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A Survey of Removable Singularities in the
Theory of Linear Differential Equations
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This is a survey of some classical and recent results on local continuation
of solutions of differential equations in the real domain. In particular, we
are interested in the problem of removal of point singularity. We do not try
to make it exhaustive here. We will not prove any results stated. Instead
we give references to the literature.

Let M be a paracompact real analytic manifold, n = dim M. Let X
be a complex neighborhood of M, T*X its cotangent bundle. (Through
this paper, we keep this notation.) Let Dx be the sheaf of rings of dif-
ferential operators with holomorphic coefficients on X. For a coherent
D x-module M, Ch(M) denotes the characteristic variety of M, which is a
closed analytic subset of T*X. For x € X, we set

Chy(M) =Ch(M)NT; X.
0. A First Remark

Let M be an open ball in R™ centred at 0, and let M be a coherent
D x-module. Let By, denote the sheaf of hyperfunctions on M.
Recall that M is hyperbolic in direction dz; at 0 if

(O,d:cl) ¢ CTXJX(Ch(M))

RIMS Kokyuroku: Proceedings of the Symposium “Complex Analysis and Microlo-
cal Analysis”, 16-19 December 1997, RIMS, Kyoto University, Kyoto Japan. '
Expose 9
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The following is then an immediate consequence of the theory of micro-
supports (Cf. Kashiwara and Schapira [KS]).

For a closed subset K of M, let N*(K) denote the conormal cone to K
in M.

Theorem 0.1. 1) Let K be a closed subset of M, 0 € K. Assume N§(K)
# Ty M. If M is hyperbolic in every direction belonging to N§(K),

RG'ComrDX (M, RFKBM)O = 0.

2) Let N be a real analytic submanifold germ of M at0. Let p € (T M )o.
If M is hyperbolic in direction p, we have

uN(RJ{omrDX (M, 'BM))p = 0

In view of this, if we assume hyperbolicity of the system of differential
equations, the continuation problem of its solutions becomes trivial.

By combining the above theorem and the formula of Kashiwara and
Kawai [KK] for elliptic boundary value problems, we immediately obtain

Theorem 0.2. Let N be a real analytic submanifold germ of M at O of
codimension d. Let p € (T M)o. Assume

p ¢ Cryx(V)
for every irreducible component V of Ch(M) of codimension < d, and
TLXNW CTEX and TEXNW CTLX

for every irreducible component W of Ch(M) of codimension > d, where
Y is the complexification of N in X. Then we have

HIun(RHompy, (M, Bar))p =0 forj <d.

The above results are still true if we replace B, by Ay, the sheaf of real
analytic functions. In this article, we do not mention any generalization
in this direction. For this, see the expose of Takeuchi in this volume.
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1. Extension of Solutions of Overdetermined Systems of
Differential Equations

Let M be a paracompact real analytic manifold, and X its complexifi-
cation. Let Bjps denote the sheaf of hyperfunctions on M.
Let K be a closed subset of M. Let M be a coherent D x-module.

Hypothesis 1.1. There exists a complex submanifold Z of X of codi-
mension d, and its real submanifold L such that

(1) Z is the complexification of L in X,
(2) K C L, and
(3) Z is non-characteristic for M.

Theorem 1.2. Assume Hypothesis 1.1. Then we have
HiIRHomop, (M, RTgBy) =0 forj <d.

This implies in particular the extension of all sections of Homxp(M, Byas)
defined outside K to the whole M if the system of differential equations
M satisfies the conditions in Hypothesis 1.1 for d = 2. Moreover, in this
case, if

0—Me Dt £ pu L pr

is a resolution of M on M, with P, ) matrices of differential operators,
we see that the mapping

{ue B(M)™ | Pu= f} »{ueB(M\K)" | Pu= f}

is one-to-one and onto for any hyperfunction ni-vector f which satisfies
the compatibility condition Qf = 0.

In the case where K is a one-point subset, we can state Hypothesis 1.1 in
the following form. Hence the extendability to a point of all hyperfunction
solutions defined outside follows from the overdetermined character of the
system of differential equations.

Lemma 1.3. Let M be a coherent Dx-module, and x € M. If Ch,(M) is

of codimension > d in T} X, the conditions in Hypothesis 1.1 are satisfied
for K={x}.

Proof. Immediate. Moreover we can take L as a real submanifold of M.

The proof of Theorem 1.2 is given by Kawai [Kw]. The key is the
following two formulas.
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Formula 1.4. Structure theorem of hyperfunctions : Let L bé a real
analytic submanifold of X, and Z the complexification of L in X. If
K C LN M, we have locally (up to orientation sheaf factors)

RI'k By = ’D%"(_Z ®‘D°° RI'k By,

as D¢-module. Here DE_, is a (D, DY )-bimodule (see [SKK]) and
B, denotes the sheaf of hyperfunctions on L.

Formula 1.5. Let ¢ : Z — X. Assume ¢ is non characteristic for M. Let
Mz denote the induced Dz-module of M : Mz = Dz x ®p, M. Then
Mz is a coherent D z-module, and we have

¢ ' RHomap, (M, DE._5) = RHomp, Mz, DF)[— codim Z].

Let Dbys be the sheaf of Schwartz distributions on M.
Since we have also the structure formula for distributions, by the same
proof, we have an analogue of Theorem 1.2 for the sheaf of distributions.

Theorem 1.6. Assume Hypothesis 1.1. Then we have
HIRHomp, (M, TgDba) =0 forj<d.

2. Continuation of Regular Solutions of Single Differential
Equations

By the results of Section 1, we have general theorems on local extension
of solutions of overdetermined systems of differential equations. Hence we
are now interested mainly in the case of determined systems of differen-
tial equations, in particular, of single differential equations. In this case,
we have to consider regular solutions of the equation or solutions with a
growth condition near the singular locus. In this section, we collect some
results for regular (analytic in most cases) solutions. We restrict ourselves
to the case of point singularities. The interesting results early obtained
are the following.

Theorem 2.1 [G]. Let P be a differential operdtor with constant coeffi-
cients in n variables, P # 0. Assume that the polynomial P({) is irre-
ducible and

Pn,(1,0,...,0) =0 and dP,,(1,0,...,0) # 0,

where Py, denotes the principal part of P. Then any smooth solution of
the differential equation Pu = 0 on U \ {0} is continued to the whole U,
where U is a neighborhood of 0 in R™.
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Theorem 2.2 [Knl]. Let P be a differential operator with constant coef-
ficients in n variables, P # 0. Assume that the algebraic variety P({) =0
in C™ has no elliptic irreducible components. Then any real analytic so-
lution of the differential equation Pu = 0 on U \ {0} is continued to the
whole U, where U is a neighborhood of 0 in R™.

In fact, Kaneko [Knl] proved the extendability of analytic solutions to
compact convex subsets of R".

In what follows, we state a corresponding result in the case of equations
with variable coefficients.

Let M be a coherent Djs-module. Let x € M.

Hypothesis 2.3. (0) Ch(M) C Vi U---UV,UW in a neighborhood of z,
where V; is a homogeneous analytic subset given by P; =0 (j =1,...,7)
and W is a homogeneous analytic subset of codimension > 2.

(1) P; is a homogeneous holomorphic function which is real valued on
TyX (j=1,...,7). _

(2) For any j and any irreducible component V' of V; NT; X, there exists
q € T3y X NV’ where d¢ Pj(q) # 0.

(3) WNT;X is of codimension > 2 in T X.

Theorem 2.4. Suppose M satisfies the conditions of Hypothesis 2.3. Let
U be a neighborhood of x in M. Any real analytic solution of M on U\ {z}
is extendable to the whole U as a hyperfunction solution of M, namely as
a section of Homo(M, Byr). If we assume moreover that all the P;’s
are of simple real characteristics (i.e., dgPj # 0 on T3 X \ M) and that
W NTyX C M, the extension is analytic.

In particular, we have :

Hypothesis 2.5. (0) Ch(M) C V1U---UV, in a neighborhood of z, where
V; is a homogeneous analytic subset given by P; =0 (j = 1,...,7).

(1) P; is a homogeneous holomorphic function which is real valued on
TiX and dePj(q) #0on TH X\ M (=1,...,7).

(2) V; N T X has no elliptic irreducible components (j = 1,...,7).

Theorem 2.6. Suppose M satisfies the conditions of Hypothesis 2.5. Let
U be a neighborhood of x in M. Any analytic solution of M on U \ {x} is
analytically extendable to the whole U.

Note that all hyperfunction solutions are not necessarily extendable for
the equation M above.
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The proof of Theorem 2.6 is contained in [U1}, where the proof for r = 1
_is given. There is no difficulty in proving Theorem 2.6, and also Theorem
2.4, in the same way.

As a particular case, we have the following. Let P be a differential
operator (with analytic coefficients) on M, P # 0. We denote simply
by Ch(P) the characteristic variety of the Dx-module Dx/Dx P, and
Ch,(P)=Ch(P)NTrX |

Corollary 2.7. Let P be a differential operator (with analytic coefficients)
on M of real principal type (i.e., with real principal part and of simple real
characteristics). Assume that Ch,(P) has no elliptic irreducible compo-
nents. Then any analytic solution of Pu = 0 on U \ {z} is analytically
continued to the whole U.

Example. P = D3D3+(D2+D32)?—~D}+Q(x, D) on R*, where Q(z, D)
is a differential operator of order 4 with real principal part which vanishes
at . (Note that this P is not hyperbolic in any direction.)

Note that Kaneko [Kn3| has earlier obtained the essentially same result
as Corollary 2.7 in the case where the analytic subset Ch,(P) is irreducible
([Kn3, Theorem 21]). On the other hand, in [Kn2], a removable singularity
result is proved by assuming

(1) P is of real principal type,

(2) z1 = 0 is non-characteristic for P, and

(3) the roots of P,,(z,(1,£’) in ¢; are all real and simple if (x,¢’) is in
a neighborhood of (0, dzz) in M x R* 1.

This is also a particular case to which Corollary 2.7 is applied.

The method of the proof of Theorem 2.4 given in [Ul] is the same
as Kaneko presented in Part III of [Kn3] (there, with always fixing the
hypersurface 1 = 0, the argument is left partially completed). That is a
kind of Fundamental Principle in the conormal sphere bundle [Kn3]. We
believe that Theorem 2.4 or Corollary 2.7 is a complete result obtained in
this direction which Kaneko aimed to arrive at by the method of loc.cit.
(see Introduction of [Kn3]).

Theorem 2.4 is generalized to the case where the singular locus of u is
contained in a real analytic submanifold of codimension > 2. We do not
give the details. (The results are parallel with suitable modification. See
“also [Kn3], Part III.)
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3. Continuation of Analytic Solutions to the Vertex of a
Convex Proper Closed Cone

Kaneko [RIMS Kokyiiroku 592 (1986), pp.149-172] conjectured that
all real analytic solutions of the wave equation or the ultra-hyperbolic
equation .

(D} ++++ D} = Dy — -~ D2Ju=0

defined outside
K = {(z1,2") e R" | z; < -C||2'||},

with C' > 0, are analytically continued to a neighborhood of z = 0.
As to this problem, we have :

Theorem 3.1. Let P be a second order differential operator with analytic
coefficients on M. Assume that P is of real principal type and is not ellip-
tic. Let K be a closed subset of M, and x € K. Assume that K is convez
in local coordinates of class C! in a neighborhood of x and the tangent cone
C.(K) is proper. Then any real analytic solution of the equation Pu =0
defined outside K is analytically continued to a neighborhood of x in M.

The proof is in [Ul]. We can apply this theorem to the example of the
conjecture above for any C > 0 (i.e., without taking C large).

4. Extension of Solutions of Differential Equations with
Growth Restriction

For the result of this section, it is sufficient that M is a smooth real
manifold. See the work of Bochner [B], Littman [L], Harvey and Polking
[HP], Eells and Polking [EP] and the survey report [P] of Polking for the
details in this direction. (The author would like to thank A. Kaneko who
kindly let the author know the theorem of Bochner and the survey report
of Polking.) | |

The following basic theorem of extension of solutions with a growth
restriction is due to Bochner [B].

Theorem 4.1. Let U be an open subset of R™, F a closed subset of U.
Let P(x, D) be an ny X ng matriz of differential operators of order m with
smooth coefficients on U. Let u be an ng vector of Ly 1oc(U) which satisfies

P(z,D)u=0 inDb(U\F).
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If

lim E'm/ lu|dz = 0,
ge—+40 K(e)

for any compact subset K of F, where K(¢) = {z € U | d(z, K) < €}, we
have

P(z,D)u =0 in Db(U).

As an immediate corollary of this theorem, we have the following in-
teresting two results (which are also due to Bochner [B]). (Bochner stated
them in a more general setting.)

Let M be a real smooth paracompact manifold. Let P(z,D) be an
ny X ng matrix of differential operators of order m with smooth coefficients
on M. Let F be a locally finite union of closed submanifolds of M of class
C! of codimension > d.

Theorem 4.2. Let u be an ng vector of Lpioc(M), p > 1, which satisfies
P(z,D)u =0 in Db(M \ F). If m < d(1 — 1/p), we have P(z,D)u = 0
on M.

Theorem 4.3. Let u be an ng vector of L1 10c(M) which satisfies P(x, D)u
=0 in Db(M \ F). If |lu(z)| = o(d(z, F)~7), locally uniformly on M, with
v <d—m, we have P(z,D)u =0 on M.

The first result is generalized by Littman [L] in terms of (s, g)-polar
closed subsets (s > 0, ¢ > 1). The fundamental properties of (s, g)-polar
subsets are :

Theorem 4.4. (1) If A is contained in a closed submanifold of M of class
C> of codimension d, A is (s, q)-polar if sq < d.
(2) A countable union of (s, q)-polar subsets is (s, q)-polar.

We have :

Theorem 4.5 [L]. Letq > 1, and let F be an (m, q)-polar closed subset of
M. Let u be an ng vector of Ly 1oc(M), with p = q/(q—1), which satisfies
P(z,D)u =0 in Db(M \ F). Then we have P(z,D)u =0 on M.

4a. Appendix to Section 4

Bochner’s results are immediately extended to a class of semi-linear
differential equations. (Such results are not found in the literature in a
general form, but the proof seems well known as a standard argument.)
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Let M be a real smooth paracompact manifold. Let P(z,D) be an
ny X ng matrix of differential operators of order m with smooth coefficients
on M. Let Q(z,u) be an n; vector of continuous functions, satisfying

|Q(z,uw)|| < A||lu||P + B, with p>0and A, B> 0.
Consider the semi-linear differential equation
(#) P(z,D)u = Q(x,u).

Let F be a locally finite union of closed submanifolds of M of class C' of
codimension > d.

Theorem 4.6. Let u be an ng vector of Ly 10c(M), p > max{1, p}, which
satisfies (#) in DO(M \ F). If m < d(1 —1/p), u satisfies (#) in Db(M).

Theorem 4.7. Let u be an ng vector of Liyax1,p},10c(M) which satisfies
(#) in Db(M\ F). If |u(x)| = o(d(x, F)~7), locally uniformly on M, with
v < d—m, u satisfies (#) in Db(M).

It is possible to give a similar result to the differential equation
P(z,D)u = Q(z, D%u).

Eells and Polking [EP] applied the argument of Bochner and Littman
to the equation of harmonic maps.

5. Continuation of Analytic Solutions of Single Differential
Equations II

We stated in Section 2 a few removable point singurality theorems for
single differential equations. It was then essential to assume the equation
to have no elliptic factors. In this section, we consider equations of which
the characteristic variety possibly has elliptic irreducible components.

Let P be a differential operator with analytic coefficients on M. We de-
note simply by Ch(P) the characteristic variety of Dx /D x P. We assume
Ch(P) #T*X.

In what follows, we assume that the principal symbol of P is real. (Or,
more generally, we have only to assume that Ch(P) is real in a neighbor-
hood of T, X \ M.) |

Let x € M. We set Ch,(P) =Ch(P)NT;X.
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Hypothesis 5.1. (0) Ch,(P) #T;X.
(1) Let o(P) denote the principal symbol of P. Then o(P)(z,£) =
Py(&)- - P(£)Q(&) for the above fixed z, where P; is an irreducible ho-
mogeneous polynomial (j = 1,...,7), with P; # P; (j # k), and Q is a
homogeneous polynomial of degree g.
(2) Pjisreal: Pj=P; (j=1,...,7).
(3)‘Pj"1(0) NR"™ # {0}, forany j = 1,...,r.
(4) @ #0on R™\ {0}.

We then have :

Theorem 5.2. Let P be a differential operator with real principal part.
Let x € M (and take a local coordinate z with z = 0 at x). Assume Hypo-
thesis 5.1 at x. Moreover we assume Pj"l(O)reg NR"™ # {0} for any j =1,
...,7. Let U be a neighborhood of x in M. Let u be a real analytic solution
of Pu=0 on U\ {z}. If

(a) uisin Lpy(U\{z}) forp>1 and ¢ < n(l —1/p),
or if .

(b) |u(z)| = o(d(2)™") for y <n—gq,
where d(z) is the distance of z and 0 in the local chart, u is then ertendable
to the whole U as a hyperfunction which satisfies Pu = 0.

Corollary 5.3. Let P be a differential operator with real principal part
P, and of simple real characteristics (i.e., dgPp, # 0 on T, X \ M). Let
x € M, and assume Hypothesis 5.1. Then any analytic solution of Pu =0
on U\ {z} is analytically continued to the whole U if u satisfies one of
the growth condition (a) or (b).

If ¢ =0, by Theorem 2.4, the growth restriction on u (a) nor (b) is not
needed. The proof will be in [U2].

6. Extension of Solutions of Differential Equations with
Growth Restriction II

In this section, we consider the removal of point singularity of solutions
of systems of differential equations again.
Let Gr(Dx) denote the graded ring of Dx for the filtration by the
order.
Let M be an open ball of R” centred at 0. Let P; and P, be differential
operators with analytic coefficients on M. Letting o(P,) = ¢, Q be a
factorization in Gr(Dx)o (v = 1,2), we assume
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Hypothesis 6.1. (0) Q(z,&) is a homogeneous polynomial in £ of degree

g, and Q(0,§) # 0.
(1) {p1(0,8) = p2(0,£) = 0} is an algebraic subvariety of Tg X of codi-
mension > 2.

We consider the system of differential equations
(#) P1’U, = P2U = 0.

Then we have

Theorem 6.2. Suppose Hypothesis 6.1. Let u be in L1 1oc(M) and satisfy
the equation (#) in Db(M \ {0}). If |

(a) w is in Lpoc(M) for p>1 and ¢ < n(1-1/p),
or if :
(b) |u(z)| = o(d(z)™) fory<n-—gq,
where d(x) is the distance of x and 0, u then satisfies (#) in Db(M).

This is a refinement of the results of Bochner in the point singularity
case for systems of differential equations

Pu=--=Pu=0.

In the above theorem, we restricted ourselves to the case r = 2 by a certain
technical reason for the proof. We think however that the result itself is
true for any » > 2 and the proof works with a minor modification. (If
Py, ..., P, are differential operators with constant coefficients, the proof
works for any r > 2 as it is.)

The proof (hopefully for any r > 2) will be in [U3].
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