
ON THE EXTENSIONS OF $\mathcal{W}_{n,A}$ BY $\mathrm{G}_{m,A}$

TSUTOMU $\mathrm{S}\mathrm{E}\mathrm{K}\mathrm{I}\mathrm{G}\mathrm{U}\mathrm{c}\mathrm{H}\mathrm{I}^{*}$ ) AND NORIYUKI $\mathrm{S}\mathrm{U}\mathrm{W}\mathrm{A}\dagger$)

1. MOTIVATION

Let $(A, \Re \mathrm{t})$ be a DVR with $K=Q(A)$ of characteristic $0$ and $k=A/\mathfrak{M}$ of charac-
teristic $p>0$ .

The so called Artin-Schreier-Witt exact sequence

(1) $0arrow \mathbb{Z}/p^{n}arrow W_{n,k}rightarrow F^{n}-\mathrm{i}\mathrm{d}W_{n,k}arrow 0$

describes any \’etale $p^{n}$-cyclic coverings, where $W_{n,k}$ is the group scheme over $k$ of Witt
vectors of length $n$ and $F$ is the Frobenius endomorphism.

On the other hand, when $K$ contains $\mu_{p^{n}}$ , any \’etale $p^{n}$-cyclic coverings are descrived
by the Kummer sequence

(2) $0arrow\mu_{p^{n},K}arrow \mathrm{G}_{m.K}arrow \mathrm{G}_{m,K}\theta_{p^{n}}arrow 0$ .

But we do not like to have two Gods (1) and (2) in the world.
In fact, we can constract a Kummer-Artin-Schreier-Witt exact sequence over DVR

$A=\mathbb{Z}_{(p)[\mu_{p^{n}}}]$ :

(3) $0arrow(\mathbb{Z}/p^{n})_{A}arrow \mathcal{W}_{n}arrow \mathcal{W}_{n}/(\mathbb{Z}/p^{n})_{A}arrow 0$

with an exact sequence of Kummer type as the generic fibre:

(4) $0arrow\mu_{p^{n},K}arrow(\mathrm{G}_{m.K})^{n}arrow(\mathrm{G}_{m,K})^{n}arrow 0$

and with (1) as the special fibre (cf. [12, 15]).
In $n=1$ case, the exact sequence (3) is given explicitly as follows:
Let $\zeta$ be a primitive p-th root of unity, $\lambda=(-1$ and $A=\mathbb{Z}_{(p)}[\zeta]$ . We define $\mathcal{W}_{1}$

by the group scheme
$\mathcal{G}^{(\lambda)}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[x, \frac{1}{\lambda x+1}]$

with group law $x\cdot y=x+y+\lambda xy$ . Then (3) is given by

(5) $0arrow(\mathbb{Z}/p)_{A}arrow \mathcal{G}^{(\lambda)}arrow \mathcal{G}^{(\lambda)}\Psi/(\mathbb{Z}/p)\cong \mathcal{G}(\lambda^{p})arrow 0$,
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where $\Phi(x)=\frac{1}{\lambda^{p}}\{(\lambda x+1)^{p}-1\}$ . The exact sequence (3) for general $n$ is given by
taking suitable extensions step by step starting from the exact sequence (5); that is
to say, if we constract $\mathcal{W}_{n}$ for an $n$ , then the next $\mathcal{W}_{n+1}$ is given by an extension of
$\mathcal{W}_{n}$ by $\mathcal{G}^{(\lambda)}$ :

(6) $0arrow \mathcal{G}^{(\lambda)}arrow \mathcal{W}_{n+1}arrow \mathcal{W}_{n}arrow 0\in \mathrm{E}\mathrm{x}\mathrm{t}^{1}(\mathcal{W}n’ \mathcal{G}(\lambda))$.

On the other hand, some matters concerning of $\mathcal{G}^{(\lambda)}$ can be calculated by using the
exact sequence

(7) $0arrow \mathcal{G}^{(\lambda)}rightarrow \mathrm{G}_{m,A}\alpha^{(\lambda)}arrow\dot{i}_{*}\mathrm{G}_{A/\lambda}r(\lambda)arrow 0$ ,

where $\dot{i}$ : $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{C}A/\lambdaarrow \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A$ is the canonical inclusion, $\alpha^{(\lambda)}(x)=\lambda x+1$ and $r^{(\lambda)}t\equiv t$

$\mathrm{m}\mathrm{o}\mathrm{d} \lambda$ .
In fact, using this exact sequence (7), we can obtain a long exact sequence

(8) $0$ $arrow$ $\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{n}, \mathcal{G}(\lambda))arrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{n}, \mathrm{G}_{m}))Aarrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{n},\dot{i}_{*mA/\lambda}\mathrm{G}))$

$arrow\partial$

$\mathrm{E}\mathrm{x}\mathrm{t}^{1}(wn)\mathcal{G}^{()}\lambda)arrow \mathrm{E}\mathrm{x}\mathrm{t}^{1}(w_{n}, \mathrm{G})m,A$ .

Here we have $\mathrm{E}\mathrm{x}\mathrm{t}^{1}(\mathcal{W}_{n}, \mathrm{G}_{m,A})=0$ by Hilbert theorem 90. Therefore for our purpose
to search $\mathcal{W}_{n+1}$ , to calculate

$\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{n},\dot{i}_{*m,A}\mathrm{G}/\lambda)\cong \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{n},A/\lambda, \mathrm{G}/\lambda)m,A$

is important.
Moreover to determine explicitly the quotient $\mathcal{W}_{n}/(\mathbb{Z}/p^{n})_{A}$ is crucial when we apply

our theory to the lifting problems of $p^{n}$-cyclic coverings of curves as was expanded by
B. Green and M. Matignon [4]. When once we construct the quotient $\mathcal{W}_{n}/(\mathbb{Z}/p^{n})_{A}$ ,
the next one $\mathcal{W}_{n+1}/(\mathbb{Z}/p^{n+1})_{A}$ is given in $\mathrm{E}\mathrm{x}\mathrm{t}^{1}(\mathcal{W}_{n}/(\mathbb{Z}/p^{n})_{A}, \mathcal{G}^{(\lambda^{p})})$ , and it is fixed
explicitly by calculating $\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}n,A/\lambda^{p}, \mathrm{G}m,A/\lambda p)$ .

Our aim of this report is to determine explicitly the groups $\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{n,A}/\lambda, \mathrm{G}_{m},A/\lambda)$

and $\mathrm{E}\mathrm{x}\mathrm{t}^{1}(w_{n,A}/\lambda, \mathrm{G}_{m},A/\lambda)$ .

2. THE STRUCTURE OF $\mathcal{W}_{n}$

By using the exact sequence (8), for $\lambda_{1},$ $\lambda_{2},$

$\ldots,$
$\lambda_{n}\in \mathfrak{M}\backslash \{0\},$ $\mathcal{W}_{n}$ can be written

in the form:
(9)

$\mathcal{W}_{n}=\mathrm{S}_{\mathrm{P}}\mathrm{e}\mathrm{C}A[X0,$ $X_{1},$
$\ldots$ , $X_{n-1},$ $\frac{1}{\lambda_{1}X_{0}+1}$ ,

$\frac{1}{\lambda_{2}X_{1}+D1(X\mathrm{o})},$ $\frac{1}{\lambda_{3}X_{2}+D2(X_{0},X_{1})}$ , . . . $\frac{1}{\lambda_{n}X_{n-1}+D_{n}-1(X_{0},\ldots,xn-2)}$]
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where for each $\dot{i}=1,2,$ $\ldots$ , $n-1$ ,

$D_{i}$ : $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A/\lambda i+1[x0, \ldots, X_{i-1}, \frac{1}{\lambda_{1}X_{0+}1}, \ldots, \frac{1}{\lambda_{i}Xi-1+Di-1}]arrow \mathrm{G}_{m,A/\lambda:+1}$

is a homomorphism and we understand that $D_{0}=1$ . The group law of $\mathcal{W}_{n}$ is that
which makes the map

$x=(X_{0}, \ldots, x_{n-1})\mathcal{W}_{n}$ $arrow\vdasharrow$ $(\mathrm{G}_{m}(\lambda_{1^{X_{1}}}’+1A)^{n}, \lambda 2X1+D_{1}(X),$

$\ldots,$
$\lambda_{n^{X_{n-1}+}}Dn-1(_{X}))$

a homomorphism. One can refer to [15] for the details.

3. DEFORMED ARTIN-HASSE $\mathrm{E}\mathrm{x}\mathrm{P}\mathrm{O}\mathrm{N}\mathrm{E}\mathrm{N}\mathrm{T}\mathrm{I}\mathrm{A}\mathrm{L}$ SERIES

Let $W_{n}$ (resp. $\overline{W}_{n}$ ) be the group scheme (resp. the formal group scheme) over $\mathbb{Z}$

of Witt vectors of length $n$ , and $W$ (resp. $\overline{W}$) the group scheme (resp. the formal
group scheme) of Witt vectors over $\mathbb{Z}$ , and let $\mathrm{G}_{m}$ (resp. $\hat{\mathrm{G}}_{m}$) be the multiplicative
group scheme (resp. the multiplicative formal group scheme) over Z.

We denote the Witt polynomials by

$\Phi_{0}(X)=x0$

$\Phi_{1}(X)=X_{0^{+}}^{p}pX_{1}$

:

$\Phi_{n}(X)=X_{0}p^{n}+px1p-1p+\cdots+nX_{n}n$

.$\cdot$.

Let $F$ be the Frobenius endomorphism defined by

$F:=\Phi^{-1_{\mathrm{O}}}\Phi^{(}1)$ : $W$
$arrow\Phi^{(1)}$ $arrow\Phi$ $W$

$x$ $\vdasharrow$ $(\Phi_{1}(x),\Phi_{2}(x),$
$\ldots)\mathrm{G}^{\infty}a$

$(\Phi_{0}(y), \Phi_{1}(y),$ $\ldots)$ $arrow\dashv$ $y$

We note that $F$ is also an endomorphism of $\overline{W}$ .
For later use, we define a morphism $[p]$ : $Warrow W$ by

$[p]b:=(0, b^{\mathrm{p}}0’ b_{1}p, \ldots)$

for a vector $b=(b_{0}, b_{1}, \ldots)\in W(A)$ . Note that if $A$ is an $\mathrm{F}_{p}$-algebra, $[p]b$ is nothing
but $pb$ . Moreover, for a vector $a=(a_{0}, a_{1}, \ldots)\in W(A)$ , we define a map $\tau_{a}$ :
$W(A)arrow W(A)$ by

$\Phi_{n}(T_{a}b)=a0\Phi_{n}p(nb\mathrm{I}+pa_{1}^{p}\Phi n-1(bn-1)+\cdots+p^{n}an\Phi \mathrm{o}(b)$

for $b\in W(A)$ . Then we can easily see the following.
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Lemma 3.1. Actually, $T_{a}$ : $W(A)arrow W(A)$ is a well-defined endomo$7ph\dot{i}sm$ .

Let $\overline{\Lambda}$ denote the Witt vector $(\Lambda, 0,0, \ldots)$ with coefficients in $\mathbb{Z}[\Lambda]$ and $F^{(\Lambda)}$ the
endomorphism $F-\overline{\Lambda^{p-1}}$ of the group scheme $W_{\mathbb{Z}[\Lambda]}$ .

The so called Artin-Hasse exponential series is given by

$E_{p}(X):= \exp(X+\frac{X^{p}}{p}+\frac{X^{p^{2}}}{p^{2}}+\cdots)$

$=e^{X}e^{\frac{\mathrm{x}^{p}}{p}\frac{X}{p}}ep2^{-}2\ldots\in \mathbb{Z}_{(p)[[x]]}$ .

Now we define a formal power series $E_{p}(U, \Lambda;X)$ in $\mathbb{Q}[U, \Lambda][[X]]$ by

$E_{p}(U, \Lambda;^{x)}:=(1+\Lambda X)^{\frac{U}{\Lambda}}k1\prod_{=}^{\infty}(1+\Lambda^{p^{k}}X^{p^{k}})-pT^{((}1\frac{U}{\Lambda})p^{k}-(\frac{U}{\Lambda})p)k-1$

In our argument, one of the crucial points is to descide the integrality of this kind
of series. For checking the integrality, Hazewinkel’s lemma (cf. [2, \S 2]) is almost
almighty in our case.

Lemma 3.2 ([2, (2.3.3)]). Let $A$ be an integral domain containing $\mathbb{Z}_{(p)_{f}}$ and a : $K=$

$Q(A)arrow K=Q(A)$ be a $\mathbb{Z}_{(p)}$ -algebra homomorphism such that $\sigma(f)\equiv f$ mod $pA$ for
any $f\in A$ . Let $d(X)=d_{0}X+d_{1}X^{p^{1}}+ \cdots\in A[\frac{1}{p}][[X]]$ . Then

$\exp(d(X))=1+d(X)+\frac{1}{2!}d(X)^{2}+\cdots\in A[[X]]$

if and only $\dot{i}f$ there exist $b_{i}\in A(\dot{i}=0,1, \ldots)$ such that $d_{0}=b_{0f}$ and $d_{n}=b_{n}+$

$\frac{1}{p}\sigma(d_{n-1})\in A$ for $n\geq 1$ .

By using this lemma, we can see that $E_{p}(U, \Lambda;X)\in \mathbb{Z}_{(p)}[U, \Lambda][[x]]$ . Easily we can
see that $E_{p}(1,0;X)=E_{p}(X)$ , that is to say, $E_{p}(U, \Lambda;X)$ gives a deformation of the
Artin-Hasse exponential series $E_{p}(X)$ .

Let $A$ be a $\mathbb{Z}_{(p)}$-algebra, $\lambda\in A$ and $a=(a_{0}, a_{1}, \ldots)\in W(A)$ . We define a formal
power series $E_{p}(a,$ $\lambda$ ; in $A[[X]]$ by

(10) $E_{p}(a, \lambda;X):=\prod_{k=0}^{\infty}E_{p}(a_{k}, \lambda p^{k}; xp^{k})$

$=(1+ \lambda X)^{\frac{a_{\mathrm{O}}}{\lambda}\square (1\lambda^{p^{k}}X^{p}}k=\infty 1+k)\frac{1}{p^{k}\lambda^{p^{k}}}\Phi k-1F^{(}\lambda)a$
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Then the boundary of this power series $E_{p}(a, \lambda;X)$ is given by the following.

(11)

$( \partial E_{p}(a, \lambda;\cdot))(x, Y)=.\frac{E_{p}(a,\lambda,x)E_{p}(a,\lambda,Y)}{E_{p}(a,\lambda,X+Y+\lambda XY)}.$

.

$= \prod_{k=1}^{\infty}(\frac{(1+\lambda^{p^{k}}Xp^{k})(1+\lambda^{p^{k}}Yp^{k})}{1+\lambda^{p^{k}}(X+Y+\lambda xY)p^{k}})^{p^{k_{\lambda p}}}$

$\frac{1}{k}\Phi_{k-1}F^{()}\lambda a$

Now replacing $F^{(\lambda)}a$ with a Witt vector $b=(b_{0}, b_{1}, \ldots)$ in the right hand side of
(11), we define a cocyle as follows.

(12) $F_{p}(b, \lambda;X, Y):=\prod_{k=1}^{\infty}(\frac{(1+\lambda^{p^{k}}Xp^{k})(1+\lambda^{p^{k}}Yp^{k})}{1+\lambda^{p^{k}}(X+Y+\lambda xY)p^{k}})^{p^{k}\lambda^{p}}$

$\frac{1}{k}\Phi_{k-1}b$

Again using the integrality lemma, we can see that

$F_{p}(b, \lambda;X, Y)\in \mathbb{Z}_{(p)}[b, \lambda][[X, Y]]$ .

4. DETERMINATION OF $\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{n}, \mathrm{G}_{m,A})$ AND $\mathrm{H}_{0}^{2}(\mathcal{W}_{n}, \mathrm{G})m,A$

Let $A$ be a $\mathbb{Z}_{(p)}$ -algebra and $\lambda\in A$ . By (10) and (11), we can define homomorphisms

$\xi_{0}^{1}$ : $\mathrm{K}\mathrm{e}\mathrm{r}(W(A)arrow F(\lambda)W(A))arrow \mathrm{H}\mathrm{o}\mathrm{m}_{A-\mathrm{g}\mathrm{r}}(\hat{\mathcal{G}}(\lambda),\hat{\mathrm{G}}m,A);a\mapsto E_{p}(a,$ $\lambda$ ;

and, when $\lambda$ is nilpotent,

$\xi_{0}^{1}$ : $\mathrm{K}\mathrm{e}\mathrm{r}(\overline{W}(A)arrow\overline{W}(AF^{(\lambda)}))arrow \mathrm{H}\mathrm{o}\mathrm{m}_{A-\mathrm{g}}\Gamma(\mathcal{G}(\lambda), \mathrm{G}m,A);a\mapsto E_{p}(a,$
$\lambda;^{x)}$ .

Moreover, by (12), we can define homomorphisms

$\xi_{1}^{1}$ : $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(W(A)arrow W(A))F^{(\lambda)}arrow \mathrm{H}_{0}^{2}(\hat{\mathcal{G}}^{(\lambda}),\hat{\mathrm{G}}m,A);a\text{ト}arrow F_{p}(a, \lambda;x, Y)$

and, when $\lambda$ is nilpotent,

$\xi_{1}^{1}$ : $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(\overline{W}(A)arrow\overline{W}(AF^{(\lambda)}))arrow \mathrm{H}_{0}^{2}(\mathcal{G}^{(\lambda}),$ $\mathrm{G}m,A);a\mapsto F_{p}(a, \lambda;X, Y)$ .

Under these notations, we gave the result in the one-dimensional case in the pre-
vious paper [16] as in the following style.

Theorem 4.1. Let $A$ be a $\mathbb{Z}_{(p)}$ -algebra and $\lambda\in A$ . Then the homomorphisms

$\xi_{0}^{1}$ : $\mathrm{K}\mathrm{e}\mathrm{r}(W(A)arrow W(AF^{(\lambda)}))arrow \mathrm{H}_{\mathrm{o}\mathrm{m}_{A-gr}}(\hat{\mathcal{G}}(\lambda),\hat{\mathrm{G}}_{m,A})$ ,

$\xi_{1}^{1}$ : $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(W(A)arrow W(AF^{(\lambda)}))arrow \mathrm{H}_{0}^{2}(\hat{\mathcal{G}}(\lambda),\hat{\mathrm{G}}_{m,A})$
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are bijective. $M_{or}eoverf\dot{\iota}f\lambda$ is nilpotent, the homomorphisms

$\xi_{0}^{1}$ : $\mathrm{K}\mathrm{e}\mathrm{r}(\overline{W}(A)arrow\overline{W}(A))F^{(\lambda)}arrow \mathrm{H}\mathrm{o}\mathrm{m}_{A-}g_{\Gamma}(\mathcal{G}^{()}\lambda, \mathrm{G}_{m},A)$ ,
$\xi_{1}^{1}$ : $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(\overline{W}(A)arrow\overline{W}(F^{(}\lambda)A))arrow \mathrm{H}_{0}^{2}(\mathcal{G}(\lambda), \mathrm{G}_{m,A})$

are bijective.

For general $n$ , we can cosider the both of $\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{n}, \mathrm{G})m,A,$ $\mathrm{H}_{0}^{2}(\mathcal{W}_{n}, \mathrm{G}_{m,A})$ and
$\mathrm{H}\mathrm{o}\mathrm{m}(\overline{w}_{n},\hat{\mathrm{G}})m,A,$ $\mathrm{H}_{0}^{2}(\overline{\mathcal{W}}_{n},\hat{\mathrm{G}}_{m,A})$ , but for simplicity hereafter we treat the first them
only.

Next we look at $n=2$ case. Let $\lambda_{1},$ $\lambda_{2}\in A$ , and assume that $\lambda_{1}$ is nilpotent in
$A/\lambda_{2}$ . By (9) and Theorem 4.1, an extension

(13) $0arrow \mathcal{G}^{(\lambda_{2})}arrow \mathcal{W}_{2}arrow \mathcal{G}^{(\lambda_{1})}arrow 0$
$\in \mathrm{E}_{\mathrm{X}\mathrm{t}^{1}}(\mathcal{G}^{(\lambda_{1}}),$ $\mathcal{G}(\lambda_{2}))$

is given by

(14) $\mathcal{W}_{2}=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A[x, Y, \frac{1}{\lambda_{1}X+1}, \frac{1}{\lambda_{2}Y+D(X)}]$

where $D(X)=E_{p}(a, \lambda_{1;}X)$ and $a\in\overline{W}(A/\lambda_{2})$ with $F^{(\lambda_{1})}a=0\in\overline{W}(A/\lambda_{2})$ . Now
we put $F^{(\lambda_{1})}a=(\lambda_{2}\underline{a_{0}’}, \lambda 2a’1’\ldots)$ and $a’=(a_{0’ 1}’a’, \ldots)$ . We define an endomorphism
$U_{2}=U_{2}(\lambda_{1}, \lambda_{2;}a’)$ : $W(A)2arrow\overline{W}(A)^{2}$ by

$U_{2}==$ .

For $\in\overline{W}(A)^{2}$ , we define a formal power series $E_{p}( , ; X, Y)$ by

$E_{p}(, ; X, Y):=E_{p}( \alpha, \lambda_{1;}x)Ep(\beta)\lambda_{2_{)}}\cdot\frac{Y}{D(X)})$ .

When we put $(s, t):=(x_{1}, y_{1})+(x_{2}, y_{2})\in \mathcal{W}_{2}$ , we can easily see that

$s=x_{1}+X_{2}+\lambda_{1}X_{1}x_{2}$ ,

$\frac{t}{D(s)}=\frac{y_{1}}{D(x_{1})}+\frac{y_{2}}{D(x_{2})}+H1(X_{1,2}x)\in \mathcal{G}^{(\lambda_{2})}$ ,

where

$H_{1}(x_{1,2}X)= \frac{1}{\lambda_{2}}\{\frac{D(X_{1})D(_{X_{2})}}{D(_{X_{1}+x_{2}+}\lambda 1x1x2)}-1\}$

$= \frac{1}{\lambda_{2}}\{F_{p}(F^{(\lambda_{1}})\lambda_{1;}a,(x_{1}, X_{2}))-1\}$ .
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Moreover, for $F=F_{p}(b, \lambda 1;X1, X_{2})$ , we define
$[p]F:=Fp([p]b, \lambda_{1}; X_{1,2}X)$ ,

and

$G_{p}( \delta, \lambda_{2}; F):=\prod_{k=1}^{\infty}(\frac{1+(F-1)^{p}k}{[p]^{k}F})^{p^{k_{\lambda_{2}^{\mathrm{p}}}}}$

$\frac{1}{k}\Phi_{k-1}\delta$

Then using again the integrality lemma, we can see that

$G_{p}(\delta, \lambda_{2};F)\in \mathbb{Z}_{(})[p1, \lambda a\lambda 2, \delta’,][[x_{1}, x2]]$ .

Under these notations, we can show that the boundary of $E_{p}((_{\beta}^{\alpha}) , ; X, Y)$ is

given by

(15)

$(\partial E_{p}\langle, ; \cdot, \cdot))(X1)Y1,$ $X2,$ $Y2)$

$E_{p}(, ;^{x_{1},Y}1)E_{p}((_{\beta}^{\alpha}), ;X_{2}, Y_{2})$

$E_{p}(, )$. $(X_{1}, Y_{1})+(x_{2,2}Y))$

$=F_{p}(F^{()}\lambda_{1}\alpha-Ta’\beta, \lambda 1).(x_{1}, x2))F_{p}(F^{(}\lambda 2)\beta,$ $\lambda 2;(\frac{Y_{1}}{D(X_{1})}, \frac{Y_{2}}{D(X_{2})}))\cross$

$F_{p}(F^{(\lambda_{2})} \beta, \lambda 2;(H_{1}, \frac{Y_{1}}{D(X_{1})}+\frac{Y_{2}}{D(X_{2})}))c(p-F(\lambda_{2})\beta, \lambda_{2};F)$.

Now arranging the equality (15), we define a cocycle by

(16) $F_{p}(, ; (X_{1}, Y_{1}), (X_{2,2}Y))$

$=F_{p}( \gamma, \lambda_{1}; (x_{1,2}x))F(p\delta, \lambda 2;(\frac{Y_{1}}{D(X_{1})}, \frac{Y_{2}}{D(X_{2})}))\cross$

$F_{p}( \delta, \lambda_{2};(H_{1}, \frac{Y_{1}}{D(X_{1})}+\frac{Y_{2}}{D(X_{2})}))G_{p}(-\delta, \lambda_{2};F)$ .

By the equality (15), we can define the homomorphisms

$\xi_{0}^{2}:\mathrm{K}\mathrm{e}\mathrm{r}(\overline{W}(A)^{2}arrow\overline{W}(U_{2}A)2)arrow \mathrm{H}_{\mathrm{o}\mathrm{m}}(\mathcal{W}_{2,m,A}\mathrm{G})$ ;

$\vdasharrow E_{p}(, ;X, Y)$
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and

$\xi_{1}^{2}$ : $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(\overline{W}(A)^{2}arrow\overline{W}(U_{2}A)2)arrow \mathrm{H}_{0}^{2}(\mathcal{W}_{2,m,A}\mathrm{G})$ ;

$\mapsto F_{p}(, ;(X_{1}, Y_{1}), (x_{2}, Y_{2}))$ .

Then we can obtain a commutative diagram:

(17)
$0rightarrow$ $\mathrm{K}\mathrm{e}\mathrm{r}F(\lambda_{1})$ $arrow$ $\mathrm{K}\mathrm{e}\mathrm{r}U_{2}$ $rightarrow$

$\mathrm{K}\mathrm{e}\mathrm{r}F^{(\lambda_{2}})$ $rightarrow$

$\xi_{0}^{1}\downarrow$
$\xi_{0\downarrow}^{2}$

$\xi_{0\downarrow}^{1}$

$0arrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{G}^{(\lambda_{1}}),$
$\mathrm{G}_{m,A})rightarrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{2}, \mathrm{G}_{m,A})rightarrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{G}(\lambda_{2}), \mathrm{G}_{m,A})rightarrow\partial$

$arrow$ $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}F(\lambda_{2})$ $arrow$ $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}U_{2}$ $arrow$ $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}F(\lambda_{2})$ $arrow 0$

$\xi_{1}^{1}\downarrow$
$\xi_{1}^{2}\downarrow$ $\xi_{1}^{1}\downarrow$

$arrow\partial \mathrm{H}_{0}^{2}(\mathcal{G}(\lambda_{1}), \mathrm{G}_{m,A})rightarrow \mathrm{H}_{0}^{2}(\mathcal{W}_{2}, \mathrm{G}_{m,A})arrow \mathrm{H}_{0}^{2}(\mathcal{G}(\lambda_{2}), \mathrm{G}_{m,A})$ ,

where the second horizontal line is the exact sequence deduced from (13), and the
first horizontal line is the exact sequence defined by the following maps in order:

$\gamma\mapsto(_{0})\alpha\mapsto(_{\gamma}\alpha \mathrm{o}\mathrm{I},’$ $(_{\delta}^{\alpha}\gamma)\mapsto\delta\beta \mathrm{I}\text{ト}arrow\beta.$

’
$\beta\mapsto T_{a^{l}}\beta$ ,

By the commutative d.iagram (17) and Theorem 4.1, we can show the following.

Theorem 4.2. The homonmrphisms

$\xi_{0}^{2}:\mathrm{K}\mathrm{e}\mathrm{r}(\overline{W}(A)^{2}arrow\overline{W}2(UA)2)arrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{2}, \mathrm{G}_{m,A})$

and

$\xi_{1}^{2}$ : $\mathrm{c}_{0}\mathrm{k}\mathrm{e}\mathrm{r}(\overline{W}(A)^{2}arrow\overline{W}(U_{2}A)2)arrow \mathrm{H}_{0}^{2}(\mathcal{W}_{2}, \mathrm{G}_{m,A})$

are bijective.

Befor we give the final form of the theorem, we will explain the situation by looking
at the $n=3$ case.

By (9), an extension

(18) $0arrow \mathcal{G}^{(\lambda_{3})}arrow \mathcal{W}_{3}arrow \mathcal{W}_{2}arrow 0$
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is given by

$\mathcal{W}_{2}=\mathrm{s}_{\mathrm{P}}\mathrm{e}\mathrm{C}A[X, Y, \frac{1}{1+\lambda_{1}X}, \frac{1}{D_{1}(X)+\lambda_{2}Y}]$

and

$\mathcal{W}_{3}=\mathrm{s}_{\mathrm{P}}\mathrm{e}\mathrm{C}A[X, \mathrm{Y}, z, \frac{1}{1+\lambda_{1}X}, \frac{1}{D_{1}(X)+\lambda_{2}Y}, \frac{1}{D_{2}(X,\mathrm{Y})+\lambda_{3}z}]$ .

Moreover, by Theorems 4.1, 4.2, $D_{1}$ and $D_{2}$ are given by

$D_{1}(X)=E_{p}(a, \lambda 1;x)$ ,

$D_{2}(X, Y)=E_{p}(, ;X, Y)$ ,

with

$F^{(\lambda_{1})}a=0\in\overline{W}(A/\lambda_{2})$ ,

$U_{2}()==0\in\overline{W}(A/\lambda_{3})$ ,

where $a’$ is defined by $(\lambda_{2}a_{0’ 2}’\lambda a’2’\ldots)=F^{(\lambda_{1})}a$ . Now we define $b’$ and $c’$ by
$(\lambda_{3}b_{0}’, \lambda 3b_{2}’, \ldots)=F^{(\lambda_{2})}b-T_{a’}c$ and $(\lambda_{3^{C_{0}’}}, \lambda_{31}d, \ldots)=F^{(\lambda_{3})}c$ .

Again we define a new power series by

$E_{p}(, ;X, Y, Z)=E_{p}( \alpha, \lambda 1;x)E_{p}(\beta, \lambda 2;\frac{Y}{D_{1}(X)})E(p\gamma, \lambda 3;\frac{Z}{D_{2}(X,Y)})$.

Then the boundary of this series can be caluculated as follows.

(19) $(\partial E_{p}(, ; \cdot, \cdot, \cdot))(X_{1}, Y_{1}, z_{1}, X2, Y2, Z_{2})$

$E_{p}( , ; X_{1}, Y_{1}, Z1)E_{p}( , ; X_{2}, Y_{2,2}z)$

$E_{p}(, ;(X_{1}, Y_{1}, Z_{1})+(X_{2}, Y2, Z2))$
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$=F_{p}(F^{(\lambda_{1})} \alpha, \lambda_{1}; X1, x2)F_{p}(F(\lambda_{2})\beta, \lambda_{2)}. \frac{Y_{1}}{D_{1}(x_{1})}, \frac{Y_{2}}{D_{1}(x_{2})})\cross$

$F_{p}(F^{(\lambda_{2})}\beta,$ $\lambda 2;(H_{1}, \frac{Y_{1}}{D_{1}(x_{1})}+\frac{\mathrm{Y}_{2}}{D_{1}(x_{2})})E(p\beta, \lambda 2;H_{1})^{-1}\cross$

$F_{p}(F^{(\lambda_{3})} \gamma, \lambda 3;\frac{Z_{1}}{D_{2}(X_{1},Y_{1})}, \frac{Z_{2}}{D_{2}(X_{2},Y_{2})})\cross$

$F_{p}(F^{(\lambda}3)\gamma,$ $\lambda_{3};(H_{2}, \frac{Z_{1}}{D_{2}(X_{1},Y_{1})}+\frac{Z_{2}}{D_{2}(X_{2},Y_{2})}))E_{p}(\gamma, \lambda_{3;}H2)^{-1}$

$=F_{p}(F^{(}\lambda_{1})\alpha-T_{a}’\beta-T\prime b^{\gamma,\lambda_{1}}$ ; $1,$ $x2$ ) $\cross$

$F_{p}(F^{(\lambda_{2})} \beta-^{\tau_{b}}’\beta, \lambda 2;\frac{Y_{1}}{D_{1}(x_{1})}, \frac{Y_{2}}{D_{1}(x_{2})})\cross$

$F_{p}(F^{(\lambda_{2})} \beta-\tau_{b}J\gamma, \lambda 2;(H_{1}, \frac{Y_{1}}{D_{1}(x_{1})}+\frac{Y_{2}}{D_{1}(x_{2})}))\cross$

$F_{p}(F^{(\lambda_{3}})\lambda_{3}\gamma,,$ $\frac{Z_{1}}{D_{2}(X_{1},Y_{1})},$ $\frac{Z_{2}}{D_{2}(X_{2},Y_{2})})\cross$

$F_{p}(F^{(\lambda_{3}})\lambda\gamma,3,$ $(H_{2}, \frac{Z_{1}^{I}}{D_{2}(X_{1},Y_{1})}+\frac{Z_{2}}{D_{2}(X_{2},Y_{2})}))\cross$

$c_{p}(F^{(\lambda}2)\beta-T_{b^{\prime\gamma,\lambda_{2}}};F_{p}(F(\lambda_{1})a, \lambda_{1;}x_{1,2}x))^{-1}\cross$

$G_{p}(F^{(\lambda_{3}})\gamma,$ $\lambda 3;\lambda 3H2+1)-1$ .

Again arranging the equation (19), we define a cocycle by

$F_{p}( , )X1,$ $Y1,$ $z1,$ $x_{2},$ $Y2,$ $z2)$

$=F_{p}( \delta, \lambda_{1}; x1, X2)Fp(\epsilon, \lambda 2;\frac{Y_{1}}{D_{1}(x_{1})}, \frac{Y_{2}}{D_{1}(x_{2})})\cross$

$F_{p}( \epsilon, \lambda_{2;(H_{1},\frac{Y_{1}}{D_{1}(x_{1})}+}\frac{Y_{2}}{D_{1}(x_{2})}))F_{p}(\zeta, \lambda_{3}, \frac{Z_{1}}{D_{2}(X_{1},Y_{1})}, \frac{Z_{2}}{D_{2}(X_{2},Y_{2})})\mathrm{x}$

$F_{p}( \zeta, \lambda_{3}, (H_{2}, \frac{Z_{1}}{D_{2}(X_{1},Y_{1})}+\frac{Z_{2}}{D_{2}(X_{2},Y_{2})}))\cross$

$G_{p}(\epsilon, \lambda 2;F_{p}(F^{(\lambda_{1})}a, \lambda 1;x1, x2))^{-}1G_{p}(\zeta, \lambda_{3};\lambda 3H2+1)-1$ .

Now we define an endomorphism $U_{3}=U(\lambda_{1}, \lambda_{2}, \lambda_{3}, a’, b’, C’)$ : $\overline{W}(A)^{3}arrow\overline{W}(A)^{3}$
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by

$U_{3}=$ $((_{0}^{F^{()}}0\lambda_{1} -\tau_{a_{1}}\prime F^{(\lambda)}0 F^{(\lambda}-\tau_{\mathrm{C}^{\prime)}}-T_{b’}3)=(^{F^{(\lambda_{1})}\alpha}F^{(\lambda^{-\tau_{\lambda \mathrm{s}}}}1)\beta-TC^{\prime\gamma})F^{()}\gamma a’\beta-\tau_{b}’\gamma$ .

Then by (19), we can define homomorphisms

$\xi_{0}^{\mathrm{s}}:\mathrm{K}\mathrm{e}\mathrm{r}(\overline{W}(A)^{3}arrow\overline{W}(A)^{3})U_{3}arrow \mathrm{H}_{\mathrm{o}\mathrm{m}}(\mathcal{W}_{3,m,A}\mathrm{G})$;

$\mapsto E_{p}(, ;X, Y, z)$ ,

$\xi_{1}^{3}$ : $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(\overline{W}(A)^{3\mathrm{s}}arrow\overline{W}U(A)^{3})arrow \mathrm{H}_{0}^{2}(\mathcal{W}_{3,m,A}\mathrm{G})$ ;

$\mapsto F_{\mathrm{p}}(, ;X_{1}, Y_{1}, Z1, x_{2,2,2}Yz)$ .

Then similarly as in the case of $n=2$ , we have a commutative diagram:

(20)
$0arrow$ $\mathrm{K}\mathrm{e}\mathrm{r}U_{2}$ $rightarrow$ $\mathrm{K}\mathrm{e}\mathrm{r}U_{3}$

$\mathrm{K}\mathrm{e}\mathrm{r}F(\lambda_{3})$ $arrow$$rightarrow$

$\xi_{0\downarrow}^{2}$
$\xi_{0\downarrow}^{3}$

$\xi_{0\downarrow}^{1}$

$0arrow \mathrm{H}_{\mathrm{o}\mathrm{m}}(w_{2}, \mathrm{G}m,A)rightarrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{3}, \mathrm{G}_{m,A})arrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{G}^{(\lambda_{3}}),$
$\mathrm{G}_{m,A})arrow\partial$

$arrow$ $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}U2$ $arrow$ $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}U3$ $arrow$ $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}F(\lambda_{3})$ $arrow 0$

$\xi_{1\downarrow}^{2}$
$\xi_{1\downarrow}^{3}$

$\xi_{1\downarrow}^{1}$

$arrow\partial \mathrm{H}_{0}^{2}(w_{2}, \mathrm{G}m,A)arrow \mathrm{H}_{0}^{2}(\mathcal{W}_{3}, \mathrm{G}_{m,A})rightarrow \mathrm{H}_{0}^{2}(\mathcal{G}^{(}\lambda 3),$ $\mathrm{G}_{m,A})$ ,

with the second exact horizontal line obtained by the exact sequence (18) and the
first horizontai line defined in order as follows:

$\mapsto$ ,

$\mapsto)$

$(_{\zeta}^{\alpha}\delta\beta\gamma\epsilon)^{1}\mapsto\zeta\vdasharrow\gamma.$

’
$\gamma\mapsto$ ,

By the commutative diagram (20) and Theorem 4.2, we have the result in the three-
dimensional case.
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Theorem 4.3. The homonmrphisms

$\xi_{0}^{3}:\mathrm{K}\mathrm{e}\mathrm{r}(\overline{W}(A)3U-3\overline{W}(A)3)arrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{3}, \mathrm{G}_{m,A})$

and

$\xi_{1}^{3}$ : $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(\overline{W}(A)^{3}arrow\overline{W}(A)^{3)}U_{3}arrow \mathrm{H}_{0}^{2}(\mathcal{W}_{3}, \mathrm{G}_{m,A})$

are $b_{\dot{i}j}eCt_{\dot{i}ve}$ .

Then as one can guess the general result, we have the final form as follows.
Let $\mathcal{W}_{n}$ is a group scheme over $A$ obtained succsessively by

(21) $0arrow \mathcal{G}^{(\lambda_{i+1})}arrow \mathcal{W}_{i+1}arrow \mathcal{W}_{i}arrow 0$,

for $\dot{i}=1,2,$ $\ldots$ , $n-1$ , where $\mathcal{W}_{1}=\mathcal{G}^{(\lambda_{1})}$ . Then by (9), each $\mathcal{W}_{i}(\dot{i}=1,2, \ldots , n)$ is
given by

$\mathcal{W}_{i}=\mathrm{s}_{\mathrm{P}^{\mathrm{e}\mathrm{C}}}A[X0,$ $X_{1},$
$\ldots,$

$X_{i-1},$ $\frac{1}{1+\lambda_{1}x_{0}}$ ,

$\frac{1}{D_{1}(X_{0})+\lambda_{2}X1},$
$\ldots,$

$\frac{1}{D_{i-}1(x_{0},\ldots,xi-2)+\lambda iX_{i}-1}]$ ,

where $D_{k}(X_{0}, \ldots, X_{k-1})$ : $\mathcal{W}_{k,A/\lambda}k+1arrow \mathrm{G}_{m,A/\lambda_{k+1}}$ is a homomorphism for $k=$
$1,$ $\ldots,\dot{i}-1$ . Here we understand that $D_{0}=1$ . Now we assume that for $1\leq\dot{i}\leq n-1$ ,
each $D_{i}(x_{0}, x_{1}, \ldots , X_{i-1})$ is given by

$D_{i}(X_{0,1}X, \ldots, X_{i-1})=E_{p}($ , ; $X_{0},$ $x_{1},$
$\ldots,$

$X_{i-1}$ )

$:= \prod_{\ell_{=}1}^{i}E_{p}(a^{\ell}, \lambda_{\ell}i;\frac{X_{\ell-1}}{D_{\ell-1}(x_{0,\ldots\ell-2}x)},)$ ,

and

$\in \mathrm{K}\mathrm{e}\mathrm{r}(U_{i}$$:=$ : $\overline{W}(A/\lambda i)^{i}arrow\overline{W}(A/\lambda_{i})i)$ .
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Here the P-th components of $a_{j}^{\prime i}’ \mathrm{s}$ are defined inductively by

$\lambda_{i}(a_{j}^{\prime i})_{l}=(F^{(\lambda_{j})i}a_{j}-\sum_{\ell=j}^{i1}\tau a^{\prime\ell})_{\ell}-ja_{\ell}i$

We put

$H_{i}:= \frac{1}{\lambda_{i-\succ 1}}(\frac{D_{i}(x_{0},\ldots,xi-1)D_{i}(Y0\cdot.\cdot.\cdot.’ Y_{i}-1)}{D_{i}((x_{0},\ldots,xi-1)+(Y0Yi-1))},,,-1)$ .

Furthermore we define a formal power series by

$F_{p}(, ; X_{0}, X_{1}, \ldots, X_{i-1,0}Y, Y_{1}, \ldots, Y_{i-1})$

$:= \prod_{j=1}^{i}F_{p}(bi\lambda : \frac{X_{j-1}}{D_{j-1}(x0,\ldots,xj-2)}j’ j’\frac{Y_{j-1}}{D_{j-}(Y_{0},\ldots,Y_{j}-2)})\cross$

$\prod_{k=2}^{i}F_{p}(bi, \lambda H\frac{X_{k-1}}{D_{k-1}(x_{0},\ldots,X_{\kappa 2}\wedge-)}k^{\prime k;k-1}’+\frac{Y_{k^{\wedge-}1}}{D_{k-1}(Y_{0},\ldots,Yk-2)})\cross$

$G_{p}(-b_{k’ k}^{i}\lambda;\lambda_{k}Hk-1+1)$ .

Then we can show the following theorem inductively.

Theorem 4.4. The homomorphisms

$\xi_{0}^{i}:\mathrm{K}\mathrm{e}\mathrm{r}(\overline{W}(A)iUarrow i\overline{W}(A)^{i})arrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{W}_{i,m,A}\mathrm{G})$ ;

$\mapsto E_{p}((_{\beta}^{\alpha^{1\backslash }}\alpha_{i}^{2}..\cdot,$ $’$ ; $X_{0},$ $x_{1},$
$\ldots,$

$X_{i-1}$ )

and

$\xi_{1}^{i}$ : $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(\overline{W}(A)iUarrow i\overline{W}(A)^{i})arrow \mathrm{H}_{0}^{2}(w_{i}, \mathrm{G}m,A)$;

$\vdasharrow F_{p}(, ; X_{0}, X_{1}, \ldots, X_{i-1}, Y_{0}, Y_{1)}\ldots, Y_{i-1})$

are bijective, for each $i$ .

96



REFERENCES
1. DEMAZURE, M. and GABRIEL, P., Groupes $alg\acute{e}br\dot{i}quesf$ Tome 1, $\mathrm{M}\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{o}\mathrm{n}- \mathrm{N}\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{h}_{-}\mathrm{H}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}$ , 1970
2. HAZEWINKEL, M., Formal groups and applications, Academic Press, 1978
3. ILLUSIE, L., $Comp\grave{l}eXe$ de de Rham-Witt et cohomologie $cr\dot{i}stalline$, Ann. Scient. de 1’Ec. Norm.

Sup. 4e s\’erie 12, 501-661(1979)
4. GREEN, B. and MATIGNON, M., Liftings of Galois covers of smooth curues, to appear in

Compositio Math.
5. LAZARD, M., Sur les groupes de Lie formels \‘a un param\’etre, Bull. Soc. Math. Rance, 83,

251-274(1955)
6. SERRE, J.-P, Groupes $alg\acute{e}br\dot{i}queS$ et $CO7p_{Sde}$ classes, Hermann, Paris, 1959
7. $\mathrm{S}_{\mathrm{E}\mathrm{K}\mathrm{l}\mathrm{G}\mathrm{U}\mathrm{C}}\mathrm{H}1$, T. and OORT, F. and SUWA, N., On the deformation ofArtin-Schreier to Kummer,

Ann. Scient. \’E $\mathrm{c}$ . Norm. Sup., 4e s\’erie 22, 345-375(1989)
8. SEKIGUCHI, T. and SUWA, N., A case of extensions of group schemes over a discrete valuation

ring, Tsukuba J. Math., 14, No. 2, 459–487(1990)
9. $\mathrm{s}_{\mathrm{E}\mathrm{K}1}\mathrm{G}\mathrm{u}\mathrm{C}\mathrm{H}1$ , T. and SUWA, N., Some cases of extensions of group schemes over a discrete

valuation $r\dot{i}ngI$, J. Fac. Sci. Univ. Tokyo, Sect. $\mathrm{I}\mathrm{A}$ , Math., 38, 1–45(1991)
10. SEKIGUCHI, T. and SUWA, N., Some cases of extensions of group schemes over a discrete

valuation $r\dot{i}ngII$, Bull. Facul. Sci. &Eng., Chuo University, 32, 17-36(1989)
11. $\mathrm{S}_{\mathrm{E}\mathrm{K}\mathrm{l}\mathrm{G}}\mathrm{U}\mathrm{C}\mathrm{H}1$, T. and SUWA, N., Th\’eorie de $Kummer-Art\dot{i}n-s_{c_{\vee}h\dot{i}e}rer$ , C. R. Acad. Sci. Paris, 312,

S\’erie I, 417-420(1991)

1.2. SEKIGUCHI, T. and SUWA, N., Th\’eorie de Kumm.$er-Art\dot{i}n-Schreier_{- W}\dot{i}tt$: C. R. Aca.d. Sci. Paris,
319, S\’erie I, 105-110(1994)

13. $\mathrm{s}_{\mathrm{E}\mathrm{K}1}\mathrm{G}\mathrm{u}\mathrm{C}\mathrm{H}1$ , T. and SUWA, N., A note on extensions of algebraic and fomlal groups $I,$ $II$, Math.
Z., 206, 567-575(1991), 217, 447-457(1994)

14. $\mathrm{s}_{\mathrm{E}\mathrm{K}1}\mathrm{G}\mathrm{u}\mathrm{C}\mathrm{H}1$ , T. and SUWA, N., A note on extensions of algebraic and formal groups III, T\^ohoku
Math. J. 49(1997), 241-257

15. $\mathrm{s}_{\mathrm{E}\mathrm{K}1}\mathrm{G}\mathrm{u}\mathrm{C}\mathrm{H}1$ , T. and SUWA, N., On the unified Kummer-Artin-Schreier- Witt theory, Chuo Math
Preprint Series 41, 1994

16. SEKIGUCHI, T. and SUWA, N., A note on extensions of algebraic and $fo$rmal groups IV, preprint
17. WATERHOUSE, W. AND WEISFEILER, B., One-dimensional affine group schemes , J. of Alg.,

66, 550-568(1980)

(Tsutomu Sekiguchi) DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ENGENEER-
ING, CHUO UNIVERSITY 1-13-27 KASUGA BUNKYO-KU TOKYO 112-8551, JAPAN

$E$-mad address: sekiguti@math.chuo-u.ac.jp

(Noriyuki Suwa) DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ENGENEERING,
CHUO UNIVERSITY 1-13-27 KASUGA BUNKYO-KU TOKYO 112-8551, JAPAN

$E$-mail address: suwa@math.chuo-u.ac.jp

97


