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On Removable Boundary Singularities for
Nonlinear Differential Equations*

Isamu DOKU (GEL )
Department of Mathematics, Saitama University
Urawa 338-8570 Japan

1. Introduction.
Let D be a bounded domain in R? with 02 boundary 0D. K denotes a closed subset of
0D. The uniformly elliptic operator L is defined by

1 o? 6‘
L=~ ; bi(x
2 Zl @4 8 2,07 Z; 3171
ij i=
where the coefficients A = (a; ;), b = (b;) are all bounded continuous functions on D. More
precisely, the Holder continuity with exponent X is assumed, namely, a; ;,b; € C%*(D) for
every i,j. We assume, in addition

d

(Al) a; € 02(D), b’i S Cl(D)y A 2 Z or a »J S Z

1,j=1 =1

Our main concern is the problem on the removable singularity for nonlinear differential
equations. We consider the boundary value problem for nonlinear elliptic equations:

Lu=v* in D (a>1), with ulop\x = f. (1)

We would like to know when the restriction D\ K of the solution u is replaced by the whole
boundary 0D. Then if that is possible, K is called the removable boundary singularity
(RBS). It is a not only interesting but also important problem to think about what kind
of characterization for removability of the singularity K is possible. Another interesting
problem is on the explosive solution at the boundary. Consider the following problem:

Lu=v* in D with wulsp = co. (2
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The second expression in the above means that limpsy—., u(y) = oo for Vz € 0D. We are -
interested in describing the probabilistic characterization of the solution with explosion at
the boundary. These two problems are'mutuélly related, however, we shall treat the former
problem only and leave the latter one for our next paper. For a function space F', pbF
indicates the subspace of F' whose elements are all positive bounded functions.

The Hausdorff measure of A (C R?) with parameter s is given as follows. For £ > 0,

A(e) is a countable open covering (N(e), {B (zi,73)}i) of A such that A C U= N B(zir)
where B(z;,7;) is an open ball with center z; and radius 1y, 0 < 1 < €. Then the Hausdorff
measure A*(A) of A is defined by

N() -
A*(A) —1611%1 1anr

The Hausdorff dimension dimpy (A) of A is the supremum of s € R, such that A°(A4) > 0.
The interpretation of the problem (1) as classical problem means that the nonnegative
solution u lying in C?(D) satisfies

Lu=v* in D, lim u(z)=f(y), Vy€oD\K, (3)

Doz—y

for f € pC(0D). The first assertion is a result on nonremovable singularity.

Theorem 1. For some positive number y(a), a > 1 satisfying that v is monotone decreas-
ing in a andy / 0o as a \, 1, there exists a family of solutions {u=uy >0; a>1} of
the boundary value problem (3) such that d > y(a) and A*(K) > 0 for some s € (d —v(a),
d—1], (a>1). ‘ ‘

Let dz be the Lebesgue measure on R?, and n denotes the unit exterior normal vector to
the boundary 8D. S(dy) is the surface measure on 0D. We set p(dz) = p(z)dz, where
p(z) is the distance function from z to the boundary 0D. Under the assumptions (A.1)
and (A.2), the operator L has an expression of the divergence form

W= o bz | Zax —claju
7 () Lo

4,J=1

with b; = —b; + Zj 0ja;5, ¢ = — ¥ 81-51',- 0; = 8/0z;, (i = 1,2, ---,d). Then notice that
aij, b; € CY(D) and ¢ > 0. The adjoint of L is given by

U—ZB a”au +Zb8u—

)

Now we shall introduce another interpretation of (1), due to the Gmira-Véron formulation
(1991). That is, the solution is a nonnegative function u € C?(D) U C(D \ K) satisfying

(v B tutghds+ [ FES(d) =0 o
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for ¥ g € CY'(D) N Wy (D) with the compact support which is contained in D \ K.
Theorem 2. Let u be a solution of (4). Ifdirr‘lH(K,) <d—~(a) and |
u € L@ (dz) () L*(u(dz)),

then K 1is the RBS.

N.B. The above-mentioned result is an extension of Sheu’s theorem (1994) (cf. Theorem
2, p.702, [Sh94] ). |

2. Probabilistic Characterization. :

Next we shall discuss the equivalence problem to the RBS. Let & = (&,11,) be the L-
diffusion process. 7 = inf{t > 0; & ¢ D} is the first exit time of the process £ from the
domain D. A boundary element z € 0D is called a regular point if II,(7 = 0) = 1 holds
for the first exit time 7. When we say that the domain D is regular, we mean that D has a
regular boundary. Mr(R®) denotes the totality of finite measures on R%. (u, f) indicates
the integral of f with respect to the measure du. Let X = (Q,F,P,,, X;, Fi) be a finite
measure valued branching Markov process associated with the equation £ = Lu—u® = 0 in
the sense of Dynkin (1994). Alternatively, for each m € Mp(R?), there exists a probability
measure P, on (2, F) such that X, = m, P,,-a.s., and for ¢ € Dom(L)

Mile) = (Xer#) = (Xo,0) — [ (X, Lg)ds, V>0

is a continuous (f3;)-martingale under P,,, and the quadratic variation is given by
t
(M.(¢))s = / (X,,¢%ds, Vt>0, P, —as.
0

The support suppX; of a random measure X; for each ¢ > 0 is the minimal closure of closed
sets G C R such that X;(G°) = 0 holds. The range of X is defined by

R(X) = (U supr,) .

e>0 \t>e

Note that R(X) is a random set. We say that a set F' is R-polar if P,(R(X) NF # @) =0
holds for Vz ¢ F. Similarly we may define the concept of boundary polar set. We say that
a set K is O-polar if P,(R(Xp) N K # @) = 0 holds for Vz ¢ K, where Xp is a part of X
in the domain D.

Theorem 3. Let D be a bounded regular domain in R®. Then K 1is the RBS if and only
of K is O-polar. - ; ‘

3. Sketch of Proofs.
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~As to the proof of Theorem 1, assume first of all that A*(K) > 0. Take a measure 7 €
Mg (K) such that m(B) < r®, for any ball B in R?® with radius r. For the Poisson kernel
kr(z,y) for the elliptic operator L ([DK96]), the function '

= A kr(z,y)m(dy)

is L-harmonic in D and vanishes on 8D \ K. We show that K € L*(u(dz)). By virtue of
Maz’ya-Plamenevsky’s argument(1985), it follows from Maz’ya’s lemma(1975) that there
exists a constant C > 0 (depending on L and D) such that k(z,y) < C - p(z) |z —y|™
holds for all z € D, y € 8D. By this estimate, it is sufficient to show that

l(z) = —y|*) m(d L*(u(dx)).
@) = [ (pla)/le —yl’) m(dy) € L(u(d)). )
To show (5) can be attributed to finding a constant C such that

/Dl(:v)g(:c)u(dx) <(C for any ¢g>0 (6)

satisfying that [,{g(z)}’p(dz) = 1 with 1/a+ 1/8 = 1. Consider the function

(2)}0*)p(z)
/ / |z — y|s/°‘+{d Py ek COLICEIR

It is easy to verify that |F'(1+4b)| < co. Thus we attain (6). On this account, the conclusion

yields from a routine work with the maximum principle and a discussion of domination. of
the maximal solution by some L-harmonic function. ‘
The proof of Theorem 2 is greatly due to a variant of Chabrowski’s lemma(1991). Put

B =d—~(a). K is a closed set in 8D such that A°(K) = 0. Consequently, for € > 0 there
can be found a covering {GEl; n = 1,---, N(e)} of K such that (i) G} is a d-dimensional
closed cube with edge of length a, = 27k < e k,€Z",and gy > ag > --- > aN(e);
(i) (GEN° N (GEN° = 0 if n # m; (iii) N 48 < 1. This {GI)} is called the standard
covering of K corresponding to ¢ if

N(e)

Z a7 0

n=1
as € \, 0.
Lemma 4. Let {GI1} be the standard covering of K corresponding to some e > 0. Then
there exists a family of functions {g,}, such that
(a) go € pPCC(RY), suppgn C 2G, for Vn
() 0 <537 galz) <1 for Vz € R?
(€) Tagalz) =1 for vz e U9 (3/2)Gk
(d) there exists a constsnt ¢ = c(d) >0 such that forz € R4, n=1,---, N(e)

62

8 T n n
dz,0z, ;gj (=)

a_xi Zgj(m) <

=1

< (&
=~ _23
an
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For an arbitrary € > 0, choose {gn}» as in Lemma 4. Put ky(z) = ¥7_, g;(z), and h,(z)
= 1— ky(z) for any z € R%, (0 < p < N = N(e)). Take g € C¥(D) N Wy ™(D) with
compact support in D. Since g - hy € CY1(D) N Wy*™(D) with supp(g - hx) ( which is
contained in D\ K ), by (4) we obtain

[ L GhYds + [ - ghyde = /' 528wy

* Clearly it follows that

®) lim [ u ghyds= [ v gds, @) tim [ j0OWas [ P4

e—0 Jp

E—>0

Since L*(ghN) i 0i(ai0;(ghn)) + X3 b:0i(ghn) —c(ghy) with b; = —b;+ >, 05a;; and
c=—Y; 0; b;, we have

L: = / Z@ ai; - O;lghn]) dz

= / Zaa” ilghn] da:+/uz:a” lghn])dz = Iy + In,.

As to I; it suffices to estimate the integral of the summation of those terms like (Gsasj)
(0;9)hn, (0iaij)g- (Ojhy). Likewise, as to Ij; we need to consider the sum of the terms
829 hn, 09 - Oihn, 0ig - Ojhn, and g - 8.2th. Set

12_/ Zb (:[ghn]) dm_—/ Zb aghNda:+/ Zaam Bilghn]de.

As for I, we have to take care of the terms 8;g- hy + g - O;hn multiplied by b; or by 0a;;.
Moreover, we put

I = [ ghNdm—/Zab ghNdm—/Z 2 aij) - lghdz

Because it is rather longsome to discuss all of the above integral terms, we shall mention
below only two of them. Those calculations explain almost everything important and
essential involved with the others. For instance, let us consider the integral I1z, = [u- i
a;;0;,g- Ojhn dzx. Since

N(e) N(e) l

supp | Y g5(z) | € | 2G;

= et

from the condition (a) of Lemma 4, we have supp(hn (z)) C UY, QGE'E]. By the assumptions

on the coefficients A = (a;5), we can find some constant C > 0 and I5. is able to be
estimated majorantly by '

d
C u- Yy Oh dr (10)

DN(UY. 2% 7| Oz;
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because g € CV1(D). For simplicity, set D(G., N, €) := DN (UL, 2G ), and

(@) ,
) dz.

An apphcatlon of the Hélder 1nequahty to (10) reads Eq.(10) < C A1), gi/te) Note
that A — 0 as € — 0 since u € L1*Y/{1(®)-1}(dz) and the Lebesgue measure of U;2GY!
vanishes as € — 0. So that, if B is bounded, then we know that I12, becomes null as € goes

Ohy
81?,'

oL 1 :
A= ' u't @-1dr, B:= <
D(G.,Ne) D(G+,N,e)

to zero. The boundedness of B yields from the following estimate. Put

‘ N(e) ;
—2GY, and U,:=26- |J 267, (1<p<N-1).

i=p+1

Notice that hy = h, on Up.(p = 1,2,---, N). On this account, we can deduce that

4 |5hy NGE) d @
B~ [ y <Cly / d
_ DN(U,Up) (Z Oz; ) B pZ:l ; DNUp 81, | *

N(e)

< C0d) Y a7 s O,

p_.

by employing (d) of Lemma 4 and the condition (iii) of the covering {GE} of K. Next
let us consider the integral Iipo = [u- g3  ai; (0%hn) dz. Since g € C LY(D), we can

~ estimate similarly »
1/p
iy ) (11)

by making use of Hélder’s inequality with 1/a+1/8 = 1. The same discussion in estmating
(10) is valid, too, for (11). J, DA(Un2Gn) U dp vanishes as € tends to zero, because the covering
{GL} is standard. Thus we attain that I, — 0 as € — 0. The computation goes almost
similarly for the rest of other terms. Consequently we obtain »

Il—>/uz diai;) Jgda:Jr/' uZau gdz, 12—)/ Zb(azg

s

lge < C||Q/P||oo/ ZathP z)dz < Cijul|pe () - (

and I3 — [pc-gdr as € — 0. This concludes the assertion (cf. [Dk98b]).

Let 1 < a < 2 because of the restriction on the corresponding process in the probability
theory which we are relying on. From the argument in Theorem 1, the existence of sin-
gularity is allowed if d > y(a) for @ > 1. It is well known that the sets A (c RY with
dimg(A) > d — 4(a) cannot be S-polar. Corollary in Dynkin(1991) suggests that d-polar
K is the RBS together with Theorem 2, because the S-polarity induces the R-polarity and
then dimpy(K) < d —v(a). We call 8 = d — (a) the critical dimension for R-polarity.
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We write Cap2P for the capacity on the boundary dD associated with the range R(Xp)
under the measure P,. As a matter of fact, by Choquet’s capacity theory, I" is d-polar iff
Cap?P(T") = 0 for all z € D. While, for the Bessel capacity Cap,.,, the class of R-polar
sets for any (L, a)-superdiffusion X is identical to the class of null sets of the capacity
Ca,p2,{a_=:_1}. Based upon this result, it can be deduced that the class of 0-polar sets is the

same as the class of null sets for the Poisson capacity Cap: /(a—1)» Where

Capy (F) := sup {V(F);Lm(dx)_u ki (2, y)l/(cly)].';g_1 < 1}

for a compact set F' with v € Mp(K) and an admissible measure m(dz) on D (cf. Theorem
1.2a, [DK96]). Moreover, the above-mentioned class also coincides with the class of null sets
for the Riesz capacity Capd /a{a/(a—1)}- According to the Dynkin-Kuznetsov general theory
for the removability of singularity, we can show that I'is a weak RBS if Cap3 Jafasa—13L) =
0. Since every weak RBS is 0-polar, the assertion of Theorem 3 is established via the
argument on the explicit representation of solution u(z) = —log Ps, exp(—(X;, f)) to the
problem (1), where X, (B) := X, (R, x B), VB € B(R?) with the first exit time 7 from D
(cf. Dynkin(1991), [Dk98c]).
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