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The virtual cohomological dimension

of Coxeter groups

— results of Bestvina-Mess and Dranishnikov —

PR RFR B FER
PRI E 0 (Tetsuya Hosaka)

1 FU®IC

L4E, & A8 ( hyperbolic group, Coxeter group, etc.) {2xf L T, #® boundary &IF
SN AHERZEZ 2, ZOWEZROLZ EDVPBRAIITON TS, BED boundary (2
B4 % —fk 72 EFKIL Bestvina [Be2] 12X o THZ HNTWAA, T Z TIZHFIC Coxeter
group @ boundary 2B L C. Dranishnikov [Drl] O#fHR % HLIZHENT 5,

Coxeter group @ boundary IZHBEIC L o TEZR SN, —KRICEMELRTEZ L TWw5E, f
Z X, Coxeter group I' ® boundary 0T T dim o' = 2, dimg OT' =1 & 7 % #%% Dranish-
nikov [Drl] IC& o TR SN TWwb, 2T, abelian group G IZBJ$ % compact metric
space X @ cohomological dimension dimg X IIRD L HIZEFR I N5,

dimg X = sup{i| H" (X, A; G) # 0 for some closed set A C X}

—fIZ X PEBRRITTO E 221 dim X =dimz X 23D 3LE, £72. X 2% polyhedron
% manifold OHFEIIE, FEO G I LT dim X =dimg X YLD Z EHS5NT
Wh, TOZENLLMNALHIZ, LOFIE Coxeter group @ boundary »° polyhedron <
manifold D & ) RBEMLE 2 —KIIILTWEWIZ EE/RLTWh, v

—7J . compact metric space @ cohomological dimension theory (28T, BERAYIC
compact metric space X,, T dim X, =n, dimq X, =1 £ 25 b DVFLET H ML) H°
METH 72, ZOREILX, n=21220WTIid 1930 #4812 Pontryagin I2£ > T, n=3 12
DT 1960 4812 Kuzminov [Ku] 12L& > T, #L T, $XTD n 122 T 1980 £
Dranishnikov [Dr3] 12 & o THEIIHR E Nz, (T2DE, TD X9 % cohomological
dimension % ¥ compact metric space HHER S L7z,)

ZZT, ROMEDPRES N L,

Problem 1.1 (Dranishnikov [Dr1]) Does there exists a Coxeter group I', such that
dim OI', = n and dimgdl', =17

Z® Problem &, BE n > 3 WOV TEKRERTH A, £3. Bestvina - Mess B LU
Dranishnikov D8R BN L. ®EIZ. TNLO 2B E 2 TZ D Problem IZEAL T i
{ANREE o TV APIIDOWVWTIHRR A, '
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2 Coxeter group
F ¥, (right-angled) Coxeter group $ & U° (right-angled) Coxeter system DEZE* 5
25

Definition 2.1 Let V be a finite set. Let m : V x V — N U {oo} be a map satisfying the
following conditions:

(i) m(v,w) =m(w,v) for all v,w € V,
(ii)) m(v,v) =1forallv eV,
(iii) m(v,w) >2forallv£AweV.

The group I" given by the presentation < V | (vw)™®®) =1 for v,w € V> is called a Cozeter
group and the pair (T, V) is called a Cozeter system. If m(v,w) =2orocoforallv #w eV,
then the group I' is called a right-angled Cozeter group and the pair (I, V) is called a right-
angled Coxeter system.

Coxeter system ([,V) & W CV IZDWT, Ty & W L o TERI NG T OEGE
5, ZOLE (Tw, W) IZFU Coxeter system & 7%V, Ty % T’ @ parabolic subgroup
LIS, Coxeter system (I', V) 128 LT simplicial complex K(I, V) 25RO & ) IZEHR S
ns,

Definition 2.2 Let F be the set of all nonempty subsets of V that generated a finite
subgroup of I, i.e.
F ={W C V |y : finite group, W # 0}.

Then the simplicial complex K(I', V') is defined by the following conditions:
(i) the set of vertices of K(I',V) is V,

(ii) for v, ...,vx € V, {vo,..., v} spans asimplex of K(I', V) if and only if {vo, ..., v} €
F.

Right-angled Coxeter system @ K(T',V) & $f$17 5 72912 flag complex Z €T 5o

Definition 2.3 A simplicial complex K is called a flag complez if any finite set of vertices,
which are pairwise joined by edges, spans a simplex in K.

Remark 2.4 The barycentric subdivision of a simplicial complex is a flag complex.
ZDEE, RV ILD,

Proposition 2.5 (Davis [Dal])
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(1) Let (T, V) be a right-angled Coxeter system. Then K(I',V) is a finite flag complex.

(2) Let K be a any finite flag complex. Then there is a right- angled Coxeter syétem
(T,V) with K(T',V) = K. Namely, let V be the vertex set of K and define m :
V xV — NU/{oo} by

1 fv=w
m(v,w) =< 2 if {v,w} spans an edge in K
oo otherwise

If T is the associated right-angled Coxeter group, then K(I',V) =

Z @ Proposition #*% . right-angled Coxeter system & finite flag complex 25—Xf—IZ
WL TWAZ Db b,

3 Coxeter group ? virtual cohomological dimension
—#iZ, B cohomological dimension BROLHIZEZRINS,

Definition 3.1 Let I' be a group and Rbea rmg with 1. The cohomological dimension
of I over R is defined as

cdp T = sup{i | H (T'; M) # 0 for some RT-module M}.

If R =7 then cdz I is simply called the cohomological dimension of I', and denoted by
cdl.

—#%1Z finite index 7 torsion-free subgroup % #O#E % virtually torsion-free group &I
AB. T LS B LT virtual cohomological dimension 23RD & I IZEFE S N5,

Definition 3.2 Let I' be a virtually torsion-free group and I'' C I' be a torsion-free sub-
group of finite index. Then the virtual cohomological dimension of I' over a Ting R is
defined as cdg I, and denoted by vedg I'. If R = Z then vedgz I is simply called the virtual
cohomological dimension of I', and denoted by ved I

Remark 3.3 A Coxeter group is virtually torsion-free and the virtual cohomological dimen-
sion of a Coxeter group is finite.

R ® Theorem 7% Dranishnikov (2 & o T/RE N7z, TD Theorem 75 Coxeter group
? virtual cohomological dimension %% K(I',V) 226/ 6N 5 2 &0 DD 5%,

Theorem 3.4 (Dranishnikov [Dr1]) Let (I',V) be a Cozeter system and R be a princi-
pal ideal domain. Then there is the formula

vedp I = max {ledg K(I, V), cdg K(I', V') + 1}.



72

72721 & Z°T. simplicial complex K & abelian group G IZxF LT, G IZT+5 K @
local cohomological dimensionledg K & . G \ZB$ 5 K @ global cohomological dimension
cdg K IZRTHz b b, '

ledg K = Iglez}%({z | H(St (0, K),Lk (0, K); G) # 0}
cdg K = max {i | H'(K;G) # 0}
INLORTLEIRD &) RHEERHDZ LHPHL TV 5,
Proposition 3.5 (Dranishnikov [Drl]) Let K be a n-dimensional simplicial complex.Then
(1) cdg K <ledg K < dim K for any abelian group G,
(2) ledgsd K = n for any non-trivial abelian group G.

Here sd K is the barycentric subdivision of K.

4 Coxeter group @ boundary

CZTIRBHE D70, right-angled Coxeter group 22V TDAE~5, Right-angled
Coxeter group ? boundary % E# Y 572912, £ ¥ right-angled Coxeter system (T, V)
(2% L T cubical complex (I, V) * EFT 5,

Definition 4.1 The cubical complex ¥(I',V') is defined by the following conditions:
(i) the vertex set of X(T', V) is T,
(ii) forv,7" €T, {7,7'} spans an edge in X(T', V) if and only if the length by(v) =1,

(iii) fory € I'and vy,..., v € V, the edges |y, yvol, ..., |7, yux| form a k-cube in X(T, V)
if and only if {vo,..., v} spans a k-simplex in K(T',V).

We define the natural metric on the cubical complex X(I', V') on which each cube of Z(T, V)
is isometric to the standard unit cube in Euclidean space.

ZoEE, ST,V) IIROEEEFHD,
Proposition 4.2 (cf. Davis [Da2])

(1) The cubical complex X(T', V') is a CAT(0) geodesic space and contractible.

(2) Let I'" C I be a torsion-free subgroup of finite index. Then (T, V) is the universal
cover of an Eilenberg-MacLane complex K (I, 1). '

(3) vedgl’ = max{i| H:(X(T, V); R) # 0}.
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Z T T CAT(0) geodesic space DEEIIRTHEz b 5,

Definition 4.3 Let (X, d) be a metric space. A path g: [0,a] — X is a geodesic if it is an
isometric embedding, i.e., if d(g(t), g(s)) = |t — s| for all s,t € [0,a]. A metric space X is
a geodesic space if any two points can be connected by a geodesic segment.

Let X be a geodesic space. For any triangle zo, 21,22 € X, a triangle z{, 2}, 75, € R? is
called a comparison triangle for zo,z1, 2y if d(z;, z;) = ||z} — 2| for 4,5 € {0,1,2}. X is
called a CAT(0) space if for every three points zg,z1,z2 € X and for every point y lying
on a geodesic joining z; and z,, d(z,y) < ||zf — ¢/|| for corresponding comparison triangle
zy, 27, ¢y € R? and corresponding point 3’ € R2.

' CAT(0) geodesic space (Zxf L T visual sphere & FHEN A AHZZHAKRD L ) ICEZS
h% 1)

Definition 4.4 Let X be a CAT(0) geodesic space. For x € X, the visual sphere of X at
x is defined as S;(00) = {g : [0,00) — Xgeodesic ray | g(0) = z} with the topology of the
uniform convergence on compact sets.

CDEE, RPN NDO,

Proposition 4.5 (cf. Davis [Da2], Dranishnikov [Dr2]) Let X be a proper CAT(0)
geodesic space. (A metric space is proper if every closed metric ball is compact. )

(1) A visual sphere is a compact metrizable space and X can be compactified by adding
a visual sphere S;(00).

(2) For every z,y € X, the visual spheres S;(00) and S, (00) are homeomorophic.
Z Z T right-angled Coxeter group @ boundary % XM & 9 |2 EHET D,

Definition 4.6 For a right-angled Coxeter system (I, V'), the boundary oT" of I is defined
as the visual sphere of CAT(0) geodesic space X(T", V).

ZD & &, Coxeter group & €@ boundary XDV TIERAEL D D, I Theorem 1.
## hyperbolic group (2B L T Bestvina-Mess [B-M] 1L o TH 2 6N DTH 5B,

Theorem 4.7 (Bestvina-Mess [B-M], Dranishnikov [Dr1]) Let (I', V) be a Coxeter
system.Then

(1) (T, V)uorisan AR, and 0T is a Z-set in Z(T', V) U ol

(2) dimg 0T = vedg ' — 1 for any ring R with 1.
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5 Dranishnikov OEFEICDOWT

Z Z T Problem 1.1 I22WTEx 5, ¥ Theorem 4.7 7*5 ., Problem 1.1 I3XD X 5
WEWHZ AT LN TE S,

Problem 5.1 Does there exists a Coxeter group I',, such that vedI',, = n+1 and vedgq 'y, =
27

% 7z, right-angled Coxeter group (2885 % Problem 5.1 13, Theorem 3.4 & Proposi-
tion 2.5 225, EHICRDLHIIEVER LI LN TES,

Problem 5.2 Does there exists a finite flag complex K, such that

max{ledz K,, cdz K, +1} =n+ 1 and
max{ledq K,, cdq K, +1} =27

Z ZT. E¥ global cohomological dimension % #§2 finite flag complex # R §5 = &
3E5 T, BlziXcdz L =n, cdqgL =1 &% 5 & 9 7 finite simplicial complex L % Z.[
GL72bD% K £E3528I1250, edz K =n, cdg K =1 #4727 finite flag complex K
PHELNE, L L, ELMS L72Z &5 5 Proposition 3.5 £ V) ledg K = ledz K = dim K
£, #F max{ledg K, cdg K+ 1} =dimK &% 5, n=2 OHBHFIIE LTI DH
ET Ky, #5552 LT & % (Dranishnikov [Drl]) #5. n > 3 B L TIE T D HETIZSE
Hehid K, 2155 L3 TE RV, #I2, n=23 12 L TIZE L local cohomological
dimension Z#F2 X 9 % finite flag complex % #ER 3 5 FH:4 Dranishnikov [Drl] 12 & -
THZHENTWED, ZOHFEITDWTIZSEIL global cohomological dimension A% ¢r
W ar b a—VTELRVIRIRIZH D, Problem 1.1 2 HEMICHEL 2 L2 E2 B L X
(2. flag complex @ global cohomological dimension & local cohomological dimension @
MHZEEDIHILTIY A= VT ENEN) TEDNEGHOBELE 2o T b,

W
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