = Z,)[(]. We define W
by the group scheme

G™ = SpecAlz,

)\a:+1]

with group law z - y = z + y + Azy. Then (3) is given by
(5) 0 — (Z/p)a — GV L GV /(Z/p) = GOF) — 0,
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1 : ,
where &(z) = Y] {(Az +1)P — 1}. The exact sequence (3) for general 7 is given by

taking suitable extensions step by step starting from the exact sequence (5); that is
to say, if we constract W, for an n, then the next W,,; is given by an extension of
Wn by g(A):

(6) 0—=GN Wi =W, >0¢ Ext! (W, GV).

On the other hand, some matters concerning of G can be calculated by using the
exact sequence

(N 0— GgW o2, Gm,a 2, 1Gapn — 0,

where 7 : SpecA/A < SpecA is the canonical inclusion, o™ (z) = Az+1 and rVt = ¢

mod A.
In fact, using this exact sequence (7), we can obtain a long exact sequence

(8) 0 — Hom(W,, g()‘)) — Hom(W,, G a) — Hom(Wh, 1,Gm 4/5)

2o Ext! (W, 6™) — Ext! (W, G ).

Here we have Ext*(W,, G,, 4) = 0 by Hilbert theorem 90. Therefore for our purpose
to search W,,.1, to calculate

Hom(Whr, 1Gm,a/x) = Hom(Wh, a/x, Groa/n)

1s important.

Moreover to determine explicitly the quotient W, /(Z/p™) 4 is crucial when we apply
our theory to the lifting problems of p™-cyclic coverings of curves as was expanded by
B. Green and M. Matignon [4]. When once we construct the quotient W, /(Z/p™) 4,
the next one Why1/(Z/p")4 is given in Ext*(W,/(Z/p™)4,G*"), and it is fixed
explicitly by calculating Hom(Wh, a/xr, G, a/30).

Our aim of this report is to determine explicitly the groups Hom(W, 4 2 Gm,a/3)
and Eth(Wn,A/,\, Gm,A/)\)-

2. THE STRUCTURE OF W,

By using the exact sequence (8), for A, Ag,... , A, € I\ {0}, W, can be written
in the form:

(9)

1
Wn = SpecA[Xo,Xl, ce ,Xn_l, m,

1 1 ‘ 1
A X1+ Dy(Xo) A3 Xa + Da(Xo, X1)" " AnXno1 + Dy (Xo, . .- ,Xn—z)]
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where for eachi =1,2,... ,n—1,

1 1
D; : SpecA/Air1[Xo, -+ s Xicty — s ™

is a homomorphism and we understand that Dy = 1. The group law of W, is that
which makes the map

Wn — (Gm,A)n
x=(2o,... ,Tn1) — (Mz1+1 %2+ Di(z), .. An-1 + Dy _1(z))

a homomorphism. One can refer to [15] for the details.

3. DEFORMED ARTIN-HASSE EXPONENTIAL SERIES

Let W, (resp. Wn) be the group scheme (resp. the formal group scheme) over Z
of Witt vectors of length n, and W (resp. W) the group scheme (resp. the formal
group scheme) of Witt vectors over Z, and let G, (resp. G..) be the multiplicative
group scheme (resp. the multiplicative formal group scheme) over Z.

We denote the Witt polynomials by

Po(X) = Xo
®,(X) = X{ +pXy

&,(X) = X2 +pXI" 4+ "X,

Let F be the Frobenius endomorphism defined by

F=d1o0®: w 22 G & w

r F— (@1(:13),@2(33),)
(®o(y), 21(¥),---) <~ ¥

We note that F' is also an endomorphism of w.
For later use, we define a morphism [p] : W — W by

[p]b:: (Oab{))?b?)

for a vector b = (bg, by, . ..) € W(A). Note that if A is an Fj-algebra, [p]b is nothing
but pb. Moreover, for a vector a = (ag,a1,...) € W(A), we define a map Tqg :
W(A) — W(A) by

&, (Tab) = af ©n(b) +paf n1(B) + -+ + P ano(b)
for b € W(A). Then we can easily see the following.
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Lemma 3.1. Actually, Tq : W(A) — W(A) is a well-defined endomorphism.

Let A denote the Witt vector (A,0,0,...) with coefficients in Z[A] and FY) the
endomorphism F' — AP~1 of the group scheme Wzy,.
The so called Artin-Hasse exponential series is given by

2

XP  XP
EP(X)::eXP(X‘F—;—l— o —I—)

2
xP XP

= Xe Ve - € 2y |[X])

Now we define a formal power series E,(U, A; X) in Q[U, A][[X]] by

co 1 (U pk— U pk—1
E,(U, A; X) = (1+AX) [] (1+AP'°XP’“);E((A) Sl
k=1

In our argument, one of the crucial points is to descide the integrality of this kind
of series. For checking the integrality, Hazewinkel’s lemma (cf. [2, §2]) is almost
almighty in our case.

Lemma 3.2 ([2, (2.3.3)]). Let A be an integral domain containing Zy), and o : K =
Q(A) — K = Q(A) be a Zy)-algebra homomorphism such that o(f) = f mod pA for

any f € A. Let d(X) = doX + di X? +--- € A[Z]([X]]. Then

exp (d(X)) = 1+d(X) + d(X)? + - € A[X]]

if and only if there exist b, € A (i = 0,1,...) such that dy = by, and d, = b, +
50(dn-1) € A forn > 1.

By using this lemma, we can see that E,(U, A; X) € Z)[U, A][[X]]. Easily we can
see that E,(1,0; X) = E,(X), that is to say, E,(U, A; X) gives a deformation of the
Artin-Hasse exponential series E,(X).

Let A be a Z)-algebra, A € A and a = (ag,a1,...) € W(A). We define a formal
power series Ep(a, \; X) in A[[X]] by

(10) Ey(a, X X) := [] Ep(ar, 2¥"; X7")
k=0
© -—1-7;‘1?1:—117(’\)0'

= 1+ 2% I (1 + X x7") o
k=1
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Then the boundary of this power series E,(a, A; X) is given by the following.

(11)
Ey(a,\; X)Ey(a, N\ Y)
Ep(a, %)) (X,Y) = -2 o
(6) p(a, )))( ) ) Ep(a,)\;X-I-Y-F)\XY)

1,, o1 FNa

00 ((1 + X" XY (1 + WY P ) vy

- ,g 1+ MW (X +Y +AXY)P*

Now replacing FMa with a Witt vector b = (bg, by, ...) in the right hand side of
(11), we define a cocyle as follows. '

L, ,b
o (L W XP) (L4 XY\ ot
F,(b, X; =
(12) »(0, 4 X, Y) Ig(1+/\P’°(X+Y+)\XY)’”k

Again using the integrality lemma, we can see that

Fp(b, A X, Y) S Z(p) [b, )\] [[X, Y”

4. DETERMINATION OF Hom(W,, G,, 4) AND HZ(W,,, Gy, 4)
Let Abe a Z,)-algebraand A € A. By (10) and (11), we can define homomorphisms
£l Ker(W(A) 225 W(A)) — Homa_g(GW, Gma): @ — Ep(a, X; X)
and, when A is nilpotent,
& Ker(W(A) £, W(A4)) — Homa_g(G™,Gpra); @ — Ep(a,v)\; X).
Moreover, by (12), we can define homomorphisms
1. FO) 20600 @ ). :
51 : Coker(W(A) _ W(A)) - HO(g 7Gm,A)7 ar— Fp(aﬂ )‘7Xa Y)
and, when A is nilpotent,
¢! : Coker(W(A4) £25 W(A)) — H2(GN, Gmn); @ — Fyla, \; X, Y).

Under these notations, we gave the result in the one-dimensional case in the pre-
vious paper [16] as in the following style.

Theorem 4.1. Let A be a Z,)-algebra and A € A. Then the homomorphisms
¢l Ker(W(A4) 225 W(A)) — Homa_ (P, G a),
L. Coker(W(A) 225 W(A)) — H2(GW, Gpa)
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are bijective. Moreover, if X is nilpotent, the homomorphisms

& : Ker(W(A) 2 W(A)) — Homa_,r(G™, G a),
1: Coker(W(A4) 225 W(A)) — HA(GW, Gy a)
are bijective.

For _general n, we can cosider the both of Hom(W,, G a), H3(Wh, Gyna) and
Hom(Wn, G A), HO(Wn, Gm, 4), but for simplicity hereafter we treat the ﬁrst them

only.
Next we look at n = 2 case. Let A;,\s € A, and assume that ) is nilpotent in
A/X2. By (9) and Theorem 4.1, an extension

(]_3) 0 — g()\2) — W, — g(/\l) —0 €Ext! (g(Al)’ g(*z))
1s given by

1 1
(14) We = SpeCA[ Y S X1 N D)

where D(X) = E,(a,\;X) and a € W(A/)\Q) with FOMa = 0 € W(A4/);). Now
we put FMa = (Agap, Aoal, .. .) and @' = (ay, a1, . ..). We define an endomorphism

U2 UQ(A]_,)\Q, ) . W(A) — W(A)2 by

(84 F()‘l) —Tal @) F()\l)a“‘Ta/,B
Zlg)=l o row)lg)=| poag )

For (g) € W(A)?, we define a formal power series Ep(<g) (il) X,Y) by

BA(5) ()i %070 = Bl i X000 1)

When we put (s,t) := (z1,y1) + (22, y2) € Wa, we can easily see that
- s=1x + Ty + M T2,

¢ Y1 Yo (A2)
- Hy(21,75) € GO,
D(s) ~ D(@) " Dlay) T (o @) €6

where

1 { D(z))D(zs) 1}

Hy(z1,29) = bW D(z1 + 22 + \z122)

1
= = {R(F™a, x; (31,22)) - 1}

2
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Moreover, for F' = F,(b, A1; X1, X2), we define
[P F := Fy([p]b, M; X1, Xa),

and
%-16

1
o (14 (F —1)7"ok®
Go(6, Mo} F) = ( 2
” L\ orr
Then using again the integrality lemma, we can see that

GP((S) >\27 F) € Z(P) [a‘/) >‘11 /\27 6][[X17 X2]]

Under these notations, we can show that the boundary of Ep(<g> : (}\1> X, Y) is

given by
(15)

©8(3)- () 005 539

Ep( (g) ) (i;) 1X17}/1)EP((2> ’ (i;) ;X2,}/2)

Ep((;) ; (i\\;) (X1, Y1) + (X, Y2))

Y, Y-
= FP(F(Al)a - Ta’,Ba )‘1) (XI,XQ))FP(F(AZ)ﬁa >‘2a (D<)1(1)7 D(;(2))) X
Y] Y
F(Az) (H 1 2 _1(X2) . )
FP( ﬁJA2’( 1 D(Xl) + D(XQ)))GP( F 137)‘27F)
Now arranging the equality (15), we define a cocycle by
A
19 £(3). ()0, 06 )
Y Ys
= F (X1, X2))Fp(6, Ag;
P(77A1;( 1 2)) p( ) 27(D(X1)7D(X2))) X
Y Y,

Fp(‘sa AQ, (H17

By T pog) Gl 8 A ).

By the equality (15), we can define the homomorphisms

5(2, ‘Ker <W(A)2 LN W(A)2> — Hom(Wa, G 4);

5)-(3) ()2
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and

€2 :Coker (I’/I\/(A)2 B, W(A)2> — Hi(Ws, G, a);

()= ()

Then we can obtain a commutative diagram:

(17) |
0 —— Ker ) — KerU, e Ker F(*2) i

| | |

0 —— Hom(G™),Gpu) —— Hom(Ws, Gpa) —— Hom(G*?), Gy, 4) 2

4 (CokerF») _——  Cokert —— CokerF*2) —— 0
| g |
_8—-) Hg(g()\l)7 G‘m,A) —_— H(2)(W27 Gm,A) -— H% (g(AZ)) Gm,A))

where the second horizontal line is the exact sequence deduced from (13), and the
first horizontal line is the exact sequence defined by the following maps in order:

aH(‘(j), g>Hﬁ, B TaB,

@) (e

By the commutative diagram (17) and Theorem 4.1, we can show the following.

Theorem 4.2. The homonmrphisms

£2 Ker (W(A)Z b, W(A)2> —s Hom(Wh, Gum 1)
and |

€2 :Coker (VT/(A)Z U, W(A)?) s H2(Wh, G a)

are bijective.

Befor we give the final form of the theorem, we will explain the situation by looking
at the n = 3 case.
By (9), an extension

(18) 0— G W3 - Wy, —0
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is given by

1 1
14+ MX’ Di(X)+ AQY]

W, = SpecA[X, Y,

and

1 1 1

_ X |
Wj = SpecA[X, Y, Z, 1+)\1X’Dl(X)+)\2Y’D2(X’Y)+)‘3Z]

Moreover, by Theorems 4.1, 4.2, D; and D, are given by
DI(X) - Ep(a') )‘17 X);
_ b A1)
D2(X’ Y) - Ep( (C) ) ()\2) 7X7 Y)7
with

FMa =0e W(A/N),
B\ (FOY T\ (b _
(=" w6 (1) =0 e W)

where a’ is defined by (Aeaf, Aadh,...) = F*a. Now we define b’ and ¢ by
()\3[)6, /\3b12, PN ) = F(Az)b - Ta/C and ()\366, )\3(3/1, cen ) - F(’\3)c.
Again we define a new power series by

x /\1 . Y Z
Ey( ,573 : ;z ;Xa}/;Z):Ep(aa/\l;X)Ep(ﬁy/\%_—'DI(X))EP(7;)‘3;—“_D2(X’Y))'

Then the boundary of this series can be caluculated as follows.

x )\1
(19) (aEp( (IB) y ()‘2 717)) (X11K7Z17X27)67Z2)
vy As}

(84 )\1 8 >\1
Ep( ﬁ ) )‘2 ;leYi;ZI)Ep( /6 ) _>‘2 ;X2)}/2722)
_ vy A3 Y A3

(6" A
Ep((ﬁ) : (A;) (X1, Y1, 21) + (X2, Yz, Z3))

Y A3
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Y Y,

= B(F e, 23 X, Xa) Fo(FO9B, s s s
1 1

) X

Y, Y
F(F28 Ny (Hy, E,(B, \2; Hy) ™! x
7 Z
E(FO9)qy )g; U X
P72 Dy(X,, Y1) DQ(XQ,YZ))
7 Zs

Fp(FP3)y, \g; (Ha, ) Ey(7, As; Hz)™?

+
D,(X0, Y1) | Da(Xs, Vo)

= F(FM™a — T8 — Ty, Mi; X1, Xz) X
Y Y-
F(F)3 — Ty 8, Ay: 2 ) x
B(FB = TyBs X Di(Xy)’ DI(X2))
Y1 2
X
D1 (X1) Dl(X2)))
Zl Z2 ) %
D (Xl,)/l) D2(X27}/2)
Z1 Z2
H,, + %
? Dy(X1,Y) D2(X27Y2)))
Gp(F(M)IB - Tb")’; Ao Fp(F )\l)a: At leXQ))_l X

Gp(F(’\S)’Y, A3; A3Hy +1)71

(F(Az)IB Tb Y, /\2a (H17

F(F(A3)77 A37

FP(F(A3)77 >‘3) (

Again arranging the equation (19), we define a cocycle by

6 AL
FP( €, >‘2 ;leyi)Z1)X2;)/'2722)

¢)
vi v
— F)(6, A\ X1, Xa) Fy (€, As; v
(020 X0, X6 221 00y D)
Y: Y, Z; Zy
F € )\ 3 H, F 7>\ 3 b X
o(& %2 (s 5oy * By V7S 506, 7)) Ba(Xa )
Z VA
FP(C7)‘37(H27 + 2 )) X

Dy(X1, Y1) | Da(Xs, Ya)
GP(€1 >‘2; FP(F(/\I)GW >‘1; Xl’ X2))_1GP(C7 /\3; )‘3H2 + 1)_1

—~

Now we define an endomorphism Us = U(Aq, Ag, As, @', b, &) : W(A)? — W(A)3
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by

- F(Al) ~Ta ~Ty\ [« FMa —TgB — Ty
Us | B|=( F& T | 1B = FOB — Tery :
v 0 0 FO) \x Fa)y

Then by (19), we can define homomorphisms

58 :Ker(W A)3 Ys, W(A)3) — Hom(Ws, Gy 4);

(81 (04 )\1
IB) = EP((lB) ) (AZ) ;X7Y7Z)7
8l v/ \Ms

¢ :Coker(W(A)® 25 W(A)*) — HZ(Ws,Gm,a);

) 0 A1
€ HFp( €, >‘2 ;le}/i)Zl)X2;)/2)Z2)-
¢ ¢/ \As

Then similarly as in the case of n = 2, we have a commutative diagram:

(20)
0 — KerU, —_— KerlUs — Ker F(*s) —_—

sgl ggl g l

0 —— Hom(Wh,Gpma) — Hom(Ws, Gy a) —— Hom(GP), Gy ) —

~~

—  Cokery ——  CokerUs; ——  CokerF®) —— 0
sﬁl ﬁi s%J
% H2(Wy,Gpn) —— HEWs,Gpa) —— HA(G, G a),

with the second exact horizontal line obtained by the exact sequence (18) and the
first horizontai line defined in order as follows:

5)-(g) (o] (a2
ﬁ 0 Y ’Y »’Y’ 7 Tcl’y ’
6 o
(2) — (e) , e) — (.
0 ¢

By the commutative diagram (20) and Theorem 4.2, we have the result in the three-
dimensional case.
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Theorem 4.3. The homonmrphisms

&3 tKer (W(4) 2 W(A)®) - Hom(Ws, Gm)
and

&8 :Coker (W(A)° 25 W(A) ) — HiWe, G)
are bijective.

Then as one can guess the general result, we have the final form as follows.
Let W, is a group scheme over A obtained succsessively by

(21) 0— GM ) Wi = W, — 0,

fori =1,2,...,n—1, where W; = G&1). Then by (9), each W; (i = 1,2,... ,n) is
given by

1
W, = SPECA[XO,Xh N, O m,

1 1
Di(Xo) + X X:' ' Disa(Xo, ..., Xi2) + >\z'Xz'-—1],
where Dy(Xo, ..., Xk-1) * Wra/nen — Gmoasng,, 15 @ homomorphism for & =
1,...,7—1. Here we understand that Dy = 1. Now we assume that for 1 <i <n-—1,

each D;(Xo, X1,...,X;—1) is given by

a,i )\1
aé )\2
Di(Xo,Xl,--- 7Xi—1) = Ep( N I I ; Xo, X1,y. .. aXi—l)
: Xe1
= E 0}7)\ ) )
P p(ai Ae Dy—1(Xo, .- -, Xe—2)
and
. F(Al) - ar% - a/? - a/i—l
a’1i 0 F(A2) _Tal% oo — a,g_l
a’ ) . —~ . — .
2| ¢ Ker(Ui —| o o R N R W(A/)\i)’)
P 0 0 0 R
a’i i—1

bm0 0 ' 0 o, Q) )
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Here the ¢-th components of a’;’s are defined inductively by

)\i(a';-)g : (Fo‘j)a,; — ZTalga;) .
I4

=37
We put

o= 1 ( D;i(Xo, ..., Xi-1)Di(Yo,...,Yis1) 1)
) >‘i-;~1 Dz((XO7 . aXi—l) + (}/67 1)/1'—1)) .
Furthermore we define a formal power series by

bi A1
B [P,
P( : ) : )X07X1)"' )Xi—la}/()))/la"' )Y;—l)
bi) \\
‘ . X Y.
=[] F,(b%, ) : i1 : Cine X
j=1 7l " Dj—l(XOv--- ’Xj—2) Dj—(YE)a--- ,Y}—z)) _
i ' X1 Y1 :
F(bi, A\ Hi_y, + x
k=2 p( B £ Dk—l(X())"' )Xk—Z) Dk—l(%)'-' 7)/;»”—2))

Gp(—bi, )\k; )\ka—-l + 1).
Then we can show the following theorem inductively.

Theorem 4.4. The homomorphisms

& Ker(W(A) L W(A)) — Hom(W;, G a);

al al )\1
a’? o )\2
I Ep( o ER ; Xo, X1, -+ Xio1)

and

& :Coker(W(A)* 2 W(A)') — HZW;, Ga);

B BN\ [\
B B2 |
: I_*-Fp( . ) . ;XO)Xl)"'axi—h}/O)}/l)---7)/12—1)
B B/ \\

are bijective, for each 1.
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