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STRUCTURE OF THE GROUP OF
AUTOMORPHISMS OF C*-ALGEBRAS

FOREOED 1A B ( Katsunori Kawamura )1

1 Introduction

A non-commutative generalization of the functional representation theorem
for commutative unital C*-algebras was introduced in [2]. This generalization
was established via a non-commutative Gelfand transform mapping an unital
C*-algebra A to an algebra of functions (for some non-commutative product)
on the set of pure states of A viewed as a uniform Kéahler bundle over the
spectrum of A (See Sect. 3). The Kahler structure involved can be seen as
a geometrical counterpart of Shultz’ characterization [5] of the set of pure
states of a unital C*-algebra.

As a consequence, any statement about C*-algebras can be translated into
an equivalent statement in terms of uniform Kahler bundles. For example,
the set of *-isomorphisms between two C*-algebras A and A’ is in one-to-one
correspondence with the set of uniform Kahler isomorphisms between the
uniform Kahler bundles associated with A and A’ [2].

We think that this correspondence between C*-algebras and Kahler ge-
ometry can be advantageously exploited to get new insights in some problems
occurring in C*-algebras theory. Also, the non-commutative structure on the
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space of functions on the set of pure states seems to be related with defor-
mation quantization of Poisson manifolds and a better understanding of this
link might result in a fruitful interaction between these fields.

In this paper, by using non-commutative functional representation theo-
rem, we study the structure of the group of automorphisms of C*-algebras in
terms of geometry of uniform Kahler bundles.

The paper is organized as follows. In section 2, we state our main theorem.
In section 3, we review the theory of uniform Kahler bundle [2]. In section 4,
we introduce the orbit spectrum of a C*-algebra A. It is the space of orbits
in the spectrum of A of the group of automorphisms of .A. We decompose
the uniform Kahler bundle associated to A by the orbit spectrum. In section
5, we prove the main theorem.

2 Structure of the group of automorphisms

We first state our main theorem using the following notation:

Let A be a unital C*-algebra. Aut.A is the group of *-automorphisms of A,
B is the spectrum of A defined as the set of all the equivalence classes of
irreducible representations of A, and P is the set of pure states of A. With
respect to the weak™ topology, P is a uniform space [2], [1]. Since Aut.A
acts on B naturally, we define the orb1t space A = B/AutA denotmg the
corresponding natural projection by p : B — A.

Theorem 2.1 There is an injective homomorphism
7 : AutA — PU(P)xsS(B)A

where

'P) = HPU(,,

beB
S(B)A ={¢: B — B: ¢ is a bijection such that p' 0¢ = p'}7

PUy s the projective unitary groicp on the representation space of the repre-

sentative element b in the spectrum B and 6 is the right action of S(B)* on
PU(P) defined by

{us}ép = {ug-10)}
for {uy} € PU(P), up € PU, and ¢ € S(B)A.



The image of AutA under m is given in terms of a faithful action k of

PU(P)xsS(B)* on P, by
{g9 € PU(P)Ngs(B)A : K, is acting as a uniform homeomorphism on P}.

By this theorem, we characterize an element of image of Aut.A under =
as an element of PU(P)x4S(B)* which is a uniform homeomorphism on P.

For o € AutA, define a[r] = [r 0 7] for [7] € B where [r] is an equiv-
alence class of irreducible representations with the representative element
.

Corollary 2.1 In Theorem 2.1, the image of the subgroup {a € AutA :
ab=> for any b€ B} by 7 is

PU,(P) = {v € PU(P) : &, is a uniform homeomorphism on P}
where PU,(P) is identified with PU,(P) x {1} C PU(P)xsS(B)*.

Example 2.1 Let X be a compact Hausdorff space. For the commutative
C*-algebra A = C(X), AutA is isomorphic to the group HomeoX of homeo-
morphisms on X. So, A = X/HomeoX depends on the topological structure
of X. Since P & X & B, PU(P is trivial. So, PU(P)xS(B)* = S(B)™.

Any compact Hausdorff space has uniformity and HomeoX is equal to
the set of uniform homeomorphisms on X [1]. The image of the injection of
AutA into S(B4)? is then equal to HomeoX.

By above argument, an element of S(B4)* is considered as a” topological
» symmetry of a general noncommutative C*-algebra A.

Example 2.2 Let H be a Hilbert space with dim™ > 1 and A = L(H). It
is known that

AutA = {AdU : U is unitary on H} = PU(H) = { projective unitaries on H}

by the isomorphism AutA > AdU — [U] € PU(H). Any automorphism
leaves unchanged the elements of the spectrum of A and A = B/AutA = B.
Therefore S(B)* = {idp}. Therefore '

PU(PYxS(B)* = PU(P) x {1}.



In theorem 2.1, the image of = of AutA is

| {{[m(U)]}ses : U is unitary on H} C PU(P)

where the irreducible representation 7, of A is the representative element of
b € B and we denote [U] = {¢"U : t € R} for a unitary operator U .

Example 2.3 For a C*-algebra A, T is a primitive ideal of A if there is
an irreducible representation m of A such that kerr = Z. The primitive
spectrum of A is the set of all primitive spectrums of A. Assume A is
a simple C*-algebra. Then the primitive spectrum of A consists of only
one point. By definition, the Jacobson topology of the spectrum B is the
trivial topology, that is, the open sets of B are the empty set and B it-
self [4]. So HomeoB = S(B) = { permutation of B}. Furthermore, if
A is 1-point ( we call A automorphic), then S(B)* = S(B) = HomeoB.
Thus, PU(P)xS(B)* = PU(P)xHomeoB. Therefore Aut.A is a subgroup
of PU(P)xHomeoB if A is simple and automorphic.

3 C*-geometry

In this section, we review the characterization of the set of pure states and
the spectrum of a C*-algebra following [2]. |
Let (f,E, M) be a surjective map f: E — M between two sets F, M.

Definition 3.1 (f,E, M) is a formal Kdhler bundle if there is a family
{Em}mem of Kihler manifolds indexed by M and E = Upem By and f(z) =
mifz € E,.

We simply denote (f, E, M) by E.
Assume now that £ and M are topological spaces.

Definition 3.2 (f,E, M) is called a uniform Kdhler bundle if (f,E,M) is
a formal Kahler bundle, f is open,continuous, the topology of E is a uniform
topology and the relative topology of each fiber is equivalent to the Kdhler
topology of its fiber.

For a uniform topology, see [1]. The weak*-topology on the set of pure
states of C*-algebra is a uniform topology.



Definition 3.3 Two formal Kihler bundle (f,E, M), (f ,E',M') are iso-
morphic if there is a pair (8,8) of bijections : E - E and ¢ : M — M,
such that f op =¢Qf |

R =

E E
[l L f
M M

‘&IIZ

and any restriction Bli-1my = f7Hm) — (f)” Y(¢(m)) is a holomorphic
Kdhler isometry for anym € M. We call( ,®) a formal Kdhler isomorphism
between (f,E, M) and (f ,E',M").

By definition of a formal Kahler bundle isomorphism (3, ¢) between
(f,E,M) and (f,E',M’"), ¢ is uniquely determined by 8: For m € M,
the value ¢(m) is given by ¢(m) = f (B(e)) with arbitrary e € f~1({m}).

Definition 3.4 Two uniform Kihler bundles (f, E,M), (f ,E',M') are iso-
morphic if there is a formal Kdhler isomorphism (B, ¢) between (f, E, M) and
(f,E',M") such that ¢ is a homeomorphisms, and B is a uniform homeo-
morphzsm We call (B, ¢) a umform Kdhler isomorphism between (f, E, M)
and (f,E',M').

By definition, any uniform Kahler bundle is a formal Kahler bundle. For
a uniform Kahler bundle E, we define:

Definition 3.5

———

Iso(E) = the group of formal Kdhler bundle isomorphisms of E,

Iso(E) = the group of uniform Kdhler bundle isomorphisms of E.

By the GNS representation, there is a natural projection p : P — B from
the set P of pure states onto the spectrum B. We consider (p,P,B) as a
map of topological spaces where P is endowed with weak* topology and B
is endowed with the Jacobson topology.

In Ref.[2], the following results are proved.



Theorem 3.1 ( Reduced atomic ‘realization) For any unital C*-algebra A,
(p,P, B) is a uniform Kdhler bundle.

For a fiber P, = p~1(b), let (m, H;) be some irreducible representation
belonging to b € B. To p € Py, correspond [z,] € P(Hs) = (Hs \ {0})/C*
where p = w;, o m, with w,, denoting a vector state w,, =< z,|(-)z, >.
Then P, has a Kahler manifold structure induced by this correspondence
from projective Hilbert space P(H,).

Theorem 3.2 Let A; be C*-algebras with associated uniform Kdhler bun-
dles (p;,Pi, B;), t = 1,2. Then A, and A, are *-isomorphic if and only if
(p1,P1, B1) and (p2, P2, By) are isomorphic as uniform Kdhler bundles.

Corollary 3.1 Let Aut.A be the group of *-automorphisms of a C*-algebra
A with an associated uniform Kdhler bundle P = (p, P, B), and IsoP be the
group of uniform Kdhler bundle automorphisms on P. Then there is a group
isomorphism

AutA = IsoP.

For a € AutA, let 8, = o*|p : P — P, a*(p) = poa~! and induced
bijection @, : B — B defined by ¢,([%]) = [ 0 @™ !]. Then (B4, ) becomes
a uniform Kahler bundle automorphism of P.

We call these objects C*-geometry since any C*-algebra can be recon-
structed from the associated uniform Kahler bundle [2] and, therefore, any

C*-algebra is determined by such a geometry.

By the above result, we can consider the structure of AutA in the language
of IsoP.

4 Orbit decomposition of a Kahler bundle

We decompose the set of pure states and the spectrum of a C*-algebra .4
as a uniform Kahler bundle. By using this decomposition, we describe auto-
morphisms of A in each decomposed component in the next section.

In [3](II, p 906), two pure states p and p of a C*algebra A are called
automorphic if there is an automorphism « of A such that p' = po a. For
example, any two pure states of a uniform matricial algebra are automorphic
( [3] II, Theorem 12.3.4 ). In general, the set of pure states of a C*-algebra



is divided into a disjoint union of automorphic component. Therefore, each
automorphism induces transformations on each automorphic components.
The idea on which this section is based comes from this point of view.

Let G = AutA. G is naturally acting on the spectrum B by g[x] = [rog~]
for ¢ € G and [r] € B. So, we define the space A of orbits of G in B,

A = B/G,
and call it the orbit spectrum. G acts naturally also on P by gp = po g~

Lemma 4.1 The orbit of G in P and B are in one-to-one correspondence.

Proof. Let Gp be an orbit of G through p € P. We define U(Gp) = G[n,] € A
where [r,] is the unitary equivalence class of irreducible representations of A
with a representative element 7,, given by the GNS representation of p. For
gp € Gp, 7,, is unitarily equivalent to g7, = 7, 0 g~' € G[r,] by uniqueness
of the GNS representation. Then the map ¥ : P/G — A is well defined. By
definition, ¥ maps orbits in P to orbits in B. And ¥(Gp) = Gp(p). Hence,
¥ is onto. |

If U(Gp) = ¥(Gp') and, (7,,H,,z,) and (7, H s,z ) are GNS represen-
tations of p, p' € P respectively, then, G[r,] = G[r ;]. Since two automorphic
pure states have GNS representation spaces with the same dimension, there
are g € G, a representative element = [7,/] which acts on H,, p = wy ) om
and a unitary operator U on H, such that 7 = AdU o g7,. By irreducibility

of 7,, we can choose a unitary element V in A such that

]

p =(gp) 0 AdV = (AdV™og)p € Gp

( see [3], I, 10.2.6.). Therefore Gp = Gp'. ¥ is an injection.

!

P &5 B 5L B/G=A

We decompose P by A into the family of uniform Kahler bundles.



Let p : B — A = B/AutA be the natural projection with fibers given
by B* = (p)'(A\), A € A. Let P* = UpeprPy. By lemma 4.1, B* and
P> are orbits of G in B and P, respectively. Let p* = p|ps for A € A.
Then (p*, P*, B?) for each A € A becomes a uniform Kahler bundle with the
relative topology such that its total space P* is automorphic, that is, any
two elements of P are transformed by some automorphisms of A each other.
We obtain a decomposition

(»,P,B) = (»*,P* B
AEA

of a uniform Kahler bundle.

Any two elements b,b" in the same orbit B* have representative repre-
sentation spaces with the same dimensions. For an orbit A € A, let H, be
a Hilbert space corresponding to a representative element of some point in
an orbit B*. We can choose a representative element belonging to B* which
acts on the same Hilbert space H,. o

Let P° = UjeaP(H,) X B* and p° : P° — B defined by p°(¢,b) = b for
¢ € P(H,) and b € B*. (p°, P°, B) becomes a formal Kahler bundle with
fiber P(H,) x {b} for b€ B* C B.

Theorem 4.1 (p,P, B) and (p°,P°, B) are isomorphic as formal Kdhler
bundles.

Proof. Fix a family of representative elements {m;},cp of B such that m; acts
on H, if b € B*. Define 8 : P — P° by B(p) = ([z,],b) € P(H,) x B
if [r,) = b € B* where p = w,, om and z, € Hy. Let 4 : B — B be
the identity map on B. Then B(P,) = P(H,) x {b} for b € B*. And B
is fiber-wise holomorphic isometry. Then, (8, ¢) becomes a formal Kahler
isomorphism between (p, P, B) and (p°, P°, B). i
Corollary 4.1 (Orbit decomposition) Let P = (p, P, B) be a uniform Kdhler
bundle assoctated with a C*-algebra. Then there is a uniform Kdhler bundle

Pe = (p°, P°, B) with P° = UyepP(H,) X B* such that P = P°.

Proof. In the previous theorem, let the topology of P° be the induced topol-
ogy from P. Then (p° P°,B) becomes a uniform Kahler bundle which is
isomorphic to (p, P, B). 1



5 Proof of the main theorem

By Corollary 4.1, we identify the uniform Kéhler bundle P = (p, P, B) asso-
ciated with a C*-algebra A and its orbit decomposition P° corresponding to
the orbit spectrum A. Let AutA be the group of *-automorphisms of a C*-
algebra A with associated uniform Kahler bundle P = (p, P, B) and the orbit
spectrum A. By corollary 4.1, we identify P with its orbit decomposition P°.

Recall that PU(P), S(B)* and IsoP are defined in Theorem 2.1 and
Definition 3.5.

We define actions ¢, s of PU(P), S(B)? respectively on the set P of pure

states by .
tu(€7 b) ( ubé ’ b ))
ss(6,0) = (&, 6(b) ),
for v = {us}ses € PU(P), ¢ € S(B)* and (£,b) € P°. With these actions,

we define injective homomorphisms 7 and o of PU(P) and of S(B)* into
IsoP, by

Tl

( t. , idp )
( S ¢ )7
respectively, for u € PU(P), ¢ € S(B)A.

Tu
T4

Lemma 5.1
T(PU(P)) = {(B,¢) € IsoP : ¢ =idp} = Gs.

Proof. By definition of 7, 7(PU(P)) is contained in G3. On the other hand,
for any g = (B3,idg) € Gs, B becomes a holomorphic Kahler isometry on
each fiber by definition of G3. So it becomes a projective unitary on each
fiber by Wigner’s theorem. Thus, there is a family of projective unitaries
corresponding to g. - 1
For u € PU(P) and ¢ € S(B)*, we obtain sgt,s4-1 = tus,, Where 6 is the
right action of S(B)* on PU(P) defined in Theorem 2.1. From this follows

the relation
T$TuTp—1 = Tus,- (Eq.5.1)

Consider the action é, = Ad, of a € ¢(S(B)*) on 7(PU(P)). Let G, be
the group generated by 7(PU(P)) and o(S(B)*). We obtain the following

isomorphism between semi-direct products of groups.
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Lemma 5.2
PU(P)xsS(B)* & 7(PU(P))x;0(S(B)*) = G,.

Proof. By Eq.5.1 and the definition of semi-direct product, the lemma follows.

1
Proof of Theorem 2.1( main Theorem ). By lemma 5.2, PU(P)xsS(B)*

is embedded into IsoP as a subgroup.
Let o ;
k : PU(P)xsS(B)* — IsoP (Eq.5.2)

be defined by (u, §) = 7,04 = (tuss,¢) for (u, d) € PU(P)xsS(B)A.
On the other hand, by Corollary 3.1, there is an isomorphism

71 : AutA = IsoP C IsoP. (Eq.5.3)

We denote 7y (a) = (B4, ¢a) for @ € AutA. Then, (8,0 s4-1,idp) € Gs. By
lemma 5.1, there is u* € PU(P) such that B, 0 ;-1 = tya. So, B, = tyasy,-
Therefore,

11(@) = (Ba ) = (a0, fa) = Tus0ig,

By this calculation and Eq.5.2, m(Aut.A) C Gy = s(PU(P)x5S(B)*).
Let 7 = k™ !g, o m. We denote an element of PU(P)xsS(B)* by u - §,
which satisfies the product law

(u- 5¢)(u’ by) = {u(“’5¢)} Oy
for u- 64, u' -85 € PU(P)xsS(B)*), u,u’ € PU(P) and ¢,¢ € S(B)*. Then
m(a) = u® - 840 € PU(P)xsS(B)*

for @« € Aut.A. Then we obtain the injective homomorphism for which we
have been looking

AutA — PU(P)xsS(B)A.

T \ / K’—I|G2
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By Corollary 3.1, we obtain
m(AutA) = (k7|g, o m1)(AutA) = ™|, (IsoP) (by equation Eq.5.3)

= g, ({(B,¢) € IsoP : B is a uniform homeomorphism on P})
= {g € PU(P)xsS(B)* : &, acts on P as a uniform homeomorphism},

from which the statement of Theorem 2.1 immediately follows. 1

6 Conclusion

In this paper, we have obtained the orbit decomposition of the uniform Kahler
bundles and the group of automorphisms.

The next step would be to consider the orbit decomposition of the algebra
itself. In this context, the meaning of decomposition has to be cleared. It
might be a decomposition like by crossed products, free products of C*-
algebras. ’

We are studying geometrical objects corresponding to modules, crossed
product, subalgebra, *-homomorphism and etc are currently under study for
non-commutative C*-algebras. They are realization of non-commutative ge-
ometry by “ real” geometry defined as the set of points and its function space
[2]. So, they must be direct generalization of the geometry of commutative
case leading to new geometrical structures for which we would like to give a
better understanding.
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