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Invariants of links in the product space of a surface and the real line

FRREHF% €PKA  ( Takeshi Kaneto )
E-mail: kaneto@math.tsukuba.ac.jp

1. %

BRERELZVEE = EH R OB ZxR IZBIT 3 links V IZOVWTER
T2, T DEHEDBWVIE2RTERAED & F classical link thery IR L. — & Dl
HD & FLFATHI classical link THE & KIFH) 72 link IRE IR T 2 O TR EHk
FWVHAENRTH %0 A TlE. Kauffman D bracket polynomial @D idea (cf.
[Kau] ) {ZHEDWTH 5N 7= ambient isotopy invariants ZEL D EiF 2, RETTHEE -
ECSDEFKE 3 DD ambient isotopy invariants I DOWTHIE L. LBOREH TH
invariants ZZh 2, T DEES(HFITRERE. BT 5N =B kO =
T 5N =FRMEOBEICER L TE N /BRI OVW TR S,

2 . bracket <L) and invariants

xR BT 3 links OEMERIRICDOWTIEE D DI (cf. [CF, [Ro]) D3P B
MZ ZTIEE L LT ambient isotopy ICLBHDEHS . TxR AD 2 DD links
LL'IZx U, TxR EDMEEEH L isotopic 7 homeomorphism h:ZxR— 3 x R
T h(L)=L' (L, L' 7 oriented links @ & Z{Z oirentation HZHDTDE) L7225 D
DOPELET DL E L & L' IX ambient isotopic THD W, L~L £EDT,
~FEETAZE% (link ) HEE% ambient isotopy invariant &1\ 5,

BUF. links iZ3RTC tame ¥ & L. HE p:ExR—>Z(=Zx0 L&EMT) BT
% link diagrams ¥ & LCk>Y ,

D 3 xR OBAEETE GEE) RAVEE S FEMRSD. A 1 D link % knot £\ 3.
knots & links D—FfE & HE# 7,

2 PL links & ambient isotopic o tame TRWVE X wild TH 3 LS, wild links ZIZ DN T [Ru

S,

D p ik B Tsigularity BSHFRMED transversal crossings D&, 7 D% crossing T L FORX B 5%
5HD, '

9 {@HE L. link diagrams & =x0 DT Ix[~ge] (e E+A/NINWEH) ATERIh TNV
links O—MHEELEBEMTILIZTZ, TDLE, ERED link &, —BHR TRV, 2 link diagram & ambient
isotopic T3H %,
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T
={ isotopy classes of unoriented links without trivial components in = }

A =Z[A,A™"] ( Laurent polynomial ring with integer - coefficient )
A(Z): free A-module generated by {1}U L
&3 %o

B1J % unoriented link diagram L IZXf U, bracket <L) (EA(Z))

EFL. xR I
ZRD rules TED Do
(1) <K,)=1 (K, : trivial knot diagram © )

(2) <LUK)=(-A*-A")<L) (L(=Q) & K, I no crossing )

7/ - -1
(3) < N)=A4< )+A '<Y[) (EL. = # nonorientable @c‘: =i A=A
X )( L 5)

#l. ==T>(torus) £¥ %,

(EAR))

link diagrams DOFFTHRIRD 3 DDH 4 TDEF % Reidemeister moves &1V :

9 2 x R WTHORS LD 5k topological disk % bound 32 4% trivial component & 113,
2 O link I22WTlX, T AT topological disk (Z DIBEIFIMOBDE 2D BT LEFT, of. Hl. BOHE
2B 25MUDMAE) % bound T B R4 % trivial component ¥ 115,

9 trivial component DAD knot % trivial knot &\ V), no crossing T Zx0 WD topologlcal disk %

bound §°% knot diagram % trivial knot diagram & 115,
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Reidemeister moves

w -

R-III ’/HA" o x , >y\\ - '\\/\r

> =R* DBEIZDOWT, Reidemeister moves 1 genevric IRIBFTERTH 5 &
SELHON-BEPSROBENESND 7

Fundamental fact. link diagrams L, L'C xR ICDWTRILEME ;
(1) L & L' X ambient isotopic TdH 5.
(2) crossing DFEF ® #% Z 724\ ambient isotopic 7RZEE%E R-0 £ 35¢, L &
L' ZERBEID R-0,LILII BIETHBOEZ %,
EFD S IRDED LD,
81 .  unoriented link diagram LC = xR IZDWT,
(1) <L) & R-0ILII B THE,

(2) RIZREOVTE <N)=(-a")< | ) <A=¢-A)< ] )

$#E> T, RD 2 DO ambient isotopy invariants BHF SN 5,

7 ZE{ARID compact subset (D ambient isotopic 12 Z i compact suport % DERITEEX . o
T, AREIOBEFRNEROERE LTERDE S5, (cf [EK] )

8 FFERD (& component 1235 = crossings @) MR-
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/82 . unoriented link diagram LC = xR [ZDWT..
(1) ( )A (& ambient isotopy invariant .

(2) <L)= fo(A)+Ef(A)<L) (EA(Z))

(EL. fj(A)(;AO)EA Z[A,A7, <L)EL; (j=12,k) &33&,

Osmnsk ({HU. f(A)=0 DEEE n=0) | OL\T f—(%)l i& ambient |

isotopy invariant o

R#%IZ, T Doriented D& E = xR D oriented links * D Jones type D
ambient isotopy invariant ( cf. [IK] ) ZE( D LiF %,

2. I ldoriented £ 95, xR AD oriented link diagram L {ZXf L.
Cross(L):= { crossing points of L } & L, #% crossing point ¢ ECross(L) 2%t U5
sign(c) Z. ¢ (2B % over pass % EFEHEI D IZ[E] LT under pass ICERZ L ZZ
NZ2hOmEB—HT IH5EE sign(c)=1. —BURWVWERIL sign(c)=-1 LED
%0 L DOwrithe (DL 2DR) wr(l) & wr(l)= Y sign(9 LE&HT %o

- ¢&ross (L)

. wr( S/ )‘= (—i)+(-1)+(_1)=_3

WAA3. X iXoriented £ 9%, xR D oriented link diagram L {2 DWW T,
(1) wr(L) i R-0,ILIII B TAE,

(2) MmEHFFHIHKS wr(N)—wr(l )-1, wr(A) wr(l )+1 o
mEl, 3ILSMBBFELN S,

mB4. I ldoriented £ 9%, I x R AND orlented link dlagram L kﬁ b
F,(4):= (- A )" <L) (EAE)) i ambient isotopy invariant o '

O
B%. 1) &I, Z=R*DLE, V,()=F,(¢*) (V,() & Jones plynomial'® )
2) HERED evaluation £:{1}JUL; = A XX L. Z® induced A -homomorphism
e:AC)—= A 5. (F,(A) @ reduced) ambient isotopy invariant £(F, (A) (EA)
BEo5N 5, (fl. NKamada's invariant cf. [Kam] . it 5&i%2. (2) o

% & component CZ[’ﬁJ%ﬁ%i 5TV 3 link o

1) ¢f. o] , [Kau] o
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3. (L for T =P? ( real projective plane )
A=-1

= 7% unorientable MIFEr, bracket DEFIZBWT rule (3) D% welldefined 12
2BED, HIR A=A" BTz, BB, FRME A=+l TOAEZL B LI L,
BT, writhe HEZHRKRNWD T, a8 3 D invariant F,(A) BN TIERN,

PIF. = =P? (real projective plane ) DIFEIZDONTEET 5, P* D non-
trivial knot (=null homotopic T7#2\\ simple closed curve ) 2 K £33&, P*H
O trivial components % & £ 72\ link i K & (P? AT) isotopic EHh 51 |
L,.={K)} THB. £7/2. A=-1DLE A=Z[AA"]=Z EPD |
APHY=ZO® LK) THBo £oT. P’xRIZBIF 2 link diagram L I3 L. (L),
T—MIZ. x+)WK) (x,yEZ) DIETEDYE B, EBRIZIEL D EBITWDBRLD LD,

EH1. P'xRIZBIT S link diagram L I2DOWT, L O E k .
L @D Z,-homology class % [L] & T 2 &,

L) - (-2)" if[L]=0in H(P*xR,Z))
A=t - \(=2Y"YK) if[L]=0inH,(P*xR,Z,)

B L ORI BT 2 RNEE B 2. B [IK] B,

2%. (1) [L]=0inH(P*xRZ,)iE MK & homotopic 72 L DERMNIMEEA
CHEfE. £, [L]=0inH,(P*xRZ,) & MK & homotopic % L DRI AEEA
& [AfiE, '

(2) classical knot theory (Z31F % Jones polynomial V, (1) IZ DWW T, FMDRER
V,)=(-2)" iZL<HMsh T3,

(3) 2HEMEZSEE x+W{K) (,y€Z-{0) BHEURWEHIZ, bracket DE
FBIT D rule (3) OHID 2IEICH DN S link diagrams D Z, -homology
classes & HICAETLDZNIZ—ET 2. BB, A-cut KO A7-cut IZ £ 5 link
diagrams DEFIL Z,-homology classe ZZEZRVWIPSTH D,

(4) (3) LABOHEHT (L), WFHEEPS A=21 DL ZIME2 (2) O

immmu%gg(@éﬁﬁ)@ﬁaotﬁbﬁ%Tummo

m o p? gk open 2-ball & 1 2 IX7tSchoenflies theorem H» S EhN 3,
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4 . Conductance invariant C(L) of special tunnel links L

EE R 25 2 eRWEHEEZ = 9%, TxR D unoriented links % (
[CK] IZH¢L, ) tunnel links &1V5 o Goldman-Kauffman [GK] &, BXEIEEMED 2 #x
D conductance (=1EHTOHH) OB L ZDHEZIGH LT, tunnel links D&
% class \ZJ8 3 % links (=special tunnel links in [GK]) L 2%} Uconductance & FEIS
NEHEEE c(L) 2RI ¥, Z1D ambient isotopy invariant TH 2 Z & ZER Lo

AEITIIHE2. (2) O invariant 7—(%)2 & conductance invariant c(L) D BAf%
ZFEA, bt [GK] @%*%@EIJHIEE%K%O

[1] conductancé C(L) DESHE

E#&E3. 1) (loops. multi-edges #FF L 7=) graph N D% edge e IR L. EH
c(e(= 0) (conductance of e LIER) BHIHELTWNWHEE, N % (signed) net-
work £S5 LUF. FRICHiD SRR D N & graph & LT connected & 3 %o
2) network N IZ3IF % (spanning) tree T 12X L. w(T):= Hc(e)‘ %z weightof T

eedge of T

LWV, wiN)i= Y w(T) & weight of N L1055

T :spanningtree of N

EHE4. network NIZBWT2THM {v,v} (v=Vv HFT) BEEINhTNWE L
&, (N,v,V') & two-terminal network £\\5, e' & v & v' ZfES (NICEEh7R
W) newedge & L, N IZ e ZMZTHSNS two-terminal network

(N+e',v,v) (c(€):=1) CZ?‘TD\ w'(N+e')= EW(T') EED D,

T ':spanningtree of N + e, containing e’

N
c(N,vv'):= -——V{NLL) % conductance of N across the terminals v,v' £\,
w'(N+e

ERS . 1) tunnel link diagram L IZxf L. (B&8E# i:2—-R* IZLVR D
link diagram &ML T. ) R® @ shading (=L THEISIh-fHEEZH. BIES
752 &) i, #IZ. unbounded region 7 unshaded (=H®ED) L7235 LSI1T
SHDET D, R BEBRMPNEZ 25 (= R -3 ) 7 shaded region(s) I23 % & &,
L % special tunnel link £\,

2) special tunnel link L X U, shading {2 & > C ( shaded regions & JHmR & L.
crossings % edges & L/\ crossing of type y IZXBS % edge D conductance % 1
. crossing of type X’ IR S % edge D conductance % -1 & L. BRDIL7= 2 51
% 215 shaded region(s) IZXH 9 BIEHMZ v,v & LT) §5N % two-terminal
network (G(L),v,v') ZFWVWT. c(@):=c(G(L),v,v') & L D conductance EED %
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[2] #R

EB2. I DR DS 2/HERE surface T3 D L &, connected special tunnel
link diagram L (in £xR ) (p(L) 7® connected DE) IZH L,

(L) = f,(4) + Zf,-(A)<L,-) (EAE)) (EL, Ll=®\ L2=8 L=
[(AEA=Z[AA"], <L)EL, (j=12,k), <L)=<L))ifj=j')

E¥Be. cl)= (—z)?]j% ZZIZ. i€Cit=-1) TH 52,

FoT, 2. (2) LD ROFELES,

F. ([GK]) connected special tunnel link diagram L 125 L. conductance c(L) &
ambient isotopy invariant o

B] =¥ 2DIEH

ERED cl)=c(GUL),v,V)= —v(%%)gL) EWPoROMEE ™ EIE+5

. r:=rank(I1,(G(L)), E := total number of edges of G(L), s := Ec(e) bl RN

exedge of G(L)

(1) wG@) =i i*(Niy* (i)« (2) w'(GEL)+e)=i""i* i)™ f,() o

AR DL .

[Kau] (2%, state model BHERIC BT 2. HERZEMRLTHB < TxR HD
unoriented link diagram L Li(]”b Z(—E x0) AD graph U:=p(L) % (L IZxf7
%) universe £V, U ORTEMICH L A =ik A7 2@RBOS, Hb,

S :{verticesof U} ={A,A™} & U @ state £¥\V5, % state S 120 L
<L|S>= [[S0m=A"A" ({HL. mnidZzhzh $7A),S A7) D) .

v:vertex of U

Ly @ L D75 crossing % state S IZfE> CTHEE L TH SN = ( crossings &R 7210)
Z (=2 x 0) ND link (diagram) .

Ly @ Lg 7% trivial components %F&\\7=5 b O link (diagram) .

sl = { total number of trivial components of L,  if L = %)
(total number of trivial components of L;)-1 if Ly =&

ETBEERLD,
(=3 (a-a<r)s>(L)

S:Ystateof U
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THb. f>T. BHE2. IIBIFBRE : o
(L)=f0(A)+Zf].(A)<Lj) (€AE)) CIEAON L1=®\ L= O; L= v
f(A)EA=Z[AAT], <L)EL; (j=12,k), <L)=<L)ifj=]j")

£
1) fid)= DA -AW<L]s> | 2) [(A)= DA -a*Pl<L]s>
> :fte(ozf)QLl) v ) ::?te(olg :)]=(L2)

THbo (0 AD) I free A-module, ) HIZ, A=Vi D& E -A*-47 =07
5.
1) f&)= D<LIS> . 27) AGH)= D<L|S>,

(1

S:¥stateof U i S:Ystateof U

st. (is);(Ll) Isj=0 st. (is)=(L?l|S|=0
THoo ¥
(1) #2m7,

G(L) DEED spanning tree T (AT L, HARZR 100 1 AHG ,
@ :{ v| v:vertex of the universe U = p(L) }— { e|e :edge of G(L)} IC K D cannonical
72 U O state S(T):{v|v: vertex of the universe U= p(L) }— {A,A7"} %
T . A if ov)CT

@)= A@Mif otherwise

LREDD L, crossing v IZBIT D A cut i shaded region(s) ZEE, AT cut
(& shaded region(s) ZH#ES 2 5. L, (& one component T T & Ly, T2 DIZHT
50 7= R* O bounded region DA IZEZEN 3™ . LoT, I:sm = Lgq) 2D
Gt (+) (L) = (L), IS(DI-0 2#ZT

Wiz, & () (L) =(L), 81=0 2R THEED U @ state S IZH Ly Isl=0
Eb Ly=L,. Ht>T, (is) =(L,) £V L & one component T non trivial in

S=R’-{,v}. HEiZ. L; % boundary IZ3 D R* @ bounded region D KWIZ G(L)
O spanning tree T ={x|D Dx: vertex or edge of G(L) } #* (—EMKII) BETZY

12) (I:S)=<L1)or (Lz) DrE, Lg=@ 15 |S|=total number of trivial components of Lo\ Lo
T. ISl=0<Lghas no trivial component T % ‘

B zzTilk. GEL) & R? I2B1C. % shaded region AD 1 mZTHRAE U, % crossing IZXAfi5d
% edge %D shaded region(s) D IE % Z D crossing Zi# 5 arc & U CEBRI N7z planar graph & U TH>
7‘:‘.’.0 ’

W) (Ls) =(L1) &0 DO}y ERS v ET L T o T Mceyce ZHDH, HBHU
iF. GL) DIEAT T KZEhRVHODHIII, Lg DEDHD S, Ly I& two components ML EZdH DT &
(27D Lg i one component 12X 3 %o U T & G(IL) D spanning tree o .
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COLE. T OEDI?E LS(T)_L EDS S=8T)o
MUE&1?) &P
1°7) fy= S<L|S>, , = E<L|S(T)>A=ﬁ

S:Vstateof U . T:" spanning tree of G(L)
st. {£g)={L,) Isl-0

- 2R %o —7. G(L) DIERD spanning tree T 12K L. EFREL D

<L|S@)>= [[s@m=C [[s@m) []s@w)

‘wvertex of U v:vertex of U v:vertex of U
st. pV)ET st. (V) EG(L)-T
=( HACW(V)) )( HA-CGP(V))) ( HAC(e) )( HA-C(e) ) .
vivertex-of U vivertex of U eredge of T e:edge of G(L)-T
st. p(v) €7 st. V) EG(L)-T

LT\ r=rank(I1,(G(L)) = total number of edges of G(L) -T & 1

C R <L1S@)>=( [Ty Odiy )@ [T iy oy )

e:edge of T eedge of G(L)-T

= I_Il(‘/-) 3c(e)(J')c(e) )( I_I ii(JlT)—3c(e)(‘/'lZ)_c(e))

e:edge of T e:edge of G(L)-T

=TT TT2E )= TT i) T ehe)

eredge of T e:edge of G(L)-T eredge of T ecedge of G(L)-T

1 ife(e) =1
H c(e) =w) (. t(%)c“’ ={_1 ilf28=_1 . c@=%1 &b (-1)(_%)“‘” =1)

(N
DTN = YD) <LIST) >, )

T:¥ spanningtree of G(L )

- DwT) = w(G(L))

T: spanmngtree of G(L)

(2) 27175
e' ZEL G(L)+e' DIERD spanning tree T' IZF L., T'NGAL) & v &L
component 7, & v' Z2E¢s component T, 57 b, ZhEhit G(L) HD trees T,
LUT, X GL) DINTDEREZLG, (UF. COL>RMEZMEYT GUL)A
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D two trees T, T, % spanning two trees of (G(L),v,v' ) MR LIZT 5, ) #ill.
{ER D spanning two trees T, T, of (G(L),y,v') IZX L. e' 2L G(L)+e' D
spanning tree T':=T,U{e'YUT, BP—EHICEX 5. > T, G(L)+e' D spanning
trees 2K & G(L) AD spanning two trees of (G(L),vv') &L 1 1 1 IZHIET 0
W-OT. BRLD c(e)=17E25,

3)  w(GL)+e)= SwTy = IwIWE) o

T ":spanningtree of G(L)+¢' ,containing e'  T,,T,:spanningtwo trees of (G(L),v,v")

{£EE D spanning two trees T, T, of (G(L),»,w')IZAN L., T:=T,UT, (CGL)) &7
exE, (1) lzBnT c‘:ﬂﬁk\ cannonical 72 U O state S(T) E
AGC) i goy) C T
SO )= {A‘““p(v» if otherwise
LEDD L, BiLFROEHP S, L, & two components T R NT, ZhZh, |
T, T, 2% 2 DD topological disks % bound L/\ $£1Z non trivial in T=R*- §,v}
o £oT, LS(T) Lyqy DD

Z (%) (Sm) (L,), 1S@)=0 &W=7,
iz, & (+) (L)=(L,), Is1=0 2#=TERD U O state S 1ZH L, 18]

LD Ly=L,. #>T. (LS) =(L2) £ D L, I& two components T. 7 component i
non trivial in E=R*- f,v'}. HIZ. L, % boundary iZ®D R* D2DD
topological disks D, (j =1,2) FIZ. ZNZN. G(L) D trees
T, = {x|D, Dx: vertex or edge of G(L) } (j=1,2) »* (—EHKIZ) %FFE L. spanning
two trees of (G(L),wv') 72T (" cf AifEL3) ) o COLE. T DEDHDS
Lgry= L ZP5 S=ST).

LLkEe2’) &b

27 7)) fz(‘ﬁ)" 2<L!S> = 2<L|S(T)>A=ﬁ
S:¥stateof U T:= TIVUTZ, where
st ()L 150 Ty gt
2155, — . fEED spanning two trees T,, T, of (G(L),vv DRSS RON

T:=T,UT, (CG(L) T 5&, EFELD

<L|S@)>= [Is@m=C s []sa@xm»)

vvertex of U v:vertex of U vivertex of U

st. pWET st. (V) EG(L)~-T
=( I_[AC(‘P(V)) )( HA—CGP(V)) )=( HAC(e) )( HA'C(e) ) .
vevertex of U v:vertex of U eredge of T e:edge of G(L)-T
st. (V) €T st. V) EG(L)-T

L 2T\ r=rank(I1,(G(L)) =(total number of edges of G(L)-T)-1 £ D
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T <LIS@) = ([T O [T i) O )

e:edge of T e:edge of G(L)-T
= Ty Oy )y ¢ JTady™ Ol =)
eredge of T e:edge of G(L)-T

=TT TR )= T iy )«

eredge of T e:edge of G(L)-T eredge of T

D)

e:edge of G(L)-T

= Jle@ =C T [Te@)=wmywz) (v BHOSSEHLEE. 2

e edge of T e edge of T, e: edge of T,
BHOFSEIER T:=T UT, »»5, 3BEHOEEIEEDID, )
iz, 3) &b

EET D= YD <LIST)>, 1)

T.v spanningtree of G(L )

= Iw@WT) =w' GL)+e')
I ,Tzzvspanningtwo trees
of (G(L)v,v')

215 %0

5. Homeomorphism invariants of links in ¥ xR for orientable closed
surfases X

Z xR 2B % links OHIDOEEERE LT 2 xR _ED homeomorphisms IZ X %
HDHWH B, BB, TxR KD 2 DD links L, L' IZ4} L, homeomorphism
h:ZxR—=EZxR T h(L)=L (L /L' 7 oriented links D & E{Z oirentation & =&
TOR) LRL2VDPEETRELEL L L IZ =AETHZLED. L=L' ED
9o =[AETATZER (link @) HESPE#® homeomorphism invariant ™ 2115,

AREITIEX T B closed oriented DFEIZDNT, @fE4 . D ambient isotopy
invariant F,(A) 7 5% 51 % homeomorphism invariants ZH D FiF %, iFBH%IZ
[Kanl] 28,

85 . = % closed orientable surface &3 %, {E& D homeomorphism
h:ZxR—=ZxRIZXf L. homeomorphism g:=— X & homeomorphism g':R —R
C homeomorphism gxg':ExR—=Z xR (gxg'(xt):=(g(x),g'())) » h & isotopic
CRDIDVEET Do T2, g IFEFEEMR 1,:R—>R | 7=, reflection
r:R—>R (r(t)=-t) TH %, '©

15 ambient homeomorphism invariant &3 XEHE LR,

19 ZEBAICIE [He] @ 10.2.Theorem (p.89) #AIWVo #ANIE [Kanl] B,
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EH3. T % closed oriented surface &3 %o fERED homeomorphism
h:IxR—-ExRIZHL. g:T—=3. g:R—-R ZHiHESICBIT2
homeomorphisms & 9%, xR AD{ERED oriented link diagram L 12X} L.
ambient isotopy invariant F,(4) (EA(Z)) % ( free A-module A(Z) D) R
{BUL,; ICB9 % 1 fEE & LT,

F (4) = fo(A)+ zfj(A)(L,» (EA(Z))

(BU. fAEA=ZAA], <L)EL, (j=12k), <L)=<L,)ifj=j')
EERDT. TDEE, gxg'(L) (=L &3<) I oriented link A(L) & ambient
isotopic 7% oriented link diagram . F,(A) {ZIRD LS ki@bﬁ% ' ’

A+ E [i(A) <g(L,)) ifhis orientation preserving
F,(4)=
LA™+ z f(A™) <g(L,)) ifh is orientation reversing.

i=1

EF#6. M(E) & = D mapping class group 'V & § %, {LED mapping class
x =[g]EM(Z) (g:Z — 3 |& homeomorphism T [g] ix g #&Ts isotopy class (=
mapping class) ) {ZAf L. isomorphisms x, x, : A(2) = A(Z) %

X(fy(A) + "Ef,(A><Li ))i= f,(4) +Sﬁ(A)<g(L )
X <fo(A>+}j [#)<L,)) -f0<A‘l)+2f<A Y=< )

EED D L_O)t% {x,x, [xEM(Z) } & A) LD group action 72 b\ hz
G £ERD L. group action G IZ&L 2 A(Z) D orbit space 2 A(Z/G &9 %,

% 1. 3 #% closed oriented surface &9 %, = xR WDEED oriented link diagram
LIZHL F(4) O G-orbit orb(F,(A) (= {¥(F,(4)]y EG} eAC) )i
homeomorphism invariant o
% 2. = % closed oriented surface &3 %, F,(A) D reduced in;rariants Ao IANEN
F,(A) = fO(A)‘+'k2 fa)(L) €A®) (BL. fA)eA-7Aa, <L)EL ) k
ree. |

(1) ambient isotopy invariant F,(4) (= ¢, (FL(A))) = 2 f(A) (EA) IZxL.

. j= . i

{F,(A),E, (A")} 1& homeomorphism invariant .

)3 FOHETEMO isotopy classes &hD 12 T,
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(2) N.Kamada's invariant '*’ K, (A)(=¢,(F,(AQ))) := fO(A).,.i fj(A)(—Az _ A—2)|Lj|"1

€r) (BL. L] L, omA%) IZX L. {K,(4),K, (A7)} i& homeomorphism

invariant o

188. AL = xR AD links @ invariants (22T, F& UT. [IK)], [Kanl],
[Kan3] IZBIT2HERO—HE2FELDEHDTH %, [Kan3] ICBIE L RO full
proof DECINIZAFE 4 IR TH 5. I TIHEIZLFEET AHERIIOVTK
il SCHR B OF [Kan2] 2SI =0,
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